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Preface 


The fundamental solutions (FS) satisfy the governing equations in a solution 
domain 5, and they are the functions of the distance |PQ|, where P € S and Q are 


the source nodes. For Laplace’s equation, the FS is known as In| PQ| in 2D and = in 


|PQ| 
3D. When the source nodes Q, are located outside S$ with |PQ,| > 0, no singularity 
exists for the FS. Their linear combinations, such as 5>,c;ln| PQ,| or Xici pop are 


chosen, and the unknown coefficients c; can be found from the exterior and the 
interior boundary conditions. This method is called the method of fundamental 
solutions (MFS). The MFS was first used in Kupradze [131] in 1963; numerous 
reports of computation by the MFS have appeared since then. So far there exist only 
a few papers for analysis. It is now an urgent time to fill up the gap between theory 
and computation. This is the motivation for our research and this book. In this 
book, various numerical algorithms are introduced and their characteristics are 
addressed. The main efforts are paid to establish the theoretical analysis in errors 
and stability. 


For wide applications of the MFS, readers may refer to the monographs by Chen 
et al. [39] in 2008 and Kolodziej and Zielinski [128] in 2009. A recent overview of the 
MFS for solvability, uniqueness, convergence and stability is given by Cheng and 
Hong [58] in 2020. In the monograph by Cheng, Chen, and Karageorghis [57], wide 
applications of the MFS are introduced systematically for solving various partial 
differential equations (PDE). More applications of the MFS are reported in 
International Workshops on the Method of Fundamental Solutions in Ayia Napa, 
Cyprus, June 11-13, 2007; National Sun Yat-sen University, Taiwan, March 15-18, 
2011; Zhejiang University, China, October 11-13, 2015; Technical University of 
Poznan, Poland, July 4-9, 2017; and the University of Lisbon, Portugal, July 29-31, 
2019. Since 2011, they have held and joined together with International Workshops 
on Trefftz Methods. 


DOI: 10.1051/978-2-7598-3171-5.c901 
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The source nodes Q; are located outside I. There are various choices: scatter, 
random, an outside closed contour I’ or radial lines. The contour Ip and the radial 
lines are employed to control the source nodes for improving numerical performance. 
Since the contour Iz is not the physical boundary T, the pseudo-boundary (i.e., the 
superfluous, fictitious boundary) is called. In this book, various kinds of closed 
pseudo-boundaries [p are chosen except the pseudo radial-lines in the last chapter. In 
computation, the following questions are encountered immediately: how should the 
pseudo-boundary Iz be chosen, and how should the source nodes be located on I'R? 
The circular pseudo-boundary Iz (or the spherical pseudo-boundary surface Sp in 
3D) is simple and efficient. The pseudo-boundary Ir near boundary T with an almost 
equal distance/ratio is beneficial for better stability. The abscissas of quadrature 
rules on Iz are good locations for the source nodes. Careful choices of source nodes 
are an important issue in both computation and analysis. Smooth solutions are 
discussed in Parts I and II, and the circular pseudo-boundaries are chosen except in 
Chapter 6, where the elliptic pseudo-boundaries are studied. Singular solutions are 
discussed in Part III, and pseudo-boundaries near the boundary are chosen. The 
pseudo radial-lines are particularly studied in Chapter 17. 


Once the pseudo-boundaries (or the pseudo radial-lines) are chosen, more 
theoretical questions arise. What are the convergence rates and the growth rates of 
condition numbers (Cond)? How can the MFS be combined with other methods to 
handle corner singularity and the singularity from the source functions? How can 
the spurious eigenvalues be removed for the Helmholtz equation by the MFS? The 
error and stability analysis is explored systematically in this book to answer these 
important questions. The objective of the theoretical analysis is not only to support 
the computations in existing literature but also to find discoveries and to provide 
some useful guidance for users. Many new findings were found and published in our 
research papers; this book is a summary of them. A systematic analysis of the MFS 
has been established in this book, which is also related to our previous monographs 
(146, 162, 169]. 


This book includes seventeen chapters with a preface, outlines of three parts, an 
epilogue, and references. In the introductory chapter, a brief history of the MFS is 
reviewed. The algorithms of the MFS are described, and numerical examples of 
Motz’s problem are reported. Moreover, the numerical characteristics of the MFS 
are addressed. 


Part I is for Laplace’s equation and includes five chapters. Chapter 2 studies 
Dirichlet problems, where the basic error and stability analysis is explored with the 
important proof techniques. Optimal convergence rates are obtained, and bounds of 
Cond are derived to show the exponential growth. Chapter 3 discusses Neumann 
problems and Chapter 4 other problems. Chapter 5 introduces the combined 
methods of the MFS with other methods, such as the method of particular solutions 
(MPS), the finite element method (FEM), the finite difference method (FDM), and 
the radial basis function method (RBFM). In Chapters 2-5, the error analysis is 
made for the simple circular pseudo-boundaries, while in Chapter 6, the elliptic 
pseudo-boundaries are chosen to reduce ill-conditioning for long-narrow domains. 


Preface XII 


Part II is for Helmholtz equations and other equations, and includes seven 
chapters. Since the solutions of Helmholtz equations have greatly distinct charac- 
teristics, the MFS solving Helmholtz equations is studied in Chapters 7-9. Chapter 7 
discusses the real solutions in a bounded simply-connected domain S, while 
Chapter 8 discusses the complex solutions in exterior problems, where the newly 
modified MFS is proposed to eliminate all spurious eigenvalues. In Chapter 9, the 
complex MFS is used for the bounded multiply-connected domains, where the error 
and stability analyses are made. Moreover, other classic equations by MFS are also 
studied in Chapters 10-13. Chapter 10 discusses biharmonic equations in 2D. 
Chapter 11 discusses elastic problems in 2D, and Chapter 12 discusses Cauchy 
problems. Chapter 13 studies Laplace’s equation in 3D by the MFS and establishes 
error analysis. 


Part III is for the selection of source nodes and includes four chapters. An 
essential issue of the MFS is how to properly select the source nodes outside S$. For 
highly smooth solutions, the circular/elliptic pseudo-boundaries in Parts I and II 
are often optimal. Otherwise, better source nodes should be sought by trial com- 
putations. Since high accuracy and ill-conditioning are coexistent in computation 
(see “the trade-off principle’ in Wendland [243]), we propose the sensitivity index as 
a criterion to select better source nodes. In Chapter 14, based on the sensitivity 
index, comparisons are made for the MFS and the MPS, as well as for different 
locations of source nodes. In Chapter 15, the stability analysis is made for the 
smooth closed pseudo-boundaries. Chapter 16 studies the singularity problems 
caused by the source functions as the source nodes are located near the boundary I. 
Reduced convergence rates are derived for the MPS and the MFS, and new removal 
techniques are proposed to recover the optimal convergence rates. In the last 
chapter, new source nodes on two pseudo radial lines are proposed, and the lower 
and upper bounds of Cond are provided. The new algorithms using the pseudo 
radial-lines may become a new competent algorithm in the MFS family. 


Since the materials in this book are adapted from our own research papers, novelty 
is the first characteristic of this book. There are many books on error analysis, but 
there are few for both errors and stability analyses. The analysis of both errors and 
stability together is the second characteristic of this book. In Part III, better source 
nodes can be found by the sensitivity index. Numerical examples are reported in most 
chapters, and important computational issues are also discussed. Hence, the combi- 
nation of both theory and computation is the third characteristic of this book. 


This book is written for researchers, graduate students, university students, 
mathematicians, and engineers. The first introductory chapter is easy to follow. 
Since each chapter is an independent research topic, the readers may directly jump 
to the chapter that interests them. This book can also be used as an advanced 
textbook for researchers and graduate students. Since the algorithms of the MFS are 
straightforward and simple to carry out, one may understand and use them easily. 
Users may find this book helpful because it covers clear descriptions of algorithms, 
numerical characteristics, theoretical conclusions, discoveries, shortcuts and pitfalls, 
and numerical examples. Hence, this book can offer a wide range of readers to 
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understand the use of MFS and various applications in scientific/engineering 
computing. 


Zi-Cai LI, Hung-Tsai HUANG, 
Yimin WEI, Liping ZHANG 
June 2022 
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Chapter 1 
Introduction 


Everything is simpler than you think 
and at the same time more complex than you imagine. 


Johann Wolfgang von Goethe, 1749-1832. 


This introductory chapter is organized as follows. First, the history of the 
method of fundamental solutions (MFS) is briefly reviewed. In Section 1.2, the 
algorithms of the MFS are described. In Section 1.3, numerical experiments 
are carried out for Motz’s problem by the MFS, and in the last section, the 
characteristics of the MFS are addressed. The simplicity and high efficiency of 
numerical algorithms are displayed in this chapter. The theoretical foundation 
behind them will be explored in Part I. Partial materials of this chapter are 
adapted from [150]. 


1.1 Historic Review 


The MFS was first used in Kupradze [131] in 1963. Since then, numerous reports of 
MFS for computations have appeared. See some excellent reviews of MFS in 
Fairweather and Karageorghis [80], Cho et al. [63], Golberg and Chen [87], and a 
systematic introduction to the MFS in Chen et al. [37]. In Cheng et al. [57], a 
pre-history of numerical methods by using the fundamental solutions (FS) before 
Kupradze [131] is reviewed, and wide applications of the MFS are introduced 
systematically for solving various partial differential equations (PDE). To celebrate 
the progress of MFS, the First International Workshop on the Method of Funda- 
mental Solutions (MFS 2007) was held in Ayia Napa, Cyprus, June 11-13, 2007. 
However, there exist only a dozen articles for analysis [26, 64, 120-123, 140, 141, 189, 
212, 215, 216, 218]. Let us mention some important works here. In Mathon and 
Johnston [189], the source nodes of the MFS are sought by nonlinear equations. 
Nonlinear solvers confine applications though. When the outside source nodes Q; are 
given in advance, the linear algebraic equations are obtained in Section 1.2. Since no 
mesh partition is needed, the MFS is of meshless algorithms. The progress of the MFS 
has been made for the potential problems in Mey [191] and Katsurada and Okamoto 
[123], harmonic and biharmonic problems with singularities in Karageorghis [114], 
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and eigenvalues of the Helmholtz equation in Karageorghis [115]. Besides, the MFS 
using the singular value decomposition (SVD) is developed in Ramachandran [205], 
and the truncated SVD (TSVD) in Chen et al. [36] to improve numerical stability. For 
a bounded simply-connected domain S$, when the source nodes of FS are located 
uniformly on an outside circle of S, the polynomial convergence rates are proved in 
Bogomolny [26], and the exponential convergence rates are provided in Katsurada 
and Okamoto [123]. 


Note that the MFS works only for the homogenous PDE. To extend MFS to the 
nonhomogeneous PDE, the related work is given by Alves and Chen [4]. Analysis for 
the Poisson and the modified Helmholtz equation in disks is given in Li [140, 141]. 
On the other hand, ill-conditioning (i.e., instability) is the most severe issue of MFS. 
For Dirichlet problems, the exponential growth of the traditional condition number 
(Cond) is provided in Kitagawa [125, 126] and Christiansen [64, 66] for the simple 
case that both the source and the collocation nodes are located uniformly on circles. 
The least-squares algorithms have been studied in Smyrlis [215] and Smyrlis and 
Karageorghis [217], but the analysis is confined to disk domains. The MFS is also 
reviewed in Chen et al. [52, Section 4.1.2]. The MFS in solid mechanics is introduced 
by Wang and Qin [237] in 2019. Two governing equations are the biharmonic 
equation and the Cauchy—Navier equation, which are discussed in Chapters 10 and 
11, respectively. A recent overview of the MFS for solvability, uniqueness, conver- 
gence, and stability is given in Cheng and Hong [58] in 2020 with an extensive list of 
363 references. Wide applications of the MFS are introduced systematically in the 
monograph [57] by Cheng et al. For the MFS, the theory is much behind the success 
of computation. To seek a solid theoretical basis has been the focus of our study in 
the past fifteen years. Progress has been reported in various journals, and this book 
provides a systematic introduction. 


Besides the MFS, there are other terminologies in literature [128, p.5]: the 
fundamental solution method, the fundamental collocation method, the source 
function method, the charge simulation method, the discrete singularity method, the 
boundary point method, and the superposition method. 


In this chapter, the algorithms of MFS are described for Laplace’s equation 
with the mixed boundary conditions. Numerical experiments are carried out for 
Motz’s problem, by adding the singular solutions or by using the local refinements 
of collocation nodes. The condition number (Cond) is large, but the effective 
condition number (Cond_eff) may not be. Moreover, the expansion coefficients 
from the MFS may be large in magnitude with different signs, causing another 
kind of instability: catastrophic cancelation in the final harmonic solutions. Hence 
for practical applications, the accuracy and the ill-conditioning must be balanced 
against each other. To mitigate the ill-conditioning, we may solicit regularization, 
such as the TSVD and the Tikhonov regularization (TR) in Li et al. [161] and 
Zhang et al. [259]. More explorations on a balance between accuracy and 
ill-conditioning are given in Chapter 6 and Part III. 
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1.2 Basic Algorithms 


Consider Laplace’s equation with the mixed type of the Dirichlet and the Robin 
boundary conditions in 2D, 


Pu Pu f 

u=fonTp, (1.2.2) 
Ou 
Dy +au=gonTsa, (1.2.3) 


where « is a nonnegative constant, S a bounded simply-connected domain with the 
smooth boundary 0S = ITpUT pg (=T), and v the exterior normal of I’. Denote 


Tmax = Max T, Tmin = Max rf, (1.2.4) 
S Sin (Sin CS) 


where Sin is a disk inside S (see Figure 1.1). A circle surrounding S is given by 


Lr = {(r,9)|r = R,0<0 <27}, R> Tmax- (1.2.5) 


Fic. 1.1 — The solution domain S with three circles. 


Let the source (charge) nodes Q be located outside S, then the fundamental solu- 
tions (FS) 


(r,0) =In[PQ|, Pe Suas, (1.2.6) 


are harmonic, where P = {(a, y) | x = r cos0, y = r sinf}. Based on Bogomolny [26], 
the source nodes Q; may be located uniformly on £p, 


Q, = {(x,y)| x£ = R cos(th), y = R sin(th)}, 
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where R > fmax and h = 2%. We obtain the FS 


o,(P) =In|PQ,|, i= 1,2,...,.N. (1.2.7) 
The numerical solution can be found by a linear combination, 
N 
un = cib;(P), (1.2.8) 
i=l 


where c; are the unknown coefficients to be determined. Since uy satisfies Laplace’s 
equation in S already, the coefficients c; can be sought by enforcing the boundary 
conditions (1.2.2) and (1.2.3) only. We will follow the Trefftz method (TM) in 
[146, 170, 185] to seek uy (i.e., ci). Denote the energy by 


r= f w-raw f (F tav~9) (1.2.9) 


where w is a positive weight. We choose w = + in our computations (see [185]). Also 
denote by Vy the set of (1.2.8). Then the numerical solution uy can be obtained by 


I(uy) = min I(u). (1.2.10) 


When the integrals in (1.2.9) involve an approximation, we have 


a TF F Ov 2 
I(v) = [one f (7 + av — o) , (1.2.11) 


where fp, and fp, are the numerical approximations of fp, and fp, by some 
quadrature rules, such as the central, the trapezoidal, and the Gaussian rules. 
Hence, the numerical solution ùy € Vy is obtained by 


~) 


(ŭn) = min T(v). (1.2.12) 


vE Vy 


We may establish the collocation equations directly from (1.2.2) and (1.2.3) to 
yield 


N 

S ebi(P;) = f(P), Pjern, (1.2.13) 
x- fe 
als alr) +a6(P)| =P), Pee. (1.2.14) 


Let Ip and Ip be divided into small subsections i and I : with the meshspacings 
Ahy, ie., Tp = UATE and Tgr = UJ TŻ. We obtain from (1.2.13) and (1.2.14) 


j= 


N 
VAh Y cipil(P) = VAh (P), Pp €Tp, j=1,2, Mi, (1.2.15) 
i=1 
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VY of 5 P) +a;,(P iy} = w/Ah; g(P;), (1.2.16) 


P;ETr, j= Mi +1,..., Mı + Mo, 


where P; are the midpoints of T$ and Fh: The equations (1.2.15) and (1.2.16) are 


equivalent to (1.2.12), where the central rule is chosen for fp, and fp, In 


computation, we may choose the number of collocation nodes to be larger than (or 
equal to) the number of source nodes, i.e., M = Mı + M2 > N. When the Gaussian 
rule is chosen, the following collocation equations are obtained, 


ax cib,(P;) = Vb (PB). Pets, (1.2.17) 
T3 0 oda Pj) +ap,(P iy} = w/b; 9(P;), P;€Tr, (1.2.18) 


where P; are the Gaussian nodes and f; are the weights. The equations, (1.2.15), 
(1.2.16) and (1.2.17), (1.2.18), are also called the collocation Trefftz method (CTM) 
in [146, 169]. Similar approaches as in (1.2.17) and (1.2.18) are studied in [215, 217], 
where the least-squares MFS is used, and the analysis is confined to disk domains. 


1.3 Numerical Experiments 


Choose the rectangle domain S = {(z, y)| — 1<a<1,0<y<1}. Consider Motz’s 
problem in S$ (see Figure 1.2): 


Au=0, (2,y) in S, (1.3.1) 

u= 500 on AB, u=0on DO, (1.3.2) 
Ou ey 

—=0on BCU CDU OA. (1.3.3) 


Ov 


There exists a singularity at O due to the intersection of Dirichlet and Neumann 
boundary conditions. Motz’s problem is a benchmark of singularity problems 
discussed in [146, 169]. Since the FS (1.2.7) is smooth on 0S, we should add 
singular functions into the FS. The singular particular solutions (SPS) are given in 
Li [146] as 


L 
ie 1 
5 Dirt? COS (i+ 5) 0. (1.3.4) 


i=0 


By adding (1.3.4) into (1.2.8), we choose the following admissible functions, 
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AY 


Fic. 1.2 — Location of source nodes for Motz’s problem. 


L N 
ad 1 
= ity ; . 
ULN = X Dir’ ™? cos( i+ J+ 3 cid, (P). (1.3.5) 


i=0 


The admissible functions as in (1.3.5) are also given in Alves and Leitao [5] for an 
enriched MFS domain decomposition technique. Let M denote the number of 
collocation nodes along AB. Then the total number of collocation nodes on 0S in 
Figure 1.2 is m = 6M. The number of unknown coefficients in (1.3.5) is L+ N + 1. In 
computation, choose m = 6M > L+ N +1 = n. From [185], using the Gaussian rule 
is beneficial to better accuracy for the leading singular coefficients D; in (1.3.4). We 
choose the Gaussian rule of six nodes, where M is multiples of 6. 
Define the boundary errors by 


1 

f) 2)2 

lela =4 f eru f (=) 
ABUDO BOU ODU DA \OV 


where € = u — ŭz,y. We use the SVD to solve (1.2.15) and (1.2.16). Choose R = v3 
and L = 3. Errors and condition numbers are listed in Table 1.1. Table 1.2 shows 
that integer L = 3 is for better accuracy. From Table 1.1, we can find the following 
numerical rates, 

A Do 


0 


llellz = O(0.8%), = 0(0.8%), (1.3.6) 


and 
Cond = O(1.8%), Cond_eff = O(1.2%). (1.3.7) 
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From (1.3.6) and (1.3.7), both errors and condition numbers are exponen- 
tial via N. Note that the growth rate of Cond_eff is much lower than that of 
Cond, so that Cond_eff is a better estimate for the true stability of rounding 
errors (also see [162]). 


From Table 1.1 we can see that norm ||x|| is large. Moreover, the coefficients c; of 
x are large with different signs (see Table 1.4). After the coefficients D; and c; have 
been obtained, the final harmonic solutions are computed by (1.3.5). Since the gap 
(R— Tmax) > Co > 0, the FS as In| PQ,| are bounded, and the harmonic solutions of 
(1.3.1)-(1.3.3) satisfy maxg|uy| = 500, then there must occur a severe catastrophic 
cancelation in (1.3.5), which is another kind of instability. On the other hand, the 
Cond and the Cond_eff are used for the stability of coefficients D; and c; from the 
MFS. Hence the final solutions (1.3.5) suffer severe instability from both rounding 
errors and catastrophic cancelation. 


To deal with the singularity at O in Figure 1.2, the second technique is to adopt 
the local refinements of P; near O as in the finite element method (FEM), 


|OP;| = (jh), 7=1,2,..., q21. (1.3.8) 


Choose (1.2.8) with the FS only, where the coefficients are obtained from the MFS. 
Afterwards, the leading coefficients in (1.3.4) can be evaluated by 


Tr © 2 JO 


2 ” 1 
De = l un(r, 0)cos G z) 0d0, £ = 0, 1, 2, 3. (1.3.9) 


The leading coefficient Do indicates the intensity factor, which is important in both 
theory and application. 


The radius R = v3 in (1.2.5) is chosen in computation, based on numerical tests. 
For Motz’s problem, errors and condition numbers are listed in Table 1.3, and some 
coefficients c; and D; in Table 1.4. The uniform collocation nodes with h = + are 


used on 0S, except those on OFU OF in Figure 1.2, where the collocation nodes P; 
are given by (1.3.8). In computation, we choose |OF| = [OF] = and retain the 
invariant M of collocation nodes on OA and OD. 


Errors and condition numbers are provided in Table 1.3 with R = v3 and q = 4, 
and the following numerical rates can be observed: 


A Do 


lell = 0(0.74%), | z, |= 20.97"); (1.3.10) 

0 
Omax = O(1), Omin = 0(0.487%), (1.3.11) 
Cond = O(2.05"), Cond_eff = O(1.37%), (1.3.12) 


\|x|| = O(1.47%). (1.3.13) 


TAB. 1.1 — The errors and the condition numbers for Motz’s problem by the MFS with (1.3.5) for R = v3 and L = 3, where M is the number of 


Gaussian nodes on AB. 


Omin 


Cond 
Cond_eff 


28 


20 
5.364(—5 
401.15985538326 


6.477(-6 
87.567762254026 
1.006(-3 
16.923603267895 
1.823(-2 
~10.31963392978 
2.786(—1 


56 


40 
5.811(-8) 
401.16241731078 


9.082(-8) 
87.655630978127 
3.299(-6) 
17.195543463056 
2.458(-3) 
-8.066136032966 
6.293(—4) 


7.370(-8) 
1.297(4) 
7.906(1) 

9.787(-1) 

5.851(-12) 
1.672(11) 


1.042(9) 


70 


50 
1.982(—8 
401.16243448162 


4.802(—8 
87.655463873408 
5.206(—6 
17.208492441230 
1.707(-3 
—8.116802472857 


5.648(—3 


9.752(-1) 
1.308(-14) 
7.458(13) 


6.844(9) 


84 


60 
6.371(-9 
401.16244628868 


1.864(-8 
87.655806577205 
1.296(-6 
17.218929768087 
1.101(-3 
-8.072012037121 


9.872(-5 


9.729(-1) 
3.727(-17) 
2.610(16) 


1.043(10) 


112 


80 
1.319(-9 
401.16245133388 


6.011(-9 
87.655865753394 
6.211(-7 
17.227194606456 
6.219(-4 
-8.073689995482 


3.066(—4 


—4.640(—10) 
4.445(12) 
5.590(1) 
9.700(-1) 
2.381(—22) 
4.074(21) 


5.282(10) 
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The Cond_eff is much smaller than the Cond because norm ||x|| is large. Note that 
some coefficients c; in Table 1.4 are also large with different signs, to cause the 
catastrophic cancelation in the final harmonic solution (1.3.5). However, there exists 
the empirical relation from (1.3.12) and (1.3.13), 


Cond ~ Cond_eff x ||x||. (1.3.14) 


Motz’s problem is a benchmark of singularity problems (see [146, 169]), and 
the algorithms are also simple compared with the boundary element method 
(BEM). In general, the errors with O(10~°) are satisfactory for engineering 
problems. From Table 1.1, the errors with |le||,; =5.364(—5) are obtained by 
N = 28 and L=3, while Cond = 1.632(6) from Table 1.1. Note that only 32 


unknown coefficients are needed to reach the relative error lele = 1.073(—7), where 


lull = 500. Simple algorithms and high accuracy make the MFS very attractive 
in scientific/engineering computing. 


TAB. 1.2 — The errors and the condition numbers for Motz’s problem by the MFS with (1.3.5) 
for R= v3, M = 50 and N = 70. 


L 1 2 3 4 
lellig 4.310(-5) 1.185(—6 1.982(-8 4.0714(-10) 
Dy 401.13173081557  401.16280525410 401.16243448162 — 401.16245348347 
ADo 7.658(—5) 8.762(-7 4.802(-8 6.525(—10) 
Do 
Dı 87.626121504438 87.713968940637 87.655463873408 87.655882773581 
AD 3.400(—4) 6.622(—4 5.206(-6 4.269(-7 
Dı 
Də = 17.171202178929  17.208492441230  17.237739905330 
AD» = 3.870(-3 1.707(-3 1.016(—5 
Də 
D; > z -8.116802472857 -8.084520000876 
ADs n = 5.648(-3 1.648(-3 
Ds 
D; = a = 1.4267531744418 
ADs = 2 = 9.387(-3 
Dı 
B, 3.267(—6) -3.703(-7) ~9.758(-9) -5.634(—10) 
ixl 6.618(8) 6.259(7) 7.901(5) 4.945(4) 
ibl] 7.071(1) 7.071(1) 7.071(1) 7.071(1) 
Omax 9.733(-1) 9.743(-1) 9.752(-1) 9.837(-1) 
Gmin 1.612(-14) 1.608(—14) 1.308(—14) 1.155(-14) 
Cond 6.037(13) 6.059(13) 7.458(13) 8.519(13) 

Cond _eff 6.627(6) 7.025(7) 6.844(9) 1.238(11) 


Tas. 1.3 — The errors and the condition numbers for Motz’s problem by the MFS with local refinements for R = v3 and q = 4. 


N 
M 
Ilell g 
Do 
A Do 
Do 
Dı 


Omax 


Omin 


Cond 
Cond_eff 


28 


20 
0.877(-2) 


402.09184254292 


0.232(-2 


85.486201212337 


0.248(-1 
17.2046114475 
0.193(-2 


17 


—7.710600862676 


0.447(-1 


~0.141(-1) 
0.502(5) 
112 
0.865 
0.293(-6) 
0.295(7) 


0.758(4) 


42 


30 
0.214(-3 


405.63488484792 


0.112(-1 


83.156628936543 


0.513(-1 


16.345251566472 


0.518(-1 


—8.140490333528 


0.858(—2 


-0.535(—3) 
0.214(7) 
91.3 
0.865 
0.257(-9) 
0.337(10) 


0.166(6) 


56 


40 
0.864(-5 
401.64565381496 


0.120(-2 
86.5255205015507 
0.129(-1 
16.7878829220685 
0.261(-1 
-7.8077693048529 
0.326(-1 


0.139(-4 
0.935(8) 
79.1 
0.865 
0.153(-11) 
0.566(13) 


0.553(7) 


70 


50 
0.274(-6) 


403.901058544929 


0.683(—2) 


84.918939324102 


0.312(-1) 


16.318930673832 


0.533(-1) 


—8.052717961510 


0.229(—2) 


0.698(-6) 
0.471(10) 
70.7 
0.865 
0.150(-15) 
0.576(16) 


0.999(8) 


84 


60 
0.130(-7 
401.504514344611 


0.853(-3 
86.8840334693767 
0.881(-2 
16.6395941822623 
0.347(-1 
-7.8482111479329 
0.276(-1 


-0.213(-7) 
0.220(12 
64.5 
0.865 
0.983(-19) 
0.880(19) 


0.298(10) 


OT 
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TAB. 1.4 — Some coefficients for Motz’s problem by the MFS with local refinements for 
R= V3, q= 4, M = 60 and N = 84, where the order of coefficients c; is shown in Figure 1.2. 


Do 401.504514344611 Dı 86.8840334693767 
D, 16.6395941822623 Ds -7.8482111479329 
c 0.491387321370(3 C43 ~0.51752378965 (2) 
C ~0.48322716360(3 cas 0.632198747372(2) 
C3 0.498631040500(3 diag ~0.80643532201 (2) 
C4 —0.62046428611(3 C16 0.114822228337(3) 
C5 0.852602439285(3 car —0.87211046751(2) 
C29 ~0.86704303039(7 C64 —0.10599564313(12 
C23 0.677226463301 (7 C65 0.841202271679(11) 
Con ~0.46990352789(7 C66 —0.54819461868(11 
C95 0.289846804493(7 C67 0.294891303375(11) 
C96 ~0.15916310560(7 C68 —0.13193813281(11 
C39 -0.25060228690(2 cgi 0.1723748649982(4) 
cao 0.239726174582(2 cg —0.107905955330(4 
Ca —0.35894541412(2 C83 0.7343071927688(3) 
C49 0.366354824136(2 cea —0.589529464196(3 


1.4 Characteristics of the MFS 


For PDE, new numerical algorithms may be proposed from some preliminary com- 
putation. Then the following three important issues of analysis need to be studied: 
(1) convergence with the error bounds, (2) stability with the bounds of the Cond 
and the Cond_eff, and (3) the combined algorithms with other numerical methods 
because no method is perfect. A numerical method, such as the FEM or the BEM, can 
stand as a competitive and popular method if its efficiency has been proven numer- 
ically and if the theoretical analysis of the above three issues has been established. The 
book from Li [146] focused on the third issue: combinations of different methods, 
accompanied by error and stability analysis. One important method in [146] is called 
the CTM, which was discussed systematically in the book [169] by Li et al. 


For the MFS, since there have appeared numerous reports on computations (see 
Section 1.1), it is now imperative to respond to the following theoretical and com- 
putational issues. 


I. Error analysis. Since MFS is a special method of TM using the FS, the ana- 
lytical framework of TM in [145, 146, 176] and the book [169] is also valid for the 
MFS. The error bounds of TM are studied in [171]. Since the extra errors between 
the FS and the harmonic polynomials may be found from addition theorems, the 
error bounds of the solutions by the MFS can be derived. The optimal polynomial 
convergence rates can be achieved as the MPS in [169]. Such a conclusion is 
supported throughout the entire book. This is the main theoretical goal of this book. 
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For Laplace’s equation, the error bounds are derived in Chapters 2-6. Exponential 
convergence rates can be achieved for analytic solutions. When the functions (1.3.5) 
are chosen, the singularity of Motz’s problem is removed so that the numerical 
solutions converge fast. This explains the high accuracy in (1.3.6) and (1.3.10). 


II. Stability analysis. For the MFS, instability is the most severe issue. From 
(1.3.7) and (1.3.12), we can see that both Cond and Cond_eff grow exponentially as 
the number of FS increases, but Cond_eff may be much smaller than Cond (see [162]). 
The bounds of the Cond are derived in Chapters 2, 3, and 6. In some cases, the Cond 
and the Cond_eff are so huge thus to damage the numerical solutions in double 
precision. Of course, we may employ Mathematica using unlimited working digits, to 
produce useful numerical solutions. However, the more working digits are used, the 
more CPU time and computer storage are needed. Besides, the TSVD and the TR 
may be employed to reduce severe ill-conditioning (see Li et al. [161]). Moreover, 
preconditioning may also be applied. Note that the MFS-QR in Antunes [8] is not a 
variant of the MFS but a variant of the method of particular solutions (MPS) (see 
Chapter 14). For the MFS, high accuracy and ill-conditioning coexist in computation. 
Stability analysis is the second theoretical goal of this book. 


III. Combined methods of MFS. Since source nodes Q are located outside the 
solution domain S, the FS, In| PQ] with P € 5, is highly smooth. Hence, the standard 
MFS is poor for singularity problems. The standard MFS is invalid for corner singu- 
larity, except by some techniques, such as adding singular functions and using the local 
refinements in Section 1.3. The combined methods are studied in [146], where the 
MPS, the FEM, the finite difference method (FDM), the finite volume method (FVM), 
and the radial basis functions method (RBFM), are combined together for compli- 
cated problems, and different coupling techniques are explored. The combinations of 
the MPS with other methods are provided in the book [169], while the combinations of 
the MFS with other methods are explored in Chapter 5. In Chapter 16, we discuss the 
singularity caused by the source functions, when the source nodes are located near the 
boundary I’. Removal techniques using combined methods are also solicited. 


The following four characteristics are also relevant to the analysis and appli- 
cations. 


IV. Link to the MPS. Both the MFS and the MPS are classified into the Trefftz 
family in [169]. Both FS and PS satisfy the homogeneous governing equations 
already; only the boundary conditions are dealt with. The relations between FS and 
PS may be found by addition theorems, and the error bounds of the MFS can be 
derived. Hence, the linkage between MFS and MPS is essential. Comprehensive 
comparisons among the MFS, the MPS, and the MFS-QR are explored in Chapter 14. 
New techniques of stability analysis are explored for the non-circulant matrices in 
Chapter 6, and they also involve the stability analysis of the MPS. The analysis of the 
MFS cannot be fulfilled without the MPS. Some deep developments for the MPS are 
also included in this book, such as the CTM involving numerical integrations in 
Chapter 16 and the new analysis of the MPS in Chapters 11-16. The same optimal 
convergence rates are obtained for both the MFS and the MPS. The MPS may offer 
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better numerical performance in accuracy and stability, provided that suitable par- 
ticular functions can be found. Take Laplace’s equation as an example. The harmonic 
polynomials vary for different shapes of domains and different boundary conditions. 
For the domains S near a disk with radius a, the harmonic functions are given by 


p,9) = ao + 3 ¢ P)! {a; cos(i0) + b; sin(i0)}, (1.4.1) 


where a; and b; are unknown coefficients to be sought. For the domains near ellipses, 
other harmonic functions are given in Chapter 6. Moreover, different harmonic 
functions are given in [193, 223]. For the polygons with different boundary condi- 
tions, numerous local harmonic functions are explored in [169, Chapter 11]. By 
contrast, the uniform and simple FS as in (1.2.8) are chosen in the MFS. The 
algorithms of the MFS are much simpler than those of the MPS. 


V. Link to the BIE. Both the MFS and the boundary integral equation (BIE) 
stem from the FS. For Helmholtz equations, both the MFS and the boundary 
integral equation method (BIEM) suffer from spurious eigenvalues, so correct 
solutions cannot be found. Removals of spurious eigenvalues are imperative in the 
application, and the exterior problems are studied by using the modified MFS in 
Chapter 8. When Dirichlet problems of the Laplace and biharmonic equations in 2D 
are solved by the MFS and the BEM, there may be multiple solutions caused by 
some special shapes of boundary T, called degenerate scales. The algorithms of the 
MFS without degenerate scales are also addressed clearly in this book. 


VI. Locations of source nodes. How to choose the source nodes is an important 
issue in computation. For smooth solutions, the source nodes are located uniformly 
on circles outside the solution domain. They are simple and effective since the 
optimal polynomial convergence rates can be achieved. For peanut-like domains and 
long-narrow domains, the source nodes on pseudo-ellipses are beneficial and studied 
in Chapter 6 and Part III. The 3D Laplace equation by the MFS is studied in 
Chapter 13, and the error analysis is made, which may be applied to other kinds of 
3D problems. The source nodes are located based on the abscissas of quadrature 
rules on the pseudo-surfaces; they are “grid-like”, simple and efficient. For singular 
solutions, some pseudo-boundaries near the boundary IT are recommended. 
Moreover, two pseudo radial-lines are proposed in Chapter 17. Better selections for 
source nodes are explored in Part III based on the sensitivity index. 


VII. Simplicity of algorithms. The MFS is one kind of boundary methods. 
Boundary methods are much simpler than domain methods, such as the FEM and the 
FDM, because the problems of PDE are reduced by one dimension. The BEM in 
[104, 210] is a well-known boundary method, where the same FS is chosen. Since 
Q; € T and the zero-distance |PQ;| = 0 occurs at P = Q,, the algorithms of the BEM 
are more complicated than those of the MFS. The MPS in [169] is another boundary 
method, where various harmonic functions are chosen. The simple and uniform 
collocation equations (1.2.15) and (1.2.16) are a remarkable advantage over the MPS 
and the BEM. It is due to the modest human effort needed that the MFS has become 
an attractive and competitive method for scientific/engineering computing. 


Part I 


Laplace’s Equation 


“Without an acquaintance with the rules of propriety, 
it is impossible for the character to be established.” 
Confucius, 551-479 B.C. 


The theory of the method of fundamental solutions (MFS) is explored in Part I. 
Part I consists of five chapters. Chapter 2 is for Dirichlet problems, where the basic 
error and stability analysis is explored with some important proof techniques. 
Based on Bogomolny [26], the error bounds are derived for the bounded simply- 
connected domains to give the optimal polynomial convergence rates. Based on 
the circulant matrices in Davis [71], the bounds of condition numbers (Cond) are 
derived for disk domains to display the exponential growth rates. The proof 
techniques in Chapter 2 are essential to the MFS, and they can be applied to other 
chapters. 


Chapter 3 is for Neumann problems, where the optimal convergence rates in L? 
and H! norms in S§ can be achieved. The singularity of the operators is dealt with by 
the truncated singular value decomposition (TSVD) to reduce the Cond signifi- 
cantly. Moreover, the bounds of condition numbers are derived for the bounded 
simply-connected domains. Chapter 4 discusses other problems, such as mixed 
boundary problem, interface problem, and annular domain problems. Error analysis 
is made. 


Since the fundamental solutions (FS) are highly smooth, combining the MFS 
with other numerical methods is necessary for the solutions from corner singularity. 
Algorithms and analysis are explored in Chapter 5. Most of the analysis in this book 
is for circular pseudo-boundaries. Elliptic pseudo-boundaries are solicited in 
Chapter 6 for better stability, and the bounds of errors and condition numbers are 
derived. Since the discrete matrices obtained are non-circulant matrices, new 
stability analysis is explored in Chapter 6 to derive the bounds of Cond. Elliptic 
pseudo-boundaries are often employed for selecting better source nodes in Part III. 


We cite three lemmas from Chapter 2, which will be often used in this book. 
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Lemma I.1 (Basic Lemma A). For the 22-periodic function g = g(x), denote the 
error 


ig =< [ " ga) de, (1.1) 


where the trapezoidal rule, Ty(g) = ee o 9(kh) with h = =, is used. Then we have 
Ay(sinmaz) = 0,m = 1,2,..., (1.2) 


2m, if m=vN,v=1,2,..., 


0, otherwise. (1.3) 


An(cosmz) = { 


Lemma I.2 (Basic Lemma B). Let function g(x) € C™[0, 27] satisfy the periodic 
boundary conditions g® (0) = g® (27) with £=0,1,.... Then we have the errors, 


E E [ conoid 


0 


= 2) {0N + ON k} k=0, 1,....N—1, 


where coefficients de = a x)cos(lz) dx with £= 0, 1,. 


Series expansions of the fundamental solutions (called addition theorems) are 
essential to algorithms and analysis of the MFS. 


Lemma I.3 (Addition Theorem). There exist the series expansions for the FS in 
polar coordinates, 


In| PQ| = In| P(y) — Q(x)| = In| P(r, 6) — Qo, 9)| 
lnr — > +(£)"cosn(0—), p<r, (L5) 
Inp — 5S 1 (2) "cosn(6 —o), p>r, 


n=1 


where x = (p,0) andy = (r, ). 


The following circulant lemma, the condition number, and the effective condition 
number are often used for stability analysis. Denote the circulant matrix A € RY” by 


ao a tt aNn-1 
. an-1 0 *** QN-2 
A = circulant(ao, @1,..., @v-1) = i : ; (1.6) 
ay a2 ao 


where a; =4]n|R’ + p° — 2Rp cos(ih)| with i=0,1,...,N—1. We cite a lemma 
from Davis [71]. 


Lemma I.4 (Circulant Lemma). For the symmetric matriz A = circulant(ag, a1, ..., 
an-ı) with real entries a;i, the eigenvalues of A are real and given by 
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dx = 5" a; cos(kjh), &=0,1,....N—-1, (1.7) 


T 


where h=3. Also, the vector yọ == (1, 1,..., 1)” ER” is the eigenvector 


1 
a 
corresponding to the leading eigenvalue Ap. 

Consider an overdetermined system Fx = b, where F € R” (M > N), x € RY 
and b € R”. For the nonsingular matrix F, the condition number (Cond) and the 
effective condition number (Cond_eff) are given in [162] by 


E E L 


ti 
min Omin | | x| | 


(1.8) 


where ||x|| is the Euclidean norm, and Gmax and Gmin are the maximal and the 
minimal singular values of F, respectively. For the nonsingular symmetric (or 
circulant) matrix F € R‘*%, the eigenvalues 4; of F are real. The condition number 
and the effective condition number are simplified in [162] by 


||b|| 

= = * 1.9 
min, |4|? -7 min, |A;|||x|| a 
Let us cite the key results in Chapter 2. The source nodes Q; are located uni- 

formly on an outside circle with radius R > rmax = maxgr. Let u € H”(S) (p> 1) 

and R # 1 be given. When the N of the FS is chosen moderately large, we derive the 

following error bounds, 


1 
lu = uxllor S C= llos: E (1.10) 


allel 
where ČC is a bounded constant independent of N. For the analytic solution u, the 
equation (1.10) indicates the exponential convergence. For the disk domain S$ with 
radius p, when R > p and RF 1, we have the following bound, 


Co na < “A (E fy" (1.11) 
2 p 
For the non-circular domain S, we have 
NC+2)|InR| / R\N? 
Cond < a ( ) (1.12) 
Tmin 


where fmin = mingr, and p € [0,2] is a constant independent of N. Note that the 
basic proof techniques in Chapter 2 are valid for other equations and problems, and 
similar results as (I.10)—(I.12) can also be obtained. See Parts I and II. Hence, a 
uniformly theoretical scheme has been established, to greatly enhance the MFS in a 
wide range of applications. 


Chapter 2 


Dirichlet Problems 


This chapter consists of the basic error and stability analysis. Based on Bogomolny 
[26], the error bounds are derived for the bounded simply-connected domains, to 
give the optimal polynomial convergence rates. Based on circulant matrices in Davis 
[71], the bounds of condition numbers are derived only for disk domains, to display 
the exponential growth. The basic proof techniques are explored, to lay a theoretical 
basis for the method of fundamental solution (MFS) in 2D, which can be developed 
for other problems and various differential equations in other chapters. 


This chapter is organized as follows. In the first section, the basic algorithms of 
the MFS are described. In Section 2.2, some preliminary lemmas are given, and in 
Section 2.3, the main theorems of error bounds are proved. In Section 2.4, stability 
analysis is made for disk domains. In the last section, the proof methodology used in 
this chapter is addressed. The materials of this chapter are adapted from [151, 163]. 


2.1 Basic Algorithms of MFS 


Consider Laplace’s equation with the Dirichlet boundary condition, 


Pu Pu 
ae Ae SO) i .1.1 
Au Jz + Op Oin S, (2.1.1) 
u=fonT, (2.1.2) 


where § is a bounded simply-connected domain with a smooth boundary F (= 0S). 
Denote 


Tmax = AS T, Tmin = sea (2.1.3) 


where Sin is a disk inside S (see Figure 1.1). A circle surrounding S is given by 


lr ={(r,0)|r = R, 0<0<27}, R> Tmax: (2.1.4) 
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Let the source (charge) nodes Q be located outside S, then the fundamental solu- 
tions (FS) 

(r, 0) =In|PQ|, Pe Suds, (2.1.5) 
are harmonic, where P = {(2, y)|z = r cos0, y = r sin0}. Based on Bogomolny [26], 
the source nodes Q; = {(x, y)|x = R cos(th), y = R sin(ih)} may be simply located 


uniformly on g, where R > rmax and h = 34. We obtain the FS, ¢,(P) = In| PQ], 
i= 1,2,...,N, and the numerical solution is given by a linear combination, 


N 


uv = X cid,(P), (2.1.6) 


i=1 


where c; are the unknown coefficients to be sought. Since uy satisfies Laplace’s 
equation in S already, the coefficients c; can be sought by enforcing the boundary 
condition (2.1.2) only. We will follow the Trefftz method (TM) in [146, 169] to seek 
un (i.e., ci). Denote the energy 


Ho) = f 0- f. (2.1.7) 
r 
Also denote by Vy the set of (2.1.6). Then the numerical solution uy can be 


obtained by 
I(un) = minI(v). (2.1.8) 


EVN 
The TM solution uy also satisfies 
u- Un|lor = min ||u E lor: (2.1.9) 
and 
[u—uy,v)=0, Vue Vy, (2.1.10) 
where [u, v] = f uv. 


When the integrals in (2.1.7) involve approximation, denote 
T(v) = fo-n. (2.1.11) 
r 


where fp is a numerical approximation of fp by some quadrature rules, such as the 
central, the trapezoidal or the Gaussian rule. Hence, the numerical solution uy € 
Vy is obtained by 


~) 


(ŭn) = min T(v). (2.1.12) 


ve Vy 
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We may establish the collocation equations directly from (2.1.2) to yield 


N 
Ss cibi(P;) =f(P)), Pjer. (2.1.13) 
i=l 
Let I be divided into small T; with the meshspacings Ahj, i.e., IT = UAT We 
obtain from (2.1.13) 
N 
VAh Y cibi( Pi) = VAh FP), Pp ET, j=1,2,..., M, (2.1.14) 
i=1 


where P; are the midpoints of Ij. The equation (2.1.14) are just equivalent to (2.1.12), 


where the central rule is chosen for f r: In computation, we may choose the number of 
collocation nodes to be equal to (or larger than) that of source nodes, i.e., M > N. 
When the Gaussian rule is chosen, the following collocation equations are obtained, 


N 
TAD cib(Pj) = Vb f(P), Pjer, (2.1.15) 


where P; are the Gaussian nodes, weights f; = O(Ah), and Ah = max;Ah,. The 
equations (2.1.15) are called the collocation Trefftz method (CTM) in [169]. 


2.2 Preliminary Lemmas 


We prove the following lemma given in [26, 72]. 


Lemma 2.2.1 (Basic Lemma A). For the 2z-periodic function g = g(x), denote the 
error 


int) = l Eo (2.2.1) 


where the trapezoidal rule, Ty(g) = AY pg gl kh) := Ey(g) with h = 2. Then there 
exist the equalities, 


An(sinmz) = 0,m=1,2,..., (2.2.2) 
27, ifm=vN,v=1,2,..., 
ll { 0, otherwise. (22:3) 
Proof. Denote the imaginary i= /—1. We have for 0 € [0, 27] 
N-1 
T y(exp(ind)) = h X exp(inkh). (2.2.4) 
k=0 
When n is multiples of N, i.e., n= vN with v=0, 1,2,..., we have 
27 
nkh = (vN)k— = 2avk, (2.2.5) 


N 
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to give 


N- 
T v(exp(in@)) = (i2nvk) = hN = 27. (2.2.6) 
k=0 


Otherwise (i.e., n Æ vN with v = 0,1,2,...), we have from the sum of the geometric 
series with ratio exp(nhi) 


N-1 : . 
= Nh 1l-e 2 
Ty(explin0)) = h X` exp(inkh) = pba explinNh) _ exp(in2n) 


: = : = 0. (2.2.7) 
= 1 — exp(inh) 1 — exp(inh) 

On the other hand, since exp(in@) = cos(n@) +i sin(n@), we have 
Tn(exp(inO)) = Ty(cos(n0)) +iT y(sin(nd)). (2.2.8) 

By comparing (2.2.6) and (2.2.7) with the following exact values, 

27 27 2n 
| d0 = 2n, f cos(n0)d0 = I sin(n0)d0 = 0, n=1,2,..., (2.2.9) 
0 0 0 

we obtain the desired results (2.2.2) and (2.2.3). E 


Denote nodes x= Q= (x,y) = (p,0) and y= P=(é,n)=(r,¢), where 
z = p cosl, y = p sinb, € = rcosd,n = rsing. Then p = yr? + y? and r = VE +n. 
The FS of Laplace’s equation is given by In|PQ| = In\/p? — 2pr cos(0 — p) + 1°. 
The series expansions of fundamental solutions (called addition theorems) are 
essential to algorithms and analysis of the MFS. We have the following addition 
theorem. 


Lemma 2.2.2 (Addition Theorem). There exist the series expansions for the FS in 
polar coordinates, 


In| PQ| = In| P(y) — Te cena $) — Ap, )| 


ey" 
E 2e - CON =O) pa (2.2.10) 
E x l/r 
In cosn(0 — >r, 
p= 2 F (=) p), pP 
where x = (p, 0) and y = (r, ¢). 
Proof. In [90, 1.514], there exists an equality, 
In(1 — 22 cos + 2”) =2y nn) OD) eh ES (2.2.11) 
For p<r, denote z =£ <1. We have 
= 1 
In|PQ| = In\/r? — 2pr cos(0 — $) + p? = 5 in? — 2pr cos(0 — p) +p”) 
(2.2.12) 


z 5 {in(r?) +In(1 — 2x cos(0 — p) + 2”)}. 
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Since +<1, we have z cos(@ — p) # 1. From (2.2.11), the equation (2.2.12) leads to 


In| PQ| = Inr oat oF =Inr ze "cosn(0 — o). 
n\r 


n=1 n=1 


This is the first equation in (2.2.10), and the second equation in (2.2.10) follows by 


switching p and r. 


Denote nodes P(p, 0) € 5, and the source nodes Q(R, y) outside S$ with R > p. 


From the first equality in (2.2.10), we have 


a pe 1 n 
In|PQ| = nyp? — 2pR cos(8 — Y) + R? = mR — X- (4) cosn(O—), p<R. 


n=1 


Then we obtain the following lemma from the orthogonality of trigonometric 


functions. 


Lemma 2.2.3. For R > p and R # 1, there exist the equalities, 


[oe — 2pR cos(0 — y) + R) dy = 2nln R, 


0 


0 


[ove — 2pR cos(0 — y) + FR?) sin( mp) dp =- — 5m P""sin(mð), 


From Lemma 2.2.3, there exist the equalities for R > p, 


1 20 
= on = 2 1 
a, n(/p 2pR cos0—W) +R) dy, RAL, 


Cm(p, 0) = p™cos(mO) 
mR” 2n 

= l 2 — 2pR cos(0 — re) dw, 

J (VP = 208 cos(0 — y) + R) cos(mp ay 


T 
Sm(p, 0) = p™sin(mé) 


mR” 


27 
=— f n( y — 2pR cos(0 — y) + r) sin(my) dw, 
0 


T 


Denote the norm 


1 


lear = 4 fe} 


[oe — 2pR cos(@ — y) + R?) cos( mip) dp = - — m p™cos( mb), 


m = 1,2, 
m= 1,2, 
(2.2.13) 
(2.2.14) 
a pre 
(2.2.15) 
m= 1,2, 
(2.2.16) 
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The solution uy of the MFS by (2.1.8) also satisfies 


lu- uxllor = min |lu— olor. (2.2.17) 
ve Vn 


Denote the harmonic polynomials of order n by 


P,(p,0) = S + X p" {am cos(m0) + bm sin(m0)} 
m=1 
j (2.2.18) 
ao 
=2+ 5" 6) +b 6 
5) 2 {am mies )+ mSm(P, in 


where C,,(p,0) = p” cos(m@) and S,,(p,0) = p™ sin(m@). Then we have the 
following approximations, 


1,0 P;(P, 0), (2.2.19) 


C'm(p, 0) = p™ cos(mé) = 4 emul 0), m=1,2,..., (2.2.20) 


Sm(p, 0) = p™ sin(md) = X` Bimx(p,0), m=1,2,.... (2.2.21) 
= 


From (2.2.18)—(2.2.21), we have 


N 
Pa(p,0) ~X cxby(p, 0) := En(Pn; p, 9), (2.2.22) 
k=1 
where the coefficients 
a 
Ch = Sen + S~ (dk mam + Br mbm). (2.2.23) 


m=1 
Below, we will derive bounds of the errors 
|Pn(e, 0) — Zn (Pri, ilar, (2.2.24) 


where T, = {(7,0)|0<r<p,0<0< 2r} and ||vl| r, are the Sobolev norms. 


Denote 


=n Pr; p,0 a -15 dich y,( p,0 Ny (2.2.25) 


where dą are the coefficients and ¢;(p, 0) = myo? — 2pR cos(0 — y,) + R? with 
Y, = kh and h=*. The coefficients om and Pym can be found from (2.2.13)- 
(2.2.15), 
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R1, 


h 
n(l; b: — 
;p,0 n2 Ak, oP yl p, 8); k0 In nR’ 


Èy Cm; p, 0 =Y ndil p,0 ), J aim = a(S 


Sm; p, 0 -5h mr p,0 Ns Bim =- (= 


We only derive in detail the errors in (2.2.20) 


EC n(p, 0) = p™cos(mé) — -X oimbx( p, 9), (2.2.26) 


N 
k=1 


since the errors for (2.2.19) and (2.2.21) can be derived similarly. To this end, we 
expand (2.2.26) as a Fourier series, 
EC m(p, 0) = Son + S {arm cos(k0) + brm sin(k0)}, (2.2.27) 
k=1 


where the Fourier coefficients are given by 


2r 
ie: =I f EC n(p,0)cos(k0)d0, &=0,1,2,... (2.2.28) 
0 
1 20 
brm = EC ,(p, 0)sin(k0)d0, k=1,2,.... (2.2.29) 
0 


Lemma 2.2.4. For the Fourier expansions in (2.2.27), the Fourier coefficients are 
given by 


m RM-k ok ifk—=+m+vN, v=1,2,... 
m= 4 E , : í E 2.2.30 
Ak { 0, otherwise, ( ) 
ben =O, Vk m: (2.2.31) 
Proof. We have 
akm = Tı — To (2.2.32) 


2n 


m Qn N 
Cm(p, 0)cos(k0) d0 — = (-1 ms )/ 5 ;(p, 0)cos(mjh)cos(k0) woh 


z j=l 
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From (2.2.14), 


T, = = | j (- L { i “w(y pipi FÈ cos mp) dy Yeos(k0) a0 
zl (- =z f { f “w(y P-R #2 ) eos(k0) d0 beostmy)ay 


=: ( co = Calp. eos) dy 


=- (Z R" E Pfr cos(kw)cos(mw) dw. (2.2.33) 


Similarly, we obtain 


T,=} (- "z | aS (y/o — 2pR cos(0— W,) +R *) cos(mihoos(k) d0 


T T 


= L (- = Dy cost) f" (aye — 2pR cos(t) + r) cosk(t — vat 
=2(-™)(-) “AST Culp, )eost mst 


j=l 


lym m—k k a p . 
= (TR p ) Qos sihoos( mj. (2.2.34) 
Hence the coefficients az, are found by 


akm = Ti- T2 = L (= Ra) An (cos(ky)cos(my)). (2.2.35) 


Since cos(ky)cos(my) = 5 {cos(k + m)y + cos(k — m)y}, from Lemma 2.2.1 we have 
a.m = 0 and 


akm = Ty — T2 = 


= (= Bip) {Ay(cos(k+ my) + Ay(cos(k — m)W)} 


= TT if k=+m+vN, v=1,2,.... 
This is the first desired result (2.2.30). 


Similarly, we have from Lemma 2.2.1 again 
1 
bem = (+ R" F) 1 y(cos(myp)sin(hy)) 


=} (” mk p") {An(sin(k-+ m) ) + An(sin(k — m)p)} = 0. 


This gives the second result (2.2.31) and completes the proof of Lemma 2.2.4. W 
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2.3 Main Theorems 


Denote two circles Tmax = {(7, 9)|r = Tmax,0<0< 22} and Minin = {(7, 0)|r = rmi, 
0<0<2r}, where rmax and fmin are given in (2.1.3). 


Theorem 2.3.1. Let u € H?(S) (p> 1) and R#1 be given, and suppose that the 
following bound holds, 


—2N 
pes (%) <1, q20. (2.3.1) 
p 


Then there exists the bound for q> 0, 


R a Tmax 
IPO -EPan lyr (E) ES) P(r Allan (23.2) 


Tmax min 
where C is a bounded constant independent of n and N. 


Proof. The basic proof approaches follow Bogomolny [26]. Denote the circle T, = 
{(r, 0)|r = p,0<0< 27}. We have from (2.2.26) 


|ECn(p, O27, -5> f. {D'(ECn(p,6))} pdos CY th 
-c 5 p(T Rep BY -cC 5 map 2k p2(m—E) 


k=tm+vN ém on $ 
a M? 99 2k p2(m-k 24 „2k p2(m—-k 
-cf 5 az tp RE) 3 m pap RX ' 
k=—m+vN k=m+vN 
First, we have 
oo 2 
M 124 2k p2(m—k 
Di = 5 rk 1p% R ) 
k=—m+vN 
_ œ m? ROm N) pte) yN)? (2.3.4) 
v=1 (=-m+vN)’ 


2 2m o0 —2vN 
< m 5 N24 (2) R” x 5 (=) y2d, 
(=m + N) P v=1 P 


Since N > 2n > 2m, we have y- <1. When the condition (2.3.1) holds, there exists 
the bound from Bogomolny 26. p.665] 


co —2NE —2N 
5 (=) Pr< (2) , R>p. (2.3.5) 
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Hence, we have from (2.3.4) and (2.3.5) 


R 2m R —2N 2(m—N) 
p <an (2) (=) ren —an(2) a (2.3.6) 


Obviously, there exists the bound, 


oo 2 
D= >> Tap R- < CD. (2.3.7) 
k=m+vN 


Then we have from (2.3.3)—(2.3.7) 


R 2(m—N) 

| EC m(p, DZT, < one(2) R”, (2.3.8) 

Similarly we have 
1 2 R —2N 
E Alr <C{—) y[2 1 & 

Bou. Hr, O(a) E) o Ren, (2.3.9) 
R 2(m—N) 

|ESm(p, llr, < on (2) R”, (2.3.10) 


From (2.3.8)-(2.3.10) and the Schwarz inequality, we have for 0< < p 


| Pa(r, 0) — En(Pr; r, Ollar, (2.3.11) 


aal 
| ECo(p, 0 Nar, + J |am|l|ECm(p, 0 lar, + 5 [bml || ES mp, Dlr, 
m=1 


m=1 


1 


<{((¢ oY "+ yan i +t) )) (Erlon (p, oles.) J 


Moreover, we have the bound from (2.3.8), 


n R 2(m—N) P 
een teen (0, Dlr, <e) an2 *) Ren (2.3.12) 


m=0 m=0 p 


—2N n 2m —2N n 4m 
1 
saa) ees) e) ZG) 
p m= oP P P m=0 P 


2 an (5 —2N (5 An (£) 2n P ai (5 4n—2N (2) 7 
T p p py p p 
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On the other hand, there exists the bound, 


(+ iy D a2, +B) <||Pa(A, Ol r,- (2.3.13) 


m=1 
Hence, we have from (2.3.11)-(2.3.13) 
| Pa(r, 0) — Zn (Pair, DZT, 


oo" OE a) esw 


R 4n—2N p 2n 
con ira 
i 7 |Pn(P, Olor; 


Also since Av = 0, there exist the bounds in [15, 195], 

llr < Cllolleyas> ollk < Clollkr- (2.3.15) 
Then we have from (2.3.14) and (2.3.15) 
|| Pa(r, 0) — En (Pai r, Ollie < CllPn 


0) — En (Pri r, Olga (2.3.16) 


= 
zA 


1 y 
+L Smax 


(r, 
< C||Pa(r, 0) — En(Pn;r, D 
( 


< C'|| Ph Tmax) 0) — Un(Pn; Tmax) OVI Pe 


4n—2N r 2n 
< one ( 2- ) ( ts) |Pr(r, O)\lor ase 
Tmax Tmin sl max 


4n—2N 2n 
< on2a(# “max ) || Pa(r, O 
S 7 mN |Pa(r, Mlo,r- 


In the last bound in (2.3.16), we have used the continuity extension. See Remark 
2.3.1 below. From the smooth boundary T, under the assumption u € H?(S') (p > 1), 
the solution in S can be extended continuously to the boundary I max. We then have 
|Pn(7, Ollora < Cll Pn(7, lor. This completes the proof of Theorem 2.3.1. W 


max 


Remark 2.3.1 (Continuity Extension). From Adams [2, Chapter IV], for the bounded 
domain S with the C! boundary T, the solution u € H*(S) with k>0 can be 
extended continuously to the entire 2D plane. Denote by S,,,,. a disk with radius 
Tmax. The solution under the assumption u€H?(S) (p> 1) can be extended 
to uc H(S,,,.) (p>1). Based on the Sobolev imbedded theorem in Adams 
[2, Chapter V], the u is continuous in Sp „>; called the continuity extension in this 
book. We then have the bounds, 

lullo, Sna £ O (2.3.17) 


3⁄7 rmax 
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I|Pn(r, lor 


IPalP, Plor, < ClPar, Olor < Cllullor = OC); (2.3.19) 


max 


x |lullor,,. = OC), (2.3.18) 


max 


where the notation a x O(b) means that there exist two positives bounded constant co 
and C independent of n such that cob< a< Cb. The continuity extension also means 
that the harmonic polynomials (2.2.18) are valid for p<tmax. The continuity 
extension holds for the Lipschitz boundary I (see Brenner and Scott [28, p.81]). 
Since the polygonal domains S have the Lipschitz boundary T, the continuity 
extension is also valid. We may simply assume the continuous solutions u € C(S) 
instead. 


Theorem 2.3.2. Let the conditions in Theorem 2.3.1 hold. Suppose that N satisfies 


2n—N n 
2 Tmax) <l, (2.3.20) 
Tmax Tmin nP 3 


For the Dirichlet problem, there exists the error bound, 


lulls (2.3.21) 


lu- uxlor < CO 


where C is a bounded constant independent of N. 
Proof. Choose v = wy = Zy(P,), and denote u = P,,(r, 0) + R,(r, 0). From (2.2.17) 
we have 

lu — unllor < llu — eyllor < I| PaCr, 8) — ullo + llECr, Olor (2.3.22) 
For u € H?(S), there exist the bounds 


1 
[Ralr, Olles < C = llullp.s- (2.3.23) 
nP 


Then we have from the embedding theorem [15] 


[Rn(r, 0)llo,r < CllRn(r; Alki s 


; 1 (2.3.24) 
< Cf Fn(r, Ola sll Balt, Ols + < C~ llullps: 


nP-2 


On the other hand, when (2.3.20) is satisfied, we may choose 


nin (2) + (p — Inn 


Tmin 


N x 2n+ 


< Cn. (2.3.25) 


Hence we obtain from Theorem 2.3.1 at q = 0 


. 1 1 
IPAC 0) = villa = O lPalora) = O(P) 232) 


1 
ne? 
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Moreover, since u + P,,, there exists the bound, 


I|Prllor < Cllullor < Cllulls < Cllull,.s, (2.3.27) 
to give 
7 1 
||Pn(r, 0) — Ullor = o( ul,s) (2.3.28) 
nP? 


Combining (2.3.22), (2.3.24) and (2.3.28) gives 


|u — ux llor <C 


lull (2.3.29) 


1 Bee) 
nP-2 ae 


and the desired result (2.3.21) follows from + < &. Compared with [26, (4.3)], the 
bound in (2.3.2) is sharper without a fact of y/n. This completes the proof of 
Theorem 2.3.2. E 


Remark 2.3.2. Let us examine the conditions in Theorem 2.3.1. The relaxed reg- 
ularity u € H?”(S) (p> 1) of the solution is valid for the singularity problems 
caused by corners in Chapter 1 and the source functions in Chapter 17. The radius 
RÆ 1 of the pseudo-circular boundary of source nodes is needed to guarantee the 
uniqueness of Laplace’s solution. Otherwise, the unit pseudo-circle with radius 
R=1 is called the degenerate scale, which is avoided except when specified. 
See Remark 2.4.1 below. Finally, let us examine (2.3.1) and (2.3.5). Assumption 


(2.8.1) holds for large N since N> (q+ 3)n2/In(2). The large N is of our 


application; see the large N = O(n) from (2.8.25). Then both (2.8.1) and (2.3.5) 
hold naturally. Hence, we will not provide the assumption (2.8.1) explicitly in the 
following chapters. 


Lemma 2.3.1. Let the conditions in Theorem 2.3.1 hold. Then there exists the error 
bound, 


1 
lu — wv|lar = C5 llull, s (2.3.30) 
2 N 


where C is a bounded constant independent of N. 


Proof. Define the negative norm 


1 
lwllr = sup Ta v. (2.3.31) 
vem (r) | lar YT 


Let t E€ H?(T ) and y € H! (S) satisfy the following auxiliary problem, 


An=O0in S, n=tonT. 
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There exists the bound from (2.1.10) and Theorem 2.3.2, 
fun) t= lu- tA] = [= uwr) = fu xs = a 
< |lu = uvllor x lln = xlor < C a L llullas x Syllis (2.3.32) 
S CH llulysllélyr 


where we have used the bound ||y]||;_5 < Clinhar 2 Clitlla r- From (2.3.32), we get 


1 
Figg ee 9 x) t< CF lelas: (2.3.33) 


The desired result (2.3.30) follows from (2.3.33) and (2.3.31) with w = u — uy. E 


Based on ||vllo s < Clll]; r, from Av = 0 and Lemma 2.3.1, we have the following 


corollary. 


Corollary 2.3.1. Let the conditions in Theorem 2.3.1 hold. Then for the Dirichlet 
problem, the numerical solutions by the MFS have the optimal error bound in L? norm, 


1 
le- uxllos = O( 37) las (2.3.34) 


Remark 2.3.3. The MFS is the Trefftz method using the FS as the admissible func- 
tions. The error bounds between harmonic polynomials and FS are given in Theorem 
2.3.1. Theorem 2.3.2 displays that the MFS and the MPS have the same optimal 
polynomial convergence rates. 


2.4 Stability Analysis for Disk Domains 


Denote a disk domain S by S = {(r, 0)|r<p,0< 0<2z} and its circular boundary 
by £ ={(r, 9)|r = p,0<0<2z}. The source and the collocation nodes are uni- 
formly located on £g and 4, as 


Q,={R — sin(ih)}, Pi = {p cos(th), p sin(th)}, i= 1,2,..., N, 
where p< R and h = # (see Figure 2.1). Consider 
Au=0in S, w=f onl = épz. 


From (2.1.6) the collocation equations are given as 


ciPi(P3) = F(P;), Pj € Sp, (2.4.1) 
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Fic. 2.1 — The locations of source nodes Q; and collocation nodes Pj. 


where @;(P;) = n|P;Q,|. From |P;Q,|’ = R? + p? — 2Rp cos((i— j)h), we obtain 
sy! a 
$;(P;) = In[P}Qi| = 510R? +p’ — 2Rp cos((i— j)h)|. 


We may rewrite (2.4.1) as the matrix form Ax = b, where x = (c1, ¢,..., cy)", 


b = (f(P1),f(P2),--.,f(Px))", and A € R%Y. The matrix A is the symmetric 
circulant matrix, denoted by 


ao a t QN- 
Qn-1 4 <*** QN-2 
A = circulant (ao, a,..., @y—1) = : i . ; (2.4.2) 
ay ag occ: ao 
where the entries 
jl 
a; = 3 m| R +p’ — 2Rp cosih|, i=0,1,...,N—1. (2.4.3) 
We have a lemma by Davis [71]. 
Lemma 2.4.1 (Circulant Lemma). Let matrix A = circulant(ao, a1,...,@y—-1) with 


real entries a;. Then the eigenvalues of A are real and given by 
N-1 

Ay = 5 aj cos(kjh), k= 0,1,..., N- 1, 
j=0 


where h = a. Also, the vector yo = Th (1,1,...,1) T is the eigenvector corresponding 


to the leading eigenvalue 29. 


Lemma 2.4.2 (Basic Lemma B). Let g(x) € C™[0, 27] satisfy the periodical boundary 
conditions, 
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g (0) = gO), €=0,1,.... (2.4.4) 


There exist the errors 


P(a(a)cos(k)) — f gcse 


5 (2.4.5) 
=n) {0N t oN} k=0, 1,....N—1, 
v=1 
where 
1 2m 
u = - | g(z)cos(éx) dz, €=0,1,.... (2.4.6) 
0 


Proof. Since g(x) satisfies (2.4.4), it can be expanded as trigonometric functions 


_ % 


g(a) = + X {o cos(éx) + By sin(lx)}, x € (0, 27], (2.4.7) 
f=1 


where the coefficients a are given in (2.4.6) and 


B= 1 fo(a)sin(ea ae ba 1D 0 (2.4.8) 
We have the integrand 
g(x)cos( kx) = 5.608 (ke) + Sii cos(lx)cos(kx) + B, sin(lr)cos(kx)}. (2.4.9) 
(=1 
Since 


cos(£x)cos(kx) = 5 {cost + k)x+cos(l— k)z}, 


A (2.4.10) 
sin(lx)cos(kx) = 5 tsin(é+ k)z+sin(é— k)z}, 
we have from Lemma 2.2.1 (Basic Lemma A) and (2.4.9) 
20 
T w(g(2)cos(ka)) — | g(«)cos( ka) da (2.4.11) 
0 


= 1S “facdn(cos( e+ k)ax) + aA y(cos(€ — k)x)} 
(=1 


= el 5 Oe + 5 al = aS raak k=0,1,... N-—1. 
y= 


L+ k=yN l—k=vN 


This is the desired result (2.4.5), and completes the proof of Lemma 2.4.2. E 
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Theorem 2.4.1 For p<R (i.e., a = z > 1), the eigenvalues of matriz A in (2.4.2) are 
given by 
1 
% =N lnR+e, ex- -y, (2.4.12) 
a 
N1 NS 1 1 
PE | 2.4.13 
r= ka 2 ioe kja NE (WN + hort] nts) 


where h = and k= 1, 2,...N-1. 


Proof. From Lemma 2.4.1 (Circulant Lemma) we have the eigenvalues of A, 


N-1 
Ay = aj cos(kjh). (2.4.14) 
j=0 
From (2.4.14) and (2.4.3), 
N-1 1% 
do = 2% > In| R? + p? — 2Rp cos(jh)| 
(2.4.15) 


= N npt > Dn n(1+ a” — 2a cos(jh)). 


Denote function g(x) = In(1+ a? — 2a cosx). Then g(x) € C™[0, 27] is a periodical 
function satisfying (2.4.4). From Gradshteyn and Ryzhik [90, 4.224(15), 4.397(6)], 
there exist the integral formulas, 


20 ae) 
2 _ JO, ifa <1, 
f In(1+ a — 2a cosz)dx = { On Wie eel (2.4.16) 
and 
Qn oF ak, if a? <1, 
f In(1+ a? — 2a cosx)cos(kx) dx = H (2.4.17) 
0 -2 Sei 
kak 
Hence we have the expansions 
g(x) = In(1 + a? — 2a cosz) = Z + S w cos(¢x) + Pe sin(éz)}, (2.4.18) 
(=1 
where a=# > 1, and 
2 
a =4Ina, %=-7>, €=1,2,.... (2.4.19) 
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Moreover, from Lemma 2.4.2 (Basic Lemma B) we have for k = 0 


N-1 Qn o0 
h In(1+ a? — 2a cos(jh)) = f In(1+ a? — 2a cosx) dx + 27X ayy, (2.4.20) 
=0 0 v=1 


is, 


where o are given in (2.4.19). From (2.4.16) and (2.4.19), the equation (2.4.20) 
yields 


N-1 
1 
A h In(1+ a? — 2a cos(jh)) = 47 Ina any wna (2.4.21) 
Hence we obtain from h = 5%, (2.4.15) and (2.4.21) 
1 < l 
20 = N lnp + va — yan = N InR+e, (2.4.22) 
where e= -X ay. Since 
1 
the equation (2.4.22) gives the first result (2.4.12). 
Next for 4; in (2.4.14) we have from (2.4.3) 
1%- 
Àk =m n(R? + p* — 2Rp cos(jh))cos(kjh) 
zi (2.4.24) 
Inp ¥=! N- 
= ae h cos(kjh) + mt n(1+ a” — 2a cos(jh))cos(kjh). 
i= 
From Lemma 2.2.1 there exists the equality, 
3 h cos(kjh) = a cos(kx)dz=0, k<N. (2.4.25) 
j=0 
Also from Lemma 2.4.2, (2.4.17) and (2.4.18), 
N-1 
Xo h In(1 + a? — 2a cos(jh))cos(kjh) 
=e (2.4.26) 


2m oo 
= f In(1 + a? — 2a cosx)cos(kx) dx + nY {0N FUN +k}, 
0 v=1 


where oy = — 7. From (2.4.17) and (2.4.19), the equation (2.4.26) yields 
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N-1 
5 h In(1 + a? — 2a cos(jh))cos(kjh) 
=o (2.4.27) 


Qn 22 1 1 
kal rX orp t Grrr] 


Hence, we obtain from (2.4.24), (2.4.25) and (2.4.27) 

27 > 1 1 

— +2 2.4.2 
ae "or k)avN-k = (vN +k) ara} ( 8) 


N1 NÆ 1 1 
= k=1,2,...,.N—1. 
2k ak SGN caer + Gear} a 


y=1 


1 
2h 


tos 


This is the second result (2.4.13) and completes the proof of Theorem 2.4.1. | 
The traditional condition number of A in (2.4.2) with full rank is defined by 


max;|A,| 


d= 2.4.2 
Con min al ( 9) 
where 2; are the eigenvalues of A. From (2.4.13) we have for k>1 
N1 N 1 N 
las a(k), (2.4.30) 


> = 
(> part 2(N—k)aN-k 2 


where the function q(k) = jr + oho To reach the minimum of q(x), we may 


seek g'(x) = 0, where 


1 1 Ina 1/1 lna 
í = >l. 2.4.31 
a (2) aN? = x)? = N- | a? (= : x | 7 ( ) 


Without loss of generality, assume that N is even. When k = x we have q (4) =0 
and q(4) = = Hence we obtain from (2.4.30) 
a2 


. N (N 2 
min|A;, > (5) =: (2.4.32) 


From (2.4.12) and (2.4.32), we have the following corollary. 
Corollary 2.4.1. Let p< R and R #1, then there exists the bound, 


o ua 
< 7 


Cond = — 
mings i|Ax| ~ 2 p 


(2.4.33) 


From (2.4.12), we have |20| = max;|A,| if RA 1, but |Ap| = min;|A;| if R= 1. The 
equation (2.4.33) is exactly for R>1. For R<1, the bound (2.4.33) is slightly 
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N 


modified as Cond < xing sk (2), where e is given in (2.4.12). The Cond in 
(2.4.33) also coincides with Kitagawa [126]. 


When radius R = 1, we have |Ao| = |e] = O(-4) from (2.4.12). Also from (2.4.13) 
we have for k> 1 


Then for the case at R = 1, we give the following corollary. 


Corollary 2.4.2. Let p< R = 1 in degenerate scales, there exists the bound 


maxz >1ļåzl R N 
Cond = ——=— < CN| =} , 
|Ao| p 


where C is a bounded constant independent of N. 


Remark 2.4.1. Note that for R = 1 of degenerate scales, the matrix A is nonsingular 
but very singular. Here let us consider the solutions by the MFS for p< R = 1. When 
p<R=1, the solution in (1.2.8) is reduced to 


N 
uy => cahil), (2.4.35) 
i=1 
where W,(0) = $In(1+ p? — 2p cos(0 — ih)) and h = #. Since the circulant A at R= 
1 is very singular due to Ag in (2.4.12), we may seek the numerical solution from the 
truncated singular value decomposition (TSVD), 


NluTp 
= 1 vi, 2.4.36 
XLSM 2, E v ( ) 
where o; = |A;| and xtsm = (41,%,..., En)". From Lemma 2.4.1, (1,1,..., 1)” is the 


eigenvector corresponding to 2o = 0. Then the general solution of x is given by 


N 


uv =X ci,(0) +c, (2.4.37) 


i=1 


where c is an arbitrary constant. Based on the analysis for R = 1 above, the difficulty 
of R=1 can be bypassed by using the TSVD. In fact, the non-unique solutions may 
also be removed for the boundary integral equation (BIE). See Christiansen [65]. 
Such a technique is also used for the Neumann problem of Laplace’s equation in the 
next chapter. 
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2.5 Proof Methodology 


In this section, let us address the proof methodology for the analysis in the entire 
book. The proof methodology of error analysis was developed by Bogomolny [26] in 
1985, as well as [169, 176]. For smooth solutions, the fundamental solutions can be 
split into the particular solutions (PS) plus some extra errors. The extra errors 
should be further estimated carefully; they are reported in this and the following 
chapters. Under certain conditions, the bounds of such extra errors may not exceed 
those of the PS, so that the polynomial convergence rates can be achieved. In theory, 
the convergence rates of the MFS are the same as those of the MPS. In fact, the 
numerous reports by the MFS provide satisfactory solutions (see [39, 128]), which 
have been supported by the theoretical analysis in this book. The other methodology 
is based on the Galerkin approaches; details appear elsewhere. 


The ill-conditioning is very severe for the MFS. The proof methodology of sta- 
bility analysis is developed by Davis [71] in 1979 for circulant matrices, as well as 
(158, 162]. In [162, Chapter 6], the stability of the MFS is for the effective condition 
number; in this book, the stability is devoted to a systematic and theoretical 
foundation of the MFS itself. We will explore the stability of the MFS for Laplace’s 
equation, Helmholtz’s equation, and biharmonic equations. The condition numbers 
grow exponentially as the number of source nodes increases. For the boundary knot 
method (BKM) in Section 7.5, a super-exponential growth of Cond occurs. There- 
fore, large condition numbers are always obtained. A balance must be taken care- 
fully between accuracy and stability so that the ill-conditioning will not deteriorate 
the accuracy of the final numerical solutions. 


Locating the source nodes is an important issue in computation (see Chen et al. 
[38]). For 2D problems, the simple circular pseudo-boundary has been widely used in 
applications. The main analysis of this book is devoted to circular pseudo-boundaries. 
The optimal convergence rates can also be achieved. However, for the long-narrow 
domains, the Cond will be too large, thus damaging the accuracy of numerical solu- 
tions. Elliptic pseudo-boundaries are explored in Chapter 6 to reduce the Cond. Since 
the discrete matrices obtained are not circulant matrices, the new proof techniques 
are explored in Chapter 6 to derive the bounds of Cond. Elliptic pseudo-boundaries 
are more often employed for selecting better source nodes in Part III. 


For the MFS, the Japanese scholars, Katsurada M., Kitagawa T., Okamoto H., 
etc., established a theory for the simple case that both the solution domains and the 
pseudo-boundaries are circular [120, 123, 125, 126]. For Jordan domains with an 
analytic boundary, conformal mapping is employed to transform both the solution 
domains and the pseudo-boundaries to concircular [121, 122]. For general non-disk 
solution domains, the basic analysis was first published in Bogomolny [26] in 1985 
and by Li et al. [150, 151, 163] in 2008. Since then, such a basic analysis has been 
proven to be effective for differential equations and problems in bounded 
simply-connected domains, multiply-connected domains, and unbounded domains. 
New theoretical results of the MFS are summarized in this book. 


Chapter 3 


Neumann Problems 


3.1 Introduction 


Since Neumann problems satisfying the consistent conditions have multiple 
solutions, the stability analysis of the MFS is particularly interesting. Hence this 
chapter is devoted to Neumann problems in non-disk domains to provide new error 
and stability analyses. The bounds of both errors and condition numbers are derived 
in detail. The optimal convergence rates in L? and H! norms in S$ can be achieved, 
but the condition number grows exponentially as the number of fundamental 
solutions (FS) increases. 


By circulant matrices in Davis [71], the eigenvalues of the stiffness matrix from 
the MFS can be derived exactly for Neumann boundary conditions, under the simple 
case that the source and the collocation nodes are uniformly located on concentric 
circles. When the stiffness matrix is singular or near singular, the numerical solutions 
can be found by the truncated singular value decomposition (TSVD). See Hansen 
[96] and Li et al. [161]. In fact, the TSVD was used in Ramachandran [205] to lessen 
the ill-conditioning of the MFS. In this chapter, we adopt the TSVD to reduce huge 
condition numbers (Cond) of the MFS down to O(v Cond). See Corollaries 3.3.1 and 
3.4.2. For Neumann problems in the bounded simply-connected domains, we also 
derive the bounds of Cond. Moreover, the error bounds are derived to achieve 
optimal convergence rates. 


This chapter is organized as follows. In the next section, algorithms of the MFS 
are described, the main results in this chapter are briefly addressed and some 
guidance is provided for applications. For Neumann problems, the bounds of Cond 
are derived for disk domains in Section 3.3, and for the bounded simply-connected 
domains in Section 3.4. In Section 3.5, an error analysis is made. In the last section, 
some concluding remarks are made. The MFS for Neumann problems in this chapter 
is intriguing due to its distinct features. The materials of this chapter are adapted 
from [167]. 
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3.2 Method of Fundamental Solutions 
3.2.1 Description of Algorithms 


Consider Laplace’s equation with the Neumann boundary condition in 2D, 


Pu Pu , 
am g on T, (3.2.2) 


where S$ is a bounded simply-connected domain with a smooth boundary F = 0S, 
and v the exterior normal of T. For the solution existence of (3.2.1) and (3.2.2), we 
need the consistent condition fpg = 0, so that the solution plus any constant is also a 
solution. Let the boundary I be smooth without corners (see Figure 1.1). The 
assumption of g is described in Section 3.2.2 as g € H"(I) with q> 4. Denote in 
Figure 1.1, 

Tmax = MaX r, Tmin = Max r, (3.2.3) 

S Sin (Sin ES) 

where Sin is an inscribed disk of S$. Denote nodes P € SUOS with P = { (x, y)|z = 
r cosl, y = r sinf}, and the source (i.e., charge) nodes Q outside S. A pseudo-circle 
surrounding S is given by £g = {(r, 0)|r = R,0 <0 < 2r} with R > rmax. The source 
nodes Q; may be simply located uniformly on £g (see Chapter 2), 


Q; = {(2, y)|x = R cos(ih), y = R sin(ih)}, (3.2.4) 
where R > fmax and h = 3. We obtain the FS, 
,(P) =In\PQ,, i=1,2,., N, (3.2.5) 


and denote the numerical solutions of (3.2.1) and (3.2.2) as a linear combination, 
N 
uy = c+ X` ciġi(P), (3.2.6) 
i=l 


where c; are the unknown coefficients to be sought, and c is an arbitrary constant. 
Since uy satisfies Laplace’s equation in S already, the coefficients c; can be sought 
by satisfying the boundary condition (3.2.2) only. Denote the energy 


I(v) = Í Z- s) (3.2.7) 


Also denote by Vy the set of (3.2.6). Then the numerical solution uy can be 
sought by 
I(un) = min I(v). (3.2.8) 


ve Vy 
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When the integral in (3.2.7) involves approximation, denote 


T(v) = / (= = Ve (3.2.9) 


where fp is the numerical approximation of fp by some quadrature rules, such as 
the Gaussian rule. Hence, the numerical solution uy € Vy is obtained by 


T(ŭn) = min T(v). (3.2.10) 


ve Vy 


We may establish the collocation equations directly from (3.2.2), to yield 


N 
o 
af 5 (Pyb=oP), Pier (3.2.11) 
i=l Ov 

On the other hand, let I be divided into small T’ with the meshspacings Ah js bla 
T = U;ź, T’. We obtain from (3.2.11) 


Vex alee} = V6 g(P;), Prel, (3.2.12) 


where P; are the Gaussian nodes, the weights f; = O(Ah), and Ah = maxjA/hj. In 
computation, we may choose the number of collocation nodes to be equal to (or 
larger than) that of source nodes. The equations (3.2.12) are called the collocation 
Trefftz method (CTM) in [169]. The equations (3.2.12) are equivalent to (3.2.10), 
where the Gaussian rule (or the trapezoidal rule) is chosen for fp. This displays that 


the CTM is the TM involving quadrature approximation. Hence the MFS is just the 
Trefftz methods in [169] by using FS. 


The overdetermined system is obtained from (3.2.12), 
Fx =b, (3.2.13) 


where F € R" (M > N), x € RY and b € R”. In this chapter, consider the rank 
deficient with rank(F) = t< N. The singular value decomposition (SVD) of F is 
given by F = UEV", where the matrices U € RY” and V € RY®%" are orthogonal, 
and matrix £ € R”* is diagonal. The non-zero diagonal entries of E are given by t 
positive singular values: cı > --- >o; > 0 with t< N. Denote U = (uw, uy,..., Um) 
and V = (v1, V2, ..., Vy), where u; € R” and v; € R” are vectors. The solution of 
(3.2.13) is obtained by 


Th 
x=% Ey (3.2.14) 


t 
=i li 
The modified condition number for (3.2.14) is defined in van Loan [182] by 
Cond = (3.2.15) 


t 
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When t< N, the solution from (3.2.14) is called the TSVD solution. To distinguish the 
condition number with rank deficient from the traditional condition number 
Cond = # with oy > 0, we use the notation Cond in (3.2.15) with a hat. Even for 
rank(F) = N, when o;41,...,0y are infinitesimal, the TSVD solution (3.2.14) is 
solicited for better stability; see Hansen [96], Ramachandran [205], and Li et al. [161]. 


3.2.2 Main Results of Analysis and Their Applications 


Since the FS in (3.2.5) with Q; located outside S$ are highly smooth, the functions as 
(3.2.6) are not suitable to approximate the singular solutions, where their deriva- 
tives are unbounded. The combined method may be solicited and introduced in 
Chapter 5. From the error analysis in Section 3.5, we confine the smooth problems 
for a smooth boundary IT without corners and assume that the solutions of (3.2.1) 
and (3.2.2) satisfy 

WE H’? (S)/Po( S), p22, (3.2.16) 


where H’”(S)/Po(S) is a quotient space, H” (S) are the Sobolev spaces, and Po( S) is 
the constant space. The equation (3.2.16) implies 


gE€H(T), q>. (3.2.17) 


NI = 


The condition (3.2.17) may be relaxed to g € H!(T) with q > 0 for the solutions 
involving singularity by the MFS. Note that for the interior Neumann problems, the 
solutions must satisfy u € H'(S)/Po(S) and g € H-2(L) from Babuska and Aziz [15]. 
Under (3.2.16), the optimal convergence in L? and H! norms in S$ can be achieved, 
and given in Theorem 3.5.1 as 


1 
ides o( 


The above errors in the quotient space H*($)/Po(S) mean that the differences of a 
constant solution are not included in (3.2.18). The stability is severer for the MFS. 
Under the source nodes given in (3.2.4), the following bounds of Cond are given in 
Corollary 3.4.2 as 


Omax(F) R\* 
= — < . . 
Cond(F) Cnin(F) = o(=) j (3.2.19) 
z Omax(F) R\? 
= < . . 
Cenal] Omin—next (F) _ (2) , (a : a 


where fmin is given in (3.2.3), and C is a bounded constant independent of N. From 
(3.2.18), the higher degree of smoothness the solution u has (i.e., the higher p is), the 
faster the convergence is reached. For the infinitely smooth solution with p = oo, the 
equations (3.2.18) indicate the exponential convergence. 
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Here, let us outline the key ideas of analysis to help readers to follow the proof 
easily. Under (3.2.4), the eigenvalues of circulant matrices are known from the Davis 
theory [72] in Circulant Lemma, and the errors of the trapezoidal rule can be found 
from Basic Lemmas A and B in Part I. Hence, the eigenvalues of matrix A in (3.3.3) 
can be derived for disk domains in Section 3.3. Based on the matrix and numerical 
analysis, the eigenvalues of matrix F in (3.2.13) can also be derived for the bounded 
simply-connected domains in Section 3.4. Note that the bounds in (3.2.19) and 
(3.2.20) have exponential rates via N. 


Since the MFS can be classified into the Trefftz method, we may derive the error 
bounds by following Chapter 2. From (3.5.16) and (3.5.18), the errors of the MFS 
can be split into two parts: (a) the remainder R, of the harmonic polynomials P,,, 
and (b) the differences between P,, and a special solution uy of the MFS. The 
bounds of (b) can also be derived by Basic Lemmas A and B in Part I, where the 
source nodes on circles in (3.2.4) play a key role in [151]. The optimal convergence 
means that the error orders of the MFS solutions are the same as those of the best 
harmonic polynomials in [169, 171]. However, since the exponential Cond may 
damage the accuracy of the numerical solutions, reducing the Cond is significant for 
the MFS in applications. 


3.3 Stability Analysis of Disk Domains 


Consider the Neumann problem (3.2.1) and (3.2.2) on disk domains with radius p. 
For the uniformly distributed collocation nodes, the equations (3.2.11) lead to 


N 
3 o ; 

ciz bi(P 3) —. g(P;), J = 1,2, ..., N, (3.3.1) 
=1 r 


where ¢$,(P;) = ln|Q;P;|, the source nodes Q; are given in (3.2.4), and the 
collocation nodes 


P; = (p cos(jh), p sin(jh)), j= 1,2,..., N, (3.3.2) 
with R > p. The equations (3.3.1) are denoted by 
Ax =b, (3.3.3) 
= T p T NxN 
where x = (C1, C2, ..., Cn) , b = (g(P1), g(P2),...,9(Pw)) , and AER”. Below, 
we give the explicit entries of matrix A. We have 


ð 0, —— 
ar oii Ps) = ppl @iPil = 


cos(7, Q;P;), (3.3.4) 


|O;P; 


= 4 7 
where 7 = OP; = p cos(jh) L+ p sin(jh)m, 


OP; = (p cos(jh) — R cos(ih)) E+ (p sin(jh) — R sin(ih))m, 
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h= a, and Z and m are the unit vectors along x and y directions, respectively. 
Moreover, the following equalities exist: 


cos(#, QP) = Cee 
711 Q;P3l 
= or {p cos(jh)[p cos(jh) — R cos(ih)] + p sin(yh)[p sin(jh) — R sin(ih)]} 
ifj 
1 
= OP — pR cos(j — i)h}. 
iJ 


Then we have the derivatives from (3.3.4), 


Opps pR cos(j — ih — p’ 7 a cos(j — i)h—1 
Or pf R? +p? —2Rp cos(j— ijh} p{a® +. 1 — 2a cos(j — hy’ 
where a= 2 > 1. Hence, A is also a circulant matrix, 
A = circulant (ap, @1, ..., @v—1), (3.3.5) 
where the entries 
1 
ay = ———. (3.3.6) 
p(1— a) 
a = A ai k=1,2,. N- 1. (3.3.7) 


p(1+ a? — 2a coskh)’ 


Since a; = ay-_;, the matrix A is symmetric. We have the following theorem. 


Theorem 3.3.1. For the Neumann problem (3.2.1) and (3.2.2) on disk domain S, the 
eigenvalues of matrix A from the MFS in (3.3.1) are given by 


in” see (3.3.8) 


dg = 


(3.3.9) 


where a=? > 1. 


Proof. Form Circulant Lemma in Part I, the eigenvalues of the circulant matrix A 
are given by 
N-1 
dx = X a; cos(kjh), &=0,1,...,N-1, (3.3.10) 
j=0 
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where a; are given in (3.3.6) and (3.3.7). First, we have from Basic Lemma B in Part I 


3 y 5 a cos(jh) — 1 
to = a; = 2 7 
a F p(1 + a? — 2a cos(jh)) (3.3.11) 


1 a a cosg — 1 d AJ 
= | A0; 
ph\Jo 1+ -— 2a coss 7 j 


where the explicit A2ọ is given in (3.3.16) below. Since 


acoss—-1 _— 1, a—1 1 
1l+@-—2acosr 2 2 1+a?-2acosz’ 


the equation (3.3.11) leads to 


1 a—1 [” 1 
do = dz > + Ado. 3.12 
RE 2 | 1+ @ — 2a cosg 2} a eae) 


There exists the integration formula in [90, 3.613(2)], 


2na* 
— if a <1 
21 k _ 72? 1 ’ 
[one I en 
o 1+a-— 2a cost a re 
(a2 — 1) a¥’ if a>. 
Hence we have from (3.3.12) and (3.3.13) 
1 A=: 2 
pan i fx a =a i z} + Ady = Ady. (3.3.14) 


Now, we show A/o. From (3.3.13) we have the expansion, 


1 Zo c _ 
=  cos(£ si 3.1 
1l+a2?—2acosr 2 + > Ate cos(éx) + Pe sin(¢z)}, (3.3.15) 


where a? > 1 and % = 34,4 (l> 1). Also from Basic Lemma B and (3.3.12), we 
obtain 


Í az —1 oo N oo 1 -N 1 
Aly = -— x 2nS an=- = —~x—. (3.3.16) 
ph 2 = pra" alae) a 


v 


Combining (3.3.14) and (3.3.16) gives the first desired result (3.3.8). 


Next, we have from (3.3.10) and Basic Lemma B 


g= y cos(kjh)(a cos(jh) — 1) 


- 1+ a? — 2a cos(jh 
za P (3h) (3.3.17) 


1 27 3 (ke — 1 
| cos(kx)(a cosa ) ER. S12 I, 
ph Jo 1+ @ — 2a cosg 
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— 


where the explicit Ad; is given in (3.3.19) below. Since 


cos(ka) cost = = {cos(k+1)x+ cos(k — 1)z}, 


N| = 


we have from (3.3.17) and (3.3.13) 
1 a [° cos(k+1)r+cos(k-— 1)x ue coskx 
Ay = dx ¢ + Adp 
: R =| 1+ a? — 2a cosz a | 1+ a@—2cost i 


_lfam/fi,1)\, m ila 
~ ph 2a2—1\akti a) laf 7 


1a 
~ ma aS 


ii (3.3.18) 


From Basic Lemma B, we obtain from (3.3.15) and (3.3.18) 


2 


v=1 


Co 
+ tS — (Gynt + awe} 


. 1 ann _ _ = 
AAg = ah {- = (Guna 1) + Gy + (b+ 1) + OvN-(k-1) + Gy + (k-1)) 


v=1 


om 1 at 1 1 1 1 
g ph a—1 22 a N-(k+1) + Qn +(k+1) + qvN-(k-1) + qQyN + (k-1) 


> Lo d 
! as qyN-k © qvN+k 


v=1 


7 Sy t a l ta N 14 
~ phe arN-k WNES ~~ Q0(1— aN) lank GN thy” 


(3.3.19) 


Combining (3.3.18) and (3.3.19) gives the desired result (3.3.9), and this completes 
the proof of Theorem 3.3.1. E 


In fact, we have used Mathematica to compute /; for three different cases: (1) the 
eigenvalues of matrix A in (3.3.5), (2) the equation (3.3.10), and (3) the equations 
(3.3.8) and (3.3.9). The computed eigenvalues for the three cases are perfectly 
matched with each other. 


From (3.3.9) we have for k>1 


ies Pe 1 1 n 1 2 
20 lak 1-a N (aN atk) f> 


Let N be even without loss of generality, we have 


< CN. (3.3.20) 


r 
4 


[Asl > Ag] > oNa™?, k=1,2,...,N-1, (3.3.21) 
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where C and co (> 0) are two constants independent of N. In the following, C and 
co (> 0) are always the constants independent of N, but their values may be different 
in different contexts. 


Note that from (3.3.8) and (3.3.9) we have ming|A,| = |20| > 0, to indicate the 
non-singularity of matrix A in (3.3.3) from the MFS. This result is interesting for 
Neumann’s problems. However, since 


(3.3.22) 


is much smaller than others in (3.3.21) (i.e., |20| < |Ax| (k > 1)), for better stability 
we should employ the TSVD solution from (3.2.14). By ignoring the components 
with respect to vy (= yo), we have 


N-1 Th 
x= >: a Va (3.3.23) 
i=l 


Oi 
where t = N — 1 in (3.2.14). In this case, the modified condition number, 


max|/,| 


Cond = (3.3.24) 


min—next|4;| 


is given from (3.2.15), where min—next|/,;| > 0 and min|/,;| ~ 0. Then we have the 
following corollary from (3.3.20)-(3.3.22). 


Corollary 3.3.1. Let the conditions in Theorem 3.3.1 hold. Then the bound exists, 
2 z 
cond = < e(2) , (3.3.25) 
|20 P 
Also by the TSVD in (3.3.23), 


Cond = dal 


IA 


(A. (3.3.26) 


3.4 Stability Analysis for Bounded Simply-Connected 
Domains 


From Section 3.2, the MFS is classified to the Trefftz method by choosing the FS as 
admissible functions. Hence, we may study the MFS as the TM in [224], and the TM 
involving an integration approximation (i.e., the CTM) in [169]. 
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3.4.1 Trefftz Methods 


Consider the Neumann problem (3.2.1) and (3.2.2), where S is a bounded simply- 
connected domain. First, we study the stability of the TM (3.2.8) without 
integration approximation, and obtain the normal equation Bx=d, where 
X = (C1, C2, c., en)", deR” is the known vector, and B € R‘*%. The matrix B is 
symmetric and positive definite. Let Io(v) = x’ Bx, where v € Vy and 


Iov) = o (3.4.1) 


Hence, the maximal and the minimal eigenvalues of B can be obtained by 


TBx I 
Amax(B) = wie 7 = max oft) (3.4.2) 
x40 X°X x40 ||x|| 
ve Vn 
T 
. x’ Bx Ip(v) 
Amin B) = = i . 3.4.3 
Amin(B) = mine = TE (3.4.3) 
vEVN 


When R > fmax, since the derivatives oe P) are bounded on I, we have from the 
, Ov 


Schwarz inequality 


[(B) «= Eto, ws Sal [3 


N 
< ONS & < CN |x|’. 
i=1 


Oo; 
By (3) 


a} 
(3.4.4) 


From (3.4.1) and (3.4.2), we obtain 


E a ER [@) son (3.4.5) 
max = max = S è A. 
ma fix? Jr Ov 
ven 


The challenging work is to estimate the lower bound of Amin(B) in (3.4.3). 


Since the matrix B is nonsingular from Theorem 3.3.1, we have Amin(B) > 0. 
Denote the inscribed disk by So (CS) and its circular boundary To by 


So = {(r, 0)|r < rmn, 0< 0< 27}, To = {(r,9)|r = rmin, 0< 0 < 27}, 
where fmin is given in (3.2.3). 
Lemma 3.4.1. Let v € H’(S) (p > 3), then the bound exists, 
Iy(v) > comin |lOrllo.ry (3.4.6) 


where v, = ou and co (> 0) is a constant independent of N. 
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Proof. For the harmonic functions v € Vy in S, we have from Oden and Reddy [195] 

lvls < Clovllors 
where v, = &. Then it follows from (3.4.1) that 

Io(v) > collulli's- (3.4.7) 
Moreover, since Av = 0 and S9CS, we have from [195] 

loll, > lvls, > colle, (3.4.8) 

Hence, we obtain from (3.4.7) and (3.4.8) 

Io(v) > collvrllo,ro: 


This is the desired result (3.4.6). E 


It is shown in [169] that even by the rough central rule, the integrals Sf, v2 and 


Sr, v? are equivalent to each other, 


llorllory x Ilvir vE Vy, (3.4.9) 


where ||vrllor, = y Jf t The equation (3.4.9) means that there exist two positive 
constants Cı and Cə such that 


of sf cof a. (3.4.10) 
To To To 


Theorem 3.4.1. Let (3.4.9) hold. Then the bounds exist, 


Tmin 2N 
Amin(B) > coN( R ) f (3.4.11) 
Tmin N 
Åmin-next(B) > coN( R ) : (3.4.12) 


Proof. We have 


e he 
PPAP) 


-Dof » Pere 


To 


(3.4.13) 
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Denote P} = (fmin cos(€h), rmin Sin(€A)), £= 1,2,...,N with h = 2%. We have from 
(3.4.13) and (3.4.9) 
pa ap (P 12940 (P*) 
llorllor, > co|lvrllo r, = coh fmin 3 cic gy An 0) >T £ 


fa Or 


N N 
0o,(P;) Op; (P7) 
= = coh Tmin 5 2a CiCj $: Or ) ðr = = coh Tminx A? Ax, 


OER 


(3.4.14) 


where A is the symmetric and circulant matrix (3.3.5) with p = fmin. From (3.3.8) 
the bound exists, 


xTATAx 


- £42 2 2 (Tmin 2N 
T 2 min(A(A)) 24A) = oN (=) (3.4.15) 


R 


Since v € Vy and v € H"(S)(p > 3), Lemma 3.4.1 holds. Hence, from Lemma 3.4.1, 
(3.4.3), (3.4.14) and (3.4.15), we obtain 


2 TAT 
Yy NaN 
| lore >c ; x A = >% (=) 


where Cp (> 0) is also a constant independent of N. This is the first desired result 
(3.4.11). We have from (3.3.21) 


Amin (B) > Co 


; 92 2 o 2 (Tmin N 
Jrsin-nest(B) = min(4(A)) > 44 (A) = ooN? (=) 


This completes the proof of Theorem 3.4.1. E 
From Theorem 3.4.1 and (3.4.5), we obtain the following corollary. 

Corollary 3.4.1. Let (3.4.9) hold, then the bounds exist, 

RNN RNY 
) , Cond(B) < o(- ) ; 


Tmin 


Cond(B) < o( 


3.4.2 Collocation Trefftz Methods 
In computation, we use (3.2.12) with M > N, and obtain an overdetermined system, 


Fx = d, (3.4.16) 


where x = (c1, C2,- OW) deR”, and F € R". We have To(v) =x!F' Px, 


where 
Tolv) = a (3.4.17) 
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Denote the discrete norms ||v||) - = y fpu, where fp is the numerical approxima- 
tion of fp by the Gaussian rule (or the trapezoidal rule). From [169], assume that the 
following equivalence exists: 


lovllor <llovllor, ve Vw. (3.4.18) 
Denote the singular values c; of F in (3.4.16), and 


Omax = Max Oj, Omin—next > Omin = min g; > 0. 
i i 


We have the following theorem. 


Theorem 3.4.2. Let (3.4.9) and (3.4.18) hold. For the MFS in (3.2.12) with M> WN, 
the following bounds exist 


Omax(F) = o1(F) < CVN, (3.4.19) 
AN 
Omin(F) = on(F) = cov N(=) > (3.4.20) 
R 
N 
Tmin \ 2 
i > =r - A. 
Omin—next (F) za cov N( R ) (3 4 21) 
Proof. From (3.4.18) we have 

To(v) = Iov), ve Vy, (3.4.22) 


where To(v) and Jo(v) are given in (3.4.17) and (3.4.1), respectively. From (3.4.22) 
and (3.4.5), we get 


TFTF I 
Silk F) = max~ T at of) 
x40 XX xA0 ixl] 
ooN (3.4.23) 

< Io(v) = 
= ax 37 Cdmax(B) <CN, 

x40 |x| 

v N 


where C is a bounded constant independent of N. Next, from (3.4.22) and (3.4.11) 
we have 


TFTF fi 
Amin (F TF) = min T i = ole) 
eee a 
_ (3.4.24) 

> i v) yi (B) ZN Tmin 2N 
= co min 5 JAnin > (=) . 

<+ lx R 

UV N 


where Cy (> 0) is also a constant independent of N. The desired results (3.4.19) and 
(3.4.20) follow from (3.4.23), (3.4.24) and the following equalities, 
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Omax(F) = {max (FTF) P, Gmin (F) = {4min (FTF) P. 


Similarly, the equation (3.4.21) follows from (3.4.12). This completes the proof of 
Theorem 3.4.2. E 


We have the following corollary from Theorem 3.4.2. 
Corollary 3.4.2. Let the conditions in Theorem 3.4.2 hold. Then the bounds exist, 


Omax(F) R ' 
"E 2 A.2 
Cond(F) Omin(F) ` o(*) i — 
ahs: Omax(F) R 
mE P , 4.2 
Cond( ) Tmin, E) T e( Z) ° i 


Corollary 3.4.2 indicates that the TSVD may greatly improve the stability of 
Neumann problems by the MFS. 


3.5 Error Estimates 


Since the MFS can be regarded as the TM using the FS, we may follow the analysis 
of TM in [146, 169], and pay attention to the errors between the harmonic poly- 
nomials and the fundamental solutions as in Chapter 2. To avoid multiple solutions, 
we may follow [105] by adding a constraint as 


Ulp = do, (3.5.1) 


where the given point D € T, and dọ is a constant (i.e., dọ = 1). Then the solution of 
(3.2.1) and (3.2.2) is unique since [+g =0 and (3.5.1). Note that for v € H'(S) 
satisfying (3.5.1), the norms ||vllış and |v|,,5 are equivalent to each other: 
llull s x lvls- In fact, the equation (3.5.1) may not be used in computation; see the 
numerical results in [167]. 

Choose 


N 


uv => _ ci@,(7, 6), (7,0) € S, (3.5.2) 


i=1 


where $,(r, 0) = ny R? +r? — 2Rr cos(0 — ih) and h = #. Let Vy denote the set of 
the functions in (3.5.2) satisfying (3.5.1). Also denote 


I(v) = [(R- s) T(v) = ie 4) (3.5.3) 


Then for the Neumann problem, the solutions of the TM and the CTM using FS are 
given by, respectively, 
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I(un) = minI(v), (3.5.4) 
vEVy 
and 
T(tiy) = minT (v). (3.5.5) 
vEVyN 


Below, we only derive the error bounds of uy by the TM (3.5.4), since the error 
bounds for (3.5.5) can be obtained similarly (see [169]). Denote the inner product 


ðu ðv 


[u, v] p = By By’ (3.5.6) 
and the boundary norm 
Ov 

lvls = yde = | le (3.5.7) 
By following [146], the solution of uy also satisfies the minimum property, 

lu- us» = minllu— ay, (3.5.8) 
and the orthogonality property, 

[u— uy, py =0, VueVy. (3.5.9) 


In Figure 1.1, denote two disks Smin and Smax by 
Smin C S Cc Sma (3.5.10) 


where Smin = {(r, 0)|0 < r< rin, O< 0<27}, Smax = {(r, 0)|0 < r< rma, 0< 0<27}, 
and Tmax and fmin are given in (3.2.3). Denote the harmonic polynomial functions of 
order n by 


P, = P,(r, 0) = = + y r'(a; cosið + p; sinið), (3.5.11) 
il 
where g; and f; are coefficients. Also denote the FS by 
N ——— 
uy = X ci In|PQ\, (3.5.12) 
i=l 
where P € (SUQS), and Q; are given in (3.2.4). We cite a lemma from Section 11.4.1. 


Lemma 3.5.1. Let u€ C(S) hold. Then there exists a special FS denoted by uy 
(€ Vy) such that for large N > 2n, 


2n—N n 
IF cont (Z) ES) Paeon (85.13) 


ov Tmax Tmin 
where v is the exterior normal toT, ||v||,r is the Sobolev norm, and Pn(r, 0) is given 


in (3.5.11). 


(Pa(r, 0) — uy) 


(AN 
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Lemma 3.5.2. Let T be a smooth boundary, condition (3.2.16) hold, and N satisfy 


2n—N n 
max 1 
2 Ce eR (3.5.14) 
nP 


Tmax Tmin 


Then for the Neumann problem, the solution un by the MFS has the error bound, 


1 


[u= unl 


Proof. Let the exact solution as 
u = u(r, 0) = P a(r, 0) + R,(r, 0), (3.5.16) 
where P,(r,0) is given in (3.5.11), and the residuals 
Rn, = R,(r, 0) = 5 r'(a; cos(i0) + B; sin(i0)), (3.5.17) 
i=n+1 
and «; and f; are the exact coefficients. We have from (3.5.8) 
lu- urlia <lu- uyla < fE ea- ay) +R (3.5.18) 
U— UN|| g < |lu — uyl pe < |= (Pa — —R,]| . 5. 
cee WE lav ~or Wav o,r 
When u € H’(S) (p> 2) from (3.2.16), the following bound exists from [15], 
(3.5.19) 


a8 
2 


1 
< 3 = 
< CliRalgs = O(s); 


0, 


f2] 
R, 
iB 
When u € H’(S) (p> 3) for the singularity problems with corners, all error esti- 


mates of MFS in this chapter hold; details are omitted. When N is chosen to satisfy 
(3.5.14), we have N x n. Then we obtain from (3.5.13) 


1 
= o( || Pa(r, Allon) (3.5.20) 
0,0 


p—3 
2 


ne 


(Py(r, 0) — uy) 


ð 
Ov 
Since Pa(r,0) ~ u, we have ||Pn(r,9)|lor < Cllullor < Cllulls < Cllull,.s- Hence, 


the equation (3.5.20) leads to 
g x 
[Phro - w) 
Combining (3.5.18), (3.5.19) and (3.5.21) and noting n x N yield the desired result 
wi 


(3.5.21) 


n?e? 


1 
= o( Jels 
0, r 


(3.5.15), and this completes the proof of Lemma 3.5.2. 
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To obtain domain errors, we need to estimate the bounds of negative norms on I. 
Define the negative norms, 


Ow 
Ov 


Lemma 3.5.3. Let the conditions in Lemma 3.5.2 hold. Then the error bounds 
exist, 


1 Ow 
sup 


= Toy tsa (3.5.22) 
Or ver) lllar r OV 


ð 1 

| ay — uw) La S Cori Ill ps: (3.5.23) 
ð 1 

lov ~ uw) bee < Cop llls- (3.5.24) 


Proof. Let t € H?(I’) and y € H°(S) satisfy the following auxiliary problem, 


An =0 in S, (3.5.25) 

an 

Dy ton I, (3.5.26) 
np=1, Der. (3.5.27) 


Then we have from (3.5.22) and (3.5.26) 


1 O(u— un) 1 O(u— un) On 
Í t Í . (3.5.28) 


ar erse œ Warde 


O(u — uy) 
Ov 


Hence from (3.5.28), (3.5.6), (3.5.9) and Lemma 3.5.2, 


v 


O(u—un) N 
i a a” [u — un, n] p (3.5.29) 


= [u — un, n — Nl < llu — unllglln— nyl 


1 1 C 
< o( h llns) » (lilas) = Kles * Ilas 


However, from the auxiliary problem (3.5.25)—(3.5.27), we have 
IInlls.s < Clltller- (3.5.30) 


Bt 


The second desired result (3.5.24) follows from (3.5.28)—(3.5.30) and (3.5.22). 
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Next, we prove the first result (3.5.23). From the Sobolev interpolation theory in 
[15], the bound exists, 


lolly < Cfllolor} x {loll gr} (3.5.31) 


Hence, we have from (3.5.24), (3.5.31) and Lemma 3.5.2, 
3 
n 


Jeffem 


2 1 
TEED 1)3 1 
of) x {ar} lull, s = C- lulls 


This is the first desired result (3.5.23), and completes the proof of Lemma 3.5.3. W 


IA 


Theorem 3.5.1. Let the conditions in Lemma 3.5.2 hold. Then for the Neumann 
problem, the numerical solutions by the MFS have the optimal error bounds in both L? 
and H! norms in S, 


1 
le- urlles = O(a) Ilys» B= Ost (3.5.32) 


Proof. Since for the harmonic function (u — uy), the bound exists, 


0 
lu- uvlles < OE- uy) (3.5.33) 
v k-23 r 
3, 
Then the desired results (3.5.32) follow from Lemma 3.5.3. C 


For the quotient space H*(8)/Po(S), the differences of a constant solution are not 
included in (3.5.33). For the pure Neumann problem, the optimal rates in both L? 
and H! norms in S$ are derived in this section. Under (3.2.16), the polynomial 
convergence rates are obtained. When Laplace’s solutions are infinitely smooth, the 
exponential convergence rates can also be achieved, as those by the method of 
particular solutions (MPS) in [169]. Note that the proof here does not need the 
assumption of inverse inequalities in [146, 169]. However, for the mixed boundary 
problems in Chapter 4, the analytical approaches as in [146, 150, 163] should be 
solicited based on the assumption of inverse inequalities. This is a distinct feature in 
the error analysis for Neumann problems. 


3.6 Concluding Remarks 


To close this chapter, let us address a few remarks. 

1. For disk domains, the eigenvalues of the stiffness matrix from the MFS are 
expressed in Theorem 3.3.1 in terms of N” and a*, which may easily lead to the 
sharp bounds of Cond in Corollary 3.3.1. The exponential growth rates of 
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w 


A 


condition numbers are obtained. Note that the discrete matrix from the MFS is 
not singular for Neumann problems. For the bounded simply-connected domains, 
the new and sharp bounds of Cond by the MFS are derived in Section 3.4, and 
the exponential growth rates are obtained. 


. To reduce condition numbers significantly, the TSVD in (3.3.23) is used by 


removing the component of yọ corresponding to 49. This is a distinct feature of 
Neumann problems by the MFS. In contrast, for Dirichlet problems and mixed 
boundary problems, the improvement of stability using (3.3.23) is not so signifi- 
cant. See [161]. Of course, we may use t< N — 1 in (3.2.14) to reduce the Cond 
significantly, while the errors will increase. To balance the ill-conditioning and 
accuracy, we may solicit the sensitivity index in Chapter 14 for seeking a better t 
as in Zhang et al. [259]. On the other hand, the Tikhonov regularization (TR) may 
be employed also to reduce the Cond significantly. To balance the ill-conditioning 
and accuracy, the sensitivity index is also applied to seek the regularization 
parameter. See Part III and [259]. 


. Let us compare the results in this chapter with those of other boundary conditions 


of Laplace’s equation in Chapters 2 and 4. The optimal convergence in L? norms in 
S is derived in [151] for Dirichlet problems in both the bounded simply-connected 
domains and the annular domains. In this chapter, the error bounds in L? and H! 
norms in S are derived for Neumann problems without using the inverse 
inequalities in [146, 150, 163] to give the optimal polynomial convergence rates. 


. For the Dirichlet problems in disk domains with radius p, there exist the sharp 


bounds in Chapter 2, 


N|nR| (R\? 

Cond < = 2, p<R#1, (3.6.1) 
R N 

Cond < on(*) , p<R=1. (3.6.2) 


For the mixed boundary problems in the bounded simply-connected domains, 
the following bounds are derived in [163], 


i 
R\? 
Cond(F) < CN? (=) (3.6.3) 
Tmin 

The bounds of (3.6.1) and (3.6.3) are slightly larger than those of (3.3.26) and 
(3.4.26) of Cond(F), respectively. Note that the MFS for the Neumann problem 
in this chapter is more interesting and intriguing due to its distinct features, and 
the new analysis and the new numerical techniques may enhance the wide 
application of the MFS. Numerical experiments are reported in [167]. 


Chapter 4 
Other Boundary Problems 


This chapter considers other boundary problems of Laplace’s equation, such as the 
mixed boundary problems of Dirichlet and Robin conditions, the interface problems, 
and the annular domain problems. The error analysis is made for the non-circular 
boundary to give the polynomial convergence rates. The materials of this chapter 
are adapted from [149-151]. 


4.1 Mixed Boundary Condition Problems 


Consider Laplace’s equation with the mixed type of Dirichlet and Robin boundary 
conditions, 


Pu Fu . 

u=fonIp, (4.1.2) 
Ou 
By TT g ont, (4.1.3) 


where g is a non-negative constant, S a bounded simply-connected domain with the 
smooth boundary [=IpUIpr, and v the exterior normal of I. Choose the 
source nodes Q; = {(z, y)|z = R cos(ih), y = R sin(ih)}, i= 1, 2,...,N, with h = 2 
and R> Tmax = maxsr. We obtain the fundamental solutions (FS), ¢;(P) = 
In|PQ,|,i=1, 2,..., N, and the numerical solution of (4.1.1)—(4.1.3) is given by a 
linear combination, 


N 
uy = X` ci n|PQ\, (4.1.4) 
i=1 


where c; are the unknown coefficients to be sought. Denote the energy 
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Iw) = [wan ew fe (22 + 0-9) (4.1.5) 


where the weight w = + in [185]. Also, denote by Vy the set of (4.1.4). Then the 
numerical solution uy can be obtained by 


I(uy) = min I(v). (4.1.6) 


ve Vn 


When the integrals in (4.1.5) involve approximation, denote 


T(v) = [o-se E tav~9) (4.1.7) 


where fp, and fp, are the numerical approximations of f and f- by some 
quadrature rules, such as the central or the Gaussian rule. Hence, the numerical 
solution uy € Vy is obtained by 


~ 


T(ty) = min T(v). (4.1.8) 


ve Vn 


The collocation equations are given in Section 1.2. 


Denote the numerical solution in (4.1.4) by 


N 
UN = ciQ;(r, 0), (r, 0) € S, (4.1.9) 
i=l 
where 
$;(r, 0) = n| PQ; = ny R? +r? — 2Rr cos(0 — é,), (4.1.10) 
with č; = ih and h =. Let a = £ > 1. There exist the derivatives, 
0¢,(r, 9) a cos(0 — &;) — 1 
: = 4.1.11 
Or r(a +1 -— 2a cos(@— €;))’ ( ) 


00 (a? +1 — 2a cos(0 — é;)) ` 


Denote by 7 the angle of the normal Y from the radial direction 7 at the node 
P(r, 0) € T. From (4.1.11) and (4.1.12), we have 
0¢,(r, 0) = doi(r, 0) f 0¢,(r, 0) 
| or £0 
acos(@ — č; +1) — cosy 
r(a +1 — 2acos(0 — &;)) ` 


sin y 


(4.1.13) 
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Let Vy denote the set of the admissible functions in (4.1.9). Denote the 
boundary norm 


5 av 2 y3 
lola = Slok e |S tan], Y (4.1.14) 
From (4.1.6) we have 
lu- unl|s = min ||u — vlz- (4.1.15) 
Denote in Figure 1.1, 
Tmax = MAX r, Tmin = Aoi (4.1.16) 


where Sin is a disk inside S. 


Lemma 4.1.1. Let SininCSCSinax and u € H?(S) (p > 3) hold. Suppose that the 


large N satisfies 
2n—N n 
( R ) (=) <n Ph, (4.1.17) 
Tmax Tmin 


Then when w= +4, the solution uy by the Trefftz method (TM) has the error 
bound, 


1 
lu- unllg = o(a} (4.1.18) 
Proof. We have 
u(r, 0) = P,(r,0)+ Rnr(r, 0), (4.1.19) 


where P,,(r,@) is the harmonic polynomials of order n, 
P,,(r,0) = = + S>r'{a; cos(i0) + B; sin(i0)}, (4.1.20) 
i=l 


a; and ß; are the Fourier coefficients, and R, = R,(r,0) is the residual. From 
u € H’(S), there exists the bound, 


1 
[Ralls = lar O) -Pa Olas = (lulls), p> — (41.21 


For the given P,,(r, 0), we find uy, = En( Pn) € Vw in Chapter 2. Then we have from 
(4.1.15) 


lu- unlla < |lu- uyllp- (4.1.22) 
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Also from the embedding theorem, there exist the bounds, 
Ov 
lellor < Cllelhss [5 hp < Cllgs (4.1.23) 
Then we have from (4.1.14) and (4.1.23) 


Ov 
lola < lollors +e 5 p, + walla 


(4.1.24) 
< (1+ wa)lloll s + ulloll, s < CÈ llls + wolls }- 
Hence, we obtain from (4.1.22), (4.1.19) and the triangle inequality 
lu- uylla < Cfllu — uilh s+ wllu— ulls} 
<ol Ral, Olli + wl Ra (r, Olla 
< O{ alr, Oll s+ wll Rar, Ols ee 
+ |[Pr(r, 0) = willi g + wll Pal, 0) — urls} 
= C(T; + Tə). 
Since there exist the bounds, 
1 13 
Iles = O(s) =i (4.1.26) 
we have from w = + 
1 
T, = Ralys + wliPalys = 0() (4.1.27) 
=a 


Next, denote the disks Smax and Smin such that SiminCS'CSmax, where 
Smax = {(7,9)|r<Tinax,0<0<27}, Smin = {(7, 0) |r7<rmin, O< 0< 27}, 
and Tmax and fmin are given in (4.1.16). For Av = 0, we have |u|, s < Cllull,sas 
from Oden and Reddy [195, p.195]. Then 
Ta = ||Pa(r,0) — tills + wllPalr, 0) — willy s 
<[|Pu(r,0) — willy s, + wll alr.) — tills (4.1.28) 


< C{ Pal, 9) — while 5 q+ wlPn(Ts O) — tills ose Y 


max 


Similarly to Theorem 2.3.1, we can obtain 


R 2n—N r n 
) (=) |Pn(r Olor- (4.1.29) 


Tmax Tmin 


n<e( 
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From u € H?(S) (p> 3), we conclude that u € C(S) and P,(r,0) © u such that 
| Pn(r; Ollar = OC). The equation (4.1.29) leads to 


R 2n—N m n 
T< o( ) (==) , (4.1.30) 
Tmax Tmin 


where C is a constant independent of N. Moreover, when the equation (4.1.17) 
holds, i.e., 


ron n In (2x) + (p — 5) nn 


Nw | < Cn, (4.1.31) 
in(=£) 
we have 
1 
To = o( p): (4.1.32) 
nP-2 


Combining (4.1.25), (4.1.27) and (4.1.32) gives the desired result (4.1.18) by noting 
Lg Cx. This completes the proof of Lemma 4.1.1. E 


n— 


Lemma 4.1.2. Suppose that there exists a positive constant u independent of N such 
that 


lolli, S CN" ||vllo rp vE Vy, (4.1.33) 


where Vy is the set of (4.1.9), and C is a constant independent of N. For Av = 0, 
there exists the bound, 


» 1 
lulli s S o(v+ Z) lvls: (4.1.34) 


Proof. For the harmonic function v € Vy in S, we have from Oden and Reddy [195] 


ðv 
lolis < efivor, +E +a oF (4.1.35) 
Since (4.1.33) we have 
3 P 
lell r, S Cf llollrlolor } < CN?|jvllo r,» (4.1.36) 
and 
ðv Ov 
= < Cc] — . 4.1.37 
fa Tias a lyg isn 


We have from (4.1.35)—(4.1.37) for Av = 0 


p Ov u 1 
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This completes the proof of Lemma 4.1.2. | 
From Lemmas 4.1.1 and 4.1.2, we have the following theorem. 


Theorem 4.1.1. Let the conditions in Lemmas 4.1.1 and 4.1.2 hold. Then the 
numerical solutions by the TM using FS have the error bound, 


1 
le- uls = O(a): (4.1.39) 


where n = 5 +max{1, 5}. 


The stability analysis for the mixed boundary problems (4.1.1)—(4.1.3) are given in 
(162, p.155, Section 6.5], and the numerical experiments are reported in Chapter 1. 


4.2 Interior Boundary Conditions 


For simplicity, we split S into two disjoint subdomains $* and S7 with a smooth 
common interior boundary Ip. Consider the interior boundary condition on To, 


Au=0 in S, (4.2.1) 
oð 
u=f on Ip, i= g on Ty, (4.2.2) 
Our Ow 
t — z ——— i AA T 4.2. 

u wy ae 5 onTo, (4.2.3) 

where u™ = u on S~, v is the exterior normal of FUT), and F = I pUT y. Denote 

Tmax = MaX r, Tmin = Max r, (4.2.4) 
S Sin(Sin ES) 

Tmax = Max r, Trin = Max r. (4.2.5) 
st S#(SECS*) 


in\¥in 


In both error and stability analyses, the ratio rmax/Tmin is crucial. The smaller ratio 
has better accuracy and stability of the solutions by the MFS. Hence, for 
some complicated solution domains §, there may exist a division with an interface 
To such that 


mac Tas Tass | g me, (4.2.6) 


Tmin min Tmin 


Besides, when there exist different singularities in S” and 87, different local singular 
functions are added into different FS in S* and S~. Hence, the interior boundary 
conditions (4.2.3) are important to theory and computation of the MFS. Numerical 
results for Motz’s problem are reported in Chapter 1, and the error analysis is given 
below. 
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A new space H is defined by 


H = {v|v € L,(S), v € H'(S*), Av = 0 in $*}, (4.2.7) 


and the norms are defined by 


i 1 
2 2 2 2 2 2 
loll, = {lols + lols} loh = {los tle} (4.2.8) 


The circles surrounding S* are given by 


Lg = {(r*,O)|r* = R*,0<S0 < 20}, Re >r (4.2.9) 


max? 


where (r+, 0) are two polar coordinates with centers O* in S~. Hence, we may 


choose two kinds of the FS such that $= (r+, 0©) = In| P* Q*| with P= e (S*U 0S*) 
to approximate the solutions u* in S~. The source nodes on p+ are given by 


Q; ={(2, y)|x = R5 cos(th™), y = R* sin(ih~)}, 


where R= > rE x ht = 2n/N and h` = 27/M. Here we may choose different N and 
M. The FS in S* are given by ¢; (P~) = In| P* Q;| to yield the piecewise FS, 


UNM = F (4.2.10) 


where c; and d; are the unknown coefficients to be sought. 


Let Vy. denote the set of (4.2.10). Also denote the energy 


o= f o-ta f inoa f t t — 


where v, = Bu and the weight w = max{#,7,}. The TM reads: to seek uy,y such 
that 


I(un m) = e Tu): (4.2.11) 
Denote the boundary norm 
; 
lols = {llellar, + wlohe +lot = olor, +W — olory (42-12) 
The solution uy, m satisfies 
lu- aval = min |lu- ole (4.2.13) 


To follow [146, pp.103-137], we assume that the following inverse inequalities 
hold, 
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lvllor, SA wallets, levllor, < £vel, (4.2.14) 


lello r, < qy ull lls; lvllor, < dy mllvllis (4.2.15) 


where qy y is a small constant, but Ky is unbounded when M, N — oo. We cite 
the following lemma from [146, p.107]. 


Lemma 4.2.1. For v € Vy m, let the inverse inequalities (4.2.14) and (4.2.15) hold. 
Choose M x N and w= O(#). Then there exists the error bound, 


q j 
loli < C(Kwu+ vit) llull ps (4.2.16) 


where C is a constant independent of N and M. 


Lemma 4.2.2. Let u € H’(S*) and u € H°(S7) (p,o > 3) hold. Suppose that the 
large N and M satisfy 


2n—N ae n — \ 2n—-M = n 
Rt r egal R r. zoi 
( - max) <ar, fo max) <n, (4.2.17) 
Tmax Tmin T max T nin 


Then there exists the error bound, 


1 1 
lu — umulig = C4 — lull, s+ + —Sllulles- $, (4.2.18) 
NP Mo 


where C is a constant independent of N and M. 
Proof. We have 


elle <llellor, + vllvllory + llo” = v llor, + wlot = v llor: (4.2.19) 
From the triangle inequality and the embedding theorem, we have 


lloll < llolloas+ + lello as- + w(Ilr%vlloas+ ahi lluvlloas-) 


7 i (4.2.20) 
< Cf luths + lels- + (lotl s+ + lels) }- 


When u € H?(S*) and u € H°(S7), there exist the piecewise harmonic polynomials 
of order n, 


uw = T (4.2.21) 


i=1 


Denote 


u=u,+R, in S”. (4.2.22) 


There exist the bounds, 
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1 1 
IR lesi = O(a) lhllys-s Mls = O( cz) Ils 


* 


Hence, letting v = Uy (ur 


lu- un ullg < Clu- Exu (u) = C(Ti + T2), 


) we have 


where 
Ty = ||P} —En(PH lls +IP; — Eu Pallys 
+ w(IIP* —Ey(PH lly s+ +IP — Zar(Pallys- > 
and 


To = || RE lls + WllRe Mlg.g+ + Re lli s- + wll Ralls s-- 


Moreover, there exist following bounds for w = O(#) 2 O(+), 


1 
IRE lyet + IRE Iss = O(s); 


7 1 
Rolls: + wll ly = O(s) 


When the conditions (4.2.17) are satisfied, we have 


1 
IPE = ENP hss + wllPE = EPH = O( 55) Il 


B _ E 1 
[Ps = Eu Pa Nys + el: -EuP = O(a 


n? 


Combining (4.2.25)—(4.2.30) gives 


1 1 
Ti+ Tas 0{ hlds + alls} 


The desired result (4.2.18) follows from (4.2.24) and (4.2.31). 


Based on Lemmas 4.2.1 and 4.2.2, we have the following theorem. 
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(4.2.23) 


(4.2.24) 


(4.2.25) 


(4.2.26) 


(4.2.27) 


(4.2.28) 


(4.2.29) 


(4.2.30) 


(4.2.31) 


Theorem 4.2.1. Let the conditions in Lemmas 4.2.1 and 4.2.2 hold. Then for 
Laplace’s equation involving the interior boundary conditions (4.2.3), the numerical 


solutions by the TM using FS have the error bound, 


q 
lu — ux,mll < C(Ky.u+ maf 


I 
ga lles 


llull, s+ + 


(4.2.32) 
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Moreover, if Kyu = O(VN) and INM = o(+), then there exists the optimal 


convergence rate in H! norm, 


1 1 
le yall, < CY alus + elas}. (4.2.33) 


4.3 Annular Domains 


Let S2 C Sı and an annular domain Sa = S1\S2. Consider the Dirichlet problem in 
the annular domain Sa, 


Au = 0, (x,y) € Sa, (4.3.1) 

u = gj, (2, y) ETout, U= go, (2, y) E Tn, (4.3.2) 

where both Iou and Ti, are smooth without any overlaps: Tou: Tin = Ø. The 
particular solutions in S, are given by 


u= ne P, 6) = = ur (p, 0) + u2(P, 0), 
us(p, 0) = = a Span cos(n0) + bn sin(n0)}, 


e 


u2(p,0) = a Inp + 3 p" {Gn cos(nO) + bn sin(nd)}, 


n=1 


(4.3.3) 


where an, bn, Ān and bẹ are the exact coefficients. Two systems of polar coordinates 
are denoted by (p,0) and (p, 0); they may have different origins. 


Denote nodes P(p, 0) € S,. For the source nodes Q(R, 0) outside $; with R > rmax 
= max p|,cr.,,, choose the FS, 


®(P)=In[PQ;|, Q;=(R th), i=1,2,...,M, 


where h = 22/M. Similarly, for the source nodes Q(R, 0) inside S2 with R< Tmin 
= min p|per,,, choose the other FS 


®(P) =In|PQ;|, QP) =(R,ih), i=1,2,....M, 


where h = 22/M. We obtain the linear combination, 


M M 
umm = >, 4®(P) + S>e,@,(P (4.3.4) 
i=1 i 


where c; and ¢; are unknown coefficients. Numerical experiments for annular 
domains are reported in [178], and the error analysis is given below. 


Define the boundary norm 


2 2 
lvllogs, = Ulloa uta = {Ula + Hella Y- 
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Denote by Vy,_;7 the set of (4.3.4). Both coefficients c; and @; can be sought by 


2 2 
lum- — Ulloa ute = {lltarar — Ionlar + luni- Sallar } 


out 


1 
y 2 2 
cast { (le doula +0- galèra) Y 


We may also employ the collocation equations directly to satisfy the Dirichlet 
conditions (4.3.2), 


JO; um- all. j= fo OO; Gel? Ae P; © Tout; (4.3.6) 
V Oj; Um- al = fo j Gin(P J P; € Vins (4.3.7) 


where P; = (p;,0;), Pj = (p;, a a; (> 0) and @; (> 0) are suitable weights. The 
equation (4.3.4) with (4.3.5) (or (4.3.6) and (4.3.7)) are the MFS for (4.3.1) and 
(4.3.2). The annular problems by the MFS are discussed in Tsangaris et al. [228], 
where the interior and the exterior boundaries are confined to concentric circles only. 


(4.3.5) 


Denote the finite terms of PS in S4 by 


N 
Py(p,0) = © + Y p"{ay, cos(n6) + b, sin(n6)}, (4.3.8) 


=a 
2 n=1 
where a, and b, are the exact coefficients. By the trapezoidal rule, the PS in (4.3.8) 


may be approximated by the FS from Chapter 2 
M 


Py(p,0) = X GDP) := viy, (4.3.9) 


i=l 


with the coefficients, 


ob. | æ 
ci = ais + 2 nR” (ap cos(nih) + bn s(n d, (4.3.10) 


where h = 47. The denominator in (4.3.10) is assumed to be nonzero (i.e., R Æ 1). 
We cite Theorem 2.3.1 in Chapter 2. 


Theorem 4.3.1. Suppose that Laplace’s solutions uw, E€ C(S,). For Py in (4.3.8) 
and vy in (4.3.9), when M is large, there exists the error bound between the FS and 
the PS, 


* Tmax M-2N Tmax y 
|Px — villor S C R [urllo ryu? (4.3.11) 


Tmin 
where Tmax and Tmin are the maximal and the minimal radii of Tow, respectively. 


Next, denote the finite terms of other PS inside S2 by 
N 
Px(p,0) = a np + X. p”{ān cos(nð) +b, sin(nd)}, (4.3.12) 


n=l 
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where d,, and bn are the exact coefficients. Denote nodes P(p, 0) € 9, and the source 
nodes Q(R,¢) inside Sz with R<Fmimn. From addition theorem in Lemma I.3 in 
Part I, we have the series expansion for R< p, 


In| P| = Iny/p? — 2pR cos(8— 6) +®’ = np — > 9 Build <6): 


Then we have the following lemma. 


Lemma 4.3.1. For R<p, there exist the equalities, 


27 
| in( yP — 2pR cos(0 — y) +f) di = 2n Inp, 
0 


[hve — 2pR cos(0 — Y) +f) cos(myp) dp = = 6) D, m=1,2,..., 
0 


[hve — 2pR cos(6 — W) +f) sin(mi) dip = ~~ (=) PA St Dice 


By the trapezoidal rule, the solutions in (4.3.12) may be approximated by the 
following FS, similarly, 


M 
Px (p, 0) ~ pD tiỌ;(P) = Ve, (4.3.13) 


1 fı x = A 
“== {3 To + 5 = (a, cos(nih) + bn sin(nih)) \ (4.3.14) 


and h = 2n/M. Similarly, by following the proof of Theorem 2.3.1 in Chapter 2, we 
have the following theorem (details are given in [151]). 


Theorem 4.3.2. Suppose that Laplace’s solutions uz € C(S,). For Py in (4.3.12) 
and U;, in (4.3.13), when M is large, there exists the error bound, 


_ R (M-2N) 5, N 
IPs -iilan < Ch ) (==) lull: (4.3.15) 


Tmin Tmin 


where Tmax and Tmin are the maximal and the minimal radii of Tin, respectively. 


The error bounds for annular domains can be easily obtained by the decompo- 
sition techniques below. Denote the error functions, 


ô = Py+Py — (vy + T) := 61 + by, 
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where 


ô, = Py(p, 0) — 5 ci®;(P) := Py m= VW 
i=1 
=- M _._ 
09 = Px (P, 0) = Peele) = Py = 


Theorem 4.3.3. Suppose that Laplace’s solutions satisfy u € C(S.). When M and 
M are large, there exist the error bounds between the FS and the PS, 


|| Pv +Px — (vu +m) loro Urn (4.3.16) 


< of (Pam) (T) alor, (2) (E) he 
e = 2 F 
R Tmin THOT out Tmin Tmin OTi f? 


where Py is given in (4.3.8), Py in (4.3.12), viy in (4.3.9), and0% in (4.3.13). 


Proof. We have 


| Pu +P — (vi +3) llo. Tala 


(4.3.17) 


<||Pw = viilor ura + Ww — Gillora ute: 


in 


The distance from the inside source nodes Q; to the interior boundary Ii, is closer 
than that to the exterior boundary Tou. From (4.3.15) in Theorem 4.3.2, the errors 
(Px — ¥%,) on Tin are dominant, 

|Px - 


Tillo Taur, < C||Px — Tillo ra: (4.3.18) 


Similarly, the distance from the outside source nodes Q; to Pout is closer than that to 
Tin. From (4.3.11) in Theorem 4.3.1, the errors (Py — viy) on Fout are dominant, 


[Py — vullo raura S ClPu = vullo ru: (4.3.19) 


Then we have from (4.3.17)—(4.3.19) 


fa out 


Pu + Pe — (i + Fi) Mlorgury S CALIPH — villor + Pa — Flor, } 


The desired result (4.3.16) follows from Theorems 4.3.1 and 4.3.2. E 


Theorem 4.3.4. Let RÆ 1 and the conditions in Theorem 4.3.3 hold. Suppose that 
the solutions uy € H”(Tow) (p> 1) and uz € H’(Tin) (P21). When M (> N) and 
M (> N) are large enough to satisfy (4.3.23) below, there exists the error bound of the 
MES, 


lu- um-irloruur, = OM?) I all ray + OM )lula r (4.3.20) 


out 
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Proof. Denote Ry_y = u—Py_y, Py_y = Pu + Py and Ry_y = Rv +Ry, where 


Ry = Ry(p,0)= X> p”{an cos(nO)+ bn sin(nd)}, 
n=N+1 


Ry = Ralp, = X p"{an cos(nO) + bn sin(nO)}. 
n=N +1 


The residuals Ry and Ry have the bounds, 


1 = 1 
Rollo. < CF lulprao lEallor, < C= llullpra: (4.3.21) 
N N 


Then we have from (4.3.21) 
Rv —wllo.row urn < llByllo Taur + [Rallo Tuura 


1 1 (4.3.22) 
<C{IRvllora +lRallora } < Cir lellora + <p lltallr 
Choose the special vj, with coefficients c; in (4.3.10) to approximate uy, and Uy, 
with coefficients © in (4.3.14) to approximate uy. From (4.3.5), (4.3.22) and 
Theorem 4.3.3, we have 


lu — tailor uta S lu — Yeaallor..ur 


in 


<lRy_wllor..ur, + IPn- — Yy—allor.. ur, 


a = À | | | | 
u 
Tmin TOT out 


ea 1 1 Tmax) M-2 
< Of plleallran + g lelara + (FR) 


5 \ M-2N /. N 
4 ( R ) (==) e } 
Tmin Tmin a 


To reach the optimal convergence rates in (4.3.20), choose M and M large enough 
such that 


pinN+N In (2) B _ plnN+N n (2) 
M>2N+ =/ M>2Ñ4 —— (4.3.23) 
in(=4 ) In (5) 
Then we have 
1 1 
|u — um- illo Suura =0 N? Mully Tu +0 We lull ra (4.3.24) 
From (4.3.23), we may choose M < CN and M < CÑ, and the desired result (4.3.20) 
follows from (4.3.24). E 


Remark 4.3.1. Suppose that u€ H?+2(S,). Since u = u, + u2, we have uy, u€ 
H’*+2(S,), uy © H” (Tout) and uz E€ H’ (Tin). Then we have p = p for Theorem 4.3.4. 
Moreover, suppose that the solution has different types of regularity in Sa as follows. 
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There exist two sub-annular domains: Vı C Sa with Fow C OVi, and V2 C Sa with 
Tin C OVo, to have u € H?+2( Vi) and we H?+2( V3). Since u= u, + u2, we have 


uy € H+ V1) and then u € H?(Tou). Similarly, uz € H? (Tin). Hence the different 
assumption of solution regularity in Theorem 4.3.4 is valid. 


Chapter 5 


Combined Methods 


To deal with singularity problems, some renovations in [147] should be developed for 
the method of fundamental solutions (MFS). The solution singularity caused by 
corners of the solution domain is studied in this chapter. First, the local refinements 
of the source nodes near corners are adopted. Next, a few leading singular particular 
solutions (SPS) in [169] may be added into fundamental solutions (FS), as done in 
Chapter 1. Such an adding technique is also employed in [138] for the corner and 
crack singularity of linear elastostatics. In this chapter, we may employ the 
combined techniques of [147], where the SPS are chosen in the subdomains of 
S involving singularity, and the FS in the rest of S. Different efficient coupling 
techniques are explored, and variant kinds of combined methods of the MFS are 
discussed with other methods, such as the finite element method (FEM), the finite 
difference method (FDM), and the radial basis functions (RBF). Numerical 
experiments are reported for the unbounded domain problems to display the 
efficiency of the combined algorithms for the singularity problems with corners and 
infinity. The materials of this chapter are adapted from [149, 174]. 


5.1 Combined Methods 


For corner singularity problems, the local SPS near singular points is well known, 
and the Trefftz method (TM) using the SPS has been fully developed in the 
monograph [169]. Since the FS in the solution domain S are continuous, the 
numerical solutions of the MFS are poor in accuracy near the singularity points, 
except where some renovations in [146] are adopted. A natural combination is that 
the SPS and the FS are used simultaneously for the subdomains of singular and 
smooth solutions, respectively. For unbounded problems, we may choose the SPS 
and the FS for unbounded and bounded subdomains, respectively. In this section, we 
take bounded domains for analysis but provide some numerical examples for 
unbounded domains with singularity in the last section. 
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Consider the equations (4.2.1)—(4.2.3) in the previous chapter. Let S = S* U S7, 


= 9° nJ , and choose the FS and the SPS in S+ and 57, respectively. The 
piecewise admissible functions (4.2.10) are modified as 


TE ye ade (Py in a, 
UN, M = E (5.1.1) 


where c; and d; are the unknown coefficients to be sought. The functions AA are still 
the FS, but ¢; are the local SPS satisfying Ad; = 0 in S~. We may choose the 
harmonic polynomials uz, of order M in S~. Then the functions (5.1.1) lead to 


uy = cid; (P*) in S*, 
UNM = M (5.1.2) 
uy =a t D d;(r~)'{a; cos(i0” ) + b; sin(107)} in S~. 


Suppose that the inverse inequalities (4.2.14) and (4.2.15) hold. Then Lemma 4.2.2 
and Theorem 4.2.1 hold, and the optimal convergence rates can be achieved. 


Next, consider the corner singularity problems with u € H’(S) (l<o<2), and 
employ the SPS. Take Motz’s problem in Chapter 1 for example. The solution 


u € H?°(S) (0<6 < 1) with crack singularity. There exists the SPS in [146], 
oo _ ; 1 
uy = Doar cos( i+ 5) 0, 5.1.3 
M 2 7 ( ) 
where d; are the exact coefficients. Choose the semi-disk, 
T = {(r, 0< r< rax <1,0<0< T}, 


and §* is the rest of S. Hence the solution u = ŭi + Ry, where 


M 
a 1 
Uy = 5 dirit? cos( i+ 5) 0, (5.1.4) 
i=0 
and the residual Rj, has the bound 
Rill s = (rma). (5.1.5) 


The admissible functions for Motz’s problem are given by 


N 
ut =>, Go, (P?) in SF, 
UN, M = Ta (5.1.6) 
um = S diritlcos(i+ })0 in S7. 


We have the following theorem, similarly. 
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Theorem 5.1.1. Let the conditions in Lemma 4.2.1 hold. Suppose that the large N 


satisfies 
+ \ 2n—-N 4 n 
R Tmax < neta (5 1 7) 
rt rT. = i “ 
max mn 


Then for Motz’s problem, the numerical solutions by the TM using both FS and PS 
have the error bound, 


INM 1 - \M 
||u — un, mll < C( Ky. + i =a + (Tax) \ (5.1.8) 
In computation, for Motz’s problem we may divide S into three subdomains, Sọ, 
S7 and S$. Then S = S} US; USj. In SF and S7 we may choose two different 
FS. The numerical solutions can be easily obtained from the TM using FS in 
S7 USF and PS in Sg. Numerical examples are reported in [149]. 


5.2 Variant Combinations of FS and PS 


Choose the piecewise admissible functions (5.1.1), but apply different coupling 
techniques on their common boundary Ip to lead to different TM combinations. In 
this section, we briefly provide algorithms and error bounds because the detailed 
proof may follow the arguments in [146, 169]. 


5.2.1 Simplified Hybrid Combination 


Define the energy 


Out _ ðv? NN Ou 
an(u, v)= [[ sever || vw [( a J t ) EST v, (5.2.1) 


where v is the exterior normal of 0S*. Denote by V ym the set of (5.1.1). The hybrid 
combination of the Trefftz method (simply denoted by H-TM) using FS and PS 
reads: to seek uğ y € Vw such that 


an(uyys) = tv), ve Vym, (5.2.2) 


t(v) = foe fs : (5.2.3) 


Note that the bias normal derivatives on Tọ are needed in (5.2.1), where only the 
normal derivatives of FS are used. If we wish to use only the normal derivatives of 
PS, the H-TM reads: to seek uk m € Vw.m such that 


where 


aylu m, v) = t(v), vE VNM, (5.2.4) 
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where 


¢ = Ou, 
alu ff vores ff vivos f (Gow - "DE L By (5.2.5) 


where v is the exterior normal of 0S”. By using the Green formula, 


| Tivos |) a (5.2.6) 
se ast OV 


the algorithms in (5.2.2) and (5.2.4) are carried out on boundary TUT» only. From 
[146, 169], we have the following theorem. 


Theorem 5.2.1. There exists the bound, 
lu- ull all, < C inf lu oll, (5.2.7) 


VEUN. 


where C is a constant independent of N and M. Moreover, let u € H?(S*) and 
u € H°(S7) (p,o> 3). Suppose that the large N satisfies 


RENY ee 1 
(BYY" (ri) A 29 


Then there exists the bound of uR y by the H-TM, 


1 1 
le- farh, < Cga lels + galles): (5.2.9) 


Proof. Denote the auxiliary solution 


Te tint Ot) in ot 
TN u$ Sey PT 0 )in S : 
tine = R rG ,O)in Ss, et) 


P = P}(r*,0 = 24 (r J {a cos(i0*) +b? sin(i0*)} in S*. (5.2.11) 


In (5.2.11), n+ = N and n~ = M, and aF and OF are the exact expansion coefficients 


of the solution u in S~. Hence we have 


lu- ux ull, < C 


u— uy wll, 
<PH —Ey(Phirt,Oh ge HIR hs lR e Oe 
= VAC pr 1st n LST M 1,5 


There exist the bounds, 


1 
IRE la s+ < Cza llull Rir, s- SC M- llulla (5.2.13) 
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For the harmonic functions v satisfying Av = 0, we have from Oden and Reddy [195] 


llollis+ < Cllellzas+ < Cy lollo,as+ lelli as+- (5.2.14) 


When the conditions (5.2.8) are satisfied to give N < Cn, we have from Theorem 
2.3.1 and (5.2.14) 


1 1 
IPE - Zr( PE r", O° gs < Cy x PS (oO last 
P : (5.2.15) 
S$ Cyr IIulloas+ < CHa lelas 
Combining (5.2.12)—(5.2.15) gives the desired result (5.2.9). = 


When there exists an integration approximation in (5.2.2), we seek i y € Vu 
such that @y(i y, v) =t(v) for all v € Vym, where 


i TFT ðu f ðu f (ut — æt _ T Ou 
ay(u,v) = a a lT m Ry ot a a J )+f a” (5.2.16) 


o= f w+ f - À (5.2.17) 
Ty Tp OV 


We have the following theorem from [149]. 


Theorem 5.2.2. There exists the bound, 


lu = aff yl, < C dnf imate s ri (L, TRES 
ga J e (/ [ie ACL [= 
-IEA TAA -L 


(5.2.18) 
The polynomial convergence rates can also be achieved. 


5.2.2 Hybrid Plus Penalty Combination 


The hybrid combination has a drawback in that the constant is excluded in the 
admissible functions in $* in (5.2.2) (or S~ in (5.2.4)). To overcome such a 
drawback, we solicit the hybrid plus penalty TM in [146, 169]. For simplicity, con- 
sider the Robin problem, 
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Au=0in S, (5.2.19) 


ðu 


Ov 


where « > 0. The solution u € H! (S) satisfies 


+au=gon ðS, (5.2.20) 


alu, v) = f(v), ve H(S), (5.2.21) 


a(u, v) = [[ vases f aw f(v) = f o (5.2.22) 


Let S be divided by Tọ into S* and S7, and also choose the admissible functions 
(5.1.1). This set is also denoted by v € Vy.y. The hybrid plus penalty coupling 
along the interior boundary Io between FS and PS is given by 


where 


D(u, v) = Pant [ (ut —u)(ut — v) (5.2.23) 


Ou* Ou z ðvt | Ou" _ 
Lea Poe leet o fe tea ee 


where «+ f= 1 and N x M. In (5.2.23), € is a positive power, and P, is a large 
constant but still independent of N and M. The hybrid plus penalty TM (denoted 
by HP-TM) reads: to seek uf), € Viva such that 


af (uly, ») = fv), vE Vym, (5.2.24) 
where 
af (u, v) = I Vuvo+ ff VuVv+ D(u, v) +f quv. (5.2.25) 
st S- Əs 
Denote the norm 
2 2 t 2 2 73 
lola = {lo s+ + lols + PN EIo -lirlas (622) 


We have the following lemma. 


Lemma 5.2.1. Suppose that there exists a constant u(> 0) independent of N and M 
such that 


Ovt 


Ov 


< CN” loll s+: (5.2.27) 
0,To 
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Then there exist the bounds, 


lap” (u, v)]< Clullalloll vE Var, (5.2.28) 
collollin < af" (v, o), vE Vym, (5.2.29) 


where co(> 0) and C are two constants independent of N and M. 
Based on Lemma 5.2.1, we have the following lemma. 


Lemma 5.2.2. Let (5.2.27) hold. Then there exists the bound, 


lu- u'll, < C inf lu= vllo vE Vum: (5.2.30) 


Theorem 5.2.3. Let (5.2.27), u € H?(S+) (p>2) and u € H°(S7) (o>2) hold. 
Suppose that N satisfies (5.2.8). Then there exists the bound, 


1 1 
lu- will, < ol mre s}, (5.2.31) 


where ô = max{0, 5#}. 
Proof. We have 
y =d l 
lella = {lolli + PN llu" — olor, + lllloas}?- (5.2.32) 


Since the bound of ||u — u¥P ||, has been obtained in Section 5.2.1 already, we only 
derive the bounds of the rest terms in (5.2.32). There exists the bound, 


Ilu- why ae)” — u- Dh a) lor (5.2.33) 
0,0 


= ||(u— uy) — (u — um) 


lors <|lu— Uv llor, + |lu— tmllor, 


_ 1 1 
SIPE = ENPE r Olor, +R lor, + ilon < +} 


provided that the N satisfies (5.2.8). Hence we have 


4 A 1 1 
Mu uy) = (u= wlan < Ca + rh (5.2.34) 


Similarly, 


1 


(u = uv Ilo ag SM — &y)lloas + Ie — am) loas < of 


Based on Lemma 5.2.2, the desired result (5.2.31) is obtained from Section 5.2.1 and 
(5.2.33)-(5.2.35). a 
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From Theorem 5.2.3 we may choose ¢ = 1 in (5.2.23). When the integration 
involves approximation by some quadrature rules, the error bounds can be obtained 
similarly. 


5.2.8 Indirect Combination 


On the interior boundary To, the continuity condition ut = u` may be fulfilled by 
using the Lagrange multiplier 2 (= ou) on Io. Denote 


Ar = X ajti(s), (5.2.36) 
where a; are the unknown coefficients, and t;(s) are the piecewise polynomials of 
order i. We may choose the Chebyshev polynomials, 

ti(s) = T;(s) = cos(iarccos s), s € [0,1]. (5.2.37) 


Denote by Vy,m X Vz the set of (5.1.1) and (5.2.37). Also denote 
B(u, v;4,n)=—] Aut —v7) -f n(ut — u`). (5.2.38) 
To To 


Consider the Robin problem (5.2.19) and (5.2.20). The coefficients c;, d; and a; are 
sought by the Lagrange multiplier TM combination (or called the indirect TM 
combination): to seek (uy m X AL) € Vu. X Vz such that 

an" (unm; v; år, n) = f(r), (5.2.39) 


where 
ap ™ (u, v; À, n) = I Vuvo+ f VuVv+ B(u, V; À, n). (5.2.40) 
st S- 


Assume that for f T, u(vt — v`), the following Ladyzhenskaya-Babuska-Brezzi 
(LBB) condition is satisfied: for u; € Vz, 3vy m € Vym (vn.m # 0) such that 


| Hil vy — vy) 
To 


where f (> 0) is a constant independent of N,M and L. The negative norm is 
defined by 


> Pllvn, mlh Meola, (5.2.41) 


Sra (vt — v7) )ae| 


let llyr, + lolin 


lvel_gr, = sup 


J 


Q) ik S P T 
n= ff age mera (grt E)n. 
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where d~ are roughly the diameters of S~. We have the following lemma from 
[146, 169]. 


Lemma 5.2.3. Let the LBB condition hold. For the solutions of the indirect TM 
combination, there exist error bounds, 


a ee of int lu = ol + int I ilar}; (5.2.42) 
= uml gry < Cf Sella ol + inf =la f (5.2.43) 


where C is a constant independent of N,M and L. 


Theorem 5.2.4. Let the LBB condition, u € H?(S*) (p> 2), u € H°(S7) (o > 2) and 
2 € H"(To) hold. Also, assume that the N satisfies (5.2.8). Then there exist the 
bounds, 


1 1 1 
\|A — A1\| ae < of it M t F} (5.2.44) 
1 1 1 
lu — uv wlan, S ls et at (5.2.45) 
Proof. Choose 
L 
= eu): (5.2.46) 


where a; are the exact expansion coefficients of u. Hence, the residual Rz (= u — uj) 
has the bound, 


eller, = (=a): Fep (5.2.47) 
Choose uy y X 43 E Vn,m X Vz. From Lemma 5.2.3, we have 
A= Aallgr, £ Clu = wy acl +14 = illr f (5.2.48) 
v= unall_ar, < Clu = wall, +I- Zila, Y- (5.2.49) 
The bound ||u — wiy mll is given in Section 5.2.1 by 
lu — wh all, < cf n amt. (5.2.50) 
Also, we have from (5.2.47) 
A= All gr, = WRell-gr, < CRo < Czy: (5.2.51) 


Combining (5.2.48)—(5.2.51) gives the desired results (5.2.44) and (5.2.45). a 
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5.3 Combinations of MFS with Other Domain Methods 


5.3.1 Combined with FEM 


The finite element method (FEM) is the popular numerical method for partial 
differential equations (PDE), due to great flexibility and deep analysis. Hence it is 
important to combine the MFS with the FEM. Consider the equations (5.2.19) and 
(5.2.20). Let S be divided by Ty into $* and S~, where S7 is a polygon. The 
subdomain S~ can be again split into the quasiuniform triangular elements Ajj, i.e., 
S~ = UyAy. The FS and the k-order piecewise Lagrange polynomials vz are chosen 
in S* and S7, respectively. Then the admissible functions are given by 


N 


F a ; + Pt)i st 
unn = 4 “N > Spp EE (5.3.1) 
uł in S7, 


where ¢,' are the FS. From the previous section, we have different combined 
algorithms of FS. In this section, we choose one of them and provide the error 
bounds. Denote by V y,n the set of (5.3.1). The hybrid plus penalty coupling is given 
by 


P i l Out T Ovt = 
Dw») = f (ut -wyot -w)- f Sew -0)- fl Sout 0, 


(5.3.2) 


where t > 0, v is the exterior normal of ôS", and h the maximal boundary of Ağ: 
The constant P, in (5.3.2) may be large, but still independent of N and h. For easy 
computation, the bias derivatives ite and 2t are used. The hybrid plus penalty 
combination of MFS and FEM reads: to seek uy, E Vw, such that 


Ay n(un,n, V) = f(r), (5.3.3) 
where 
Anau, y= | Vuvo+ f VuVu D(u,r) + | quv, (5.3.4) 
s+ 5 as 
f(y = f gv. (5.3.5) 
as 
Denote the norm 
2 2 Pem 2 2 2 

lola = 9 lloll s+ + lollis- + elle” = v llor, + Welloos ¢ - (5.3.6) 


From [146], we have the following lemma. 
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Lemma 5.3.1. Suppose that there exists a constant (> 0) independent of N and h 
such that 


When t>0 in (5.3.2), there exist the bounds, 
law.n(u, v)| < Cllullallell,, vE Vivir, (5.3.8) 


aut 


|. < ON“ s+. (5.3.7) 


0, To 


colul} < ana(v,v), vE Varn, (5.3.9) 


where co(>0) and C are two constants independent of N and h. Moreover, the 
solutions of the hybrid plus penalty combination of MFS and FEM have the optimal 
convergence rates, 


lu- uvala < C inf u- olla, vE Vwa (5.3.10) 
VE V N,h 


Theorem 5.3.1. Let (5.3.7), uc H?(S*) (p>2) and u€ H*(S-) (k>2) hold. 
Suppose that the N satisfies (5.2.8). Then there exists the bound, 


1 pi 
|u — un rll, < Cf ars + nk hy (5.3.11) 


where 6 = max{0,5+}. 


As to the inequality (5.3.7), the analysis may follow [163]. 


5.3.2 Combined with FDM 


In [146], the finite difference method (FDM) can be viewed as a special FEM using the 
piecewise bilinear and linear elements on Aj and Oy, respectively, by using some 
special quadrature rules. Divide § by Tọ into $* and S~. The MFS and the FDM can 
be used in $* and S7, respectively. Again, the polygon 857 is split by the coordinate 
lines into rectangles CO; and triangles Ay, i.e., S7 = Uy(OyU Ay). Note that the 
boundary nodes are located just on 0S” UT, and triangular elements A, occur only 
at 0S” UT. Hence, the rectangles Q; are dominant in S”. We have 


Jrg [Lv IRGO: (5.3.12) 


II v= ff Mate // Uy ys (5.3.13) 


ij ij 


— 


// vuve= f uvt ff Uy Vy. (5.3.14) 
Ajj Aij Ai 
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Denote Oy = {(2, y)|ti<2<2i41,y;<Y<Y¥j41} With the boundary lengths h; = 


Li41 — Ti and kj = Yj+1 7 Yj The piecewise bilinear functions v € Li are given by 


1 
u(x, y) = hag tit = £) (441 — Yy + (@ — 2a) (Yj — Yit 
s7 


+(zi41 — y= y;)vij+i + (2> ti)(y— yj) Vi+ij+ij (ay) € Oy. 
(5.3.15) 


The approximate integrations are evaluated by different rules, 
af _ Aik; 1 , aot Vo 81 Ei TE 41 
, UzVz = 5) Uz \ % 2 3] |V|? 2 J Ur | 2 2 iJ Ur\ 2 z J ) 
Tl hikj i 9 1 Ri 1 i > 4 ; 1 j 1 > 4 1 
oe Uy LI+ 5 vy) LÍF 5 ) + ty i+tlj+s Vy tala vs ; 


For A 


ij, we only take the upper triangular elements for discussions, 


kj 
Aï = (2, y)|eg<2<4j41,y,<y<yjst z7 Ti) : 
(A 


The different rules are given by 


// Tn ET 
gug = Us| t Pas Ur l = ; 
oe g a a 


ty 


Tone (0e2) (003) 
UyVy = —— $ Uy 2,7 a | Uy) iI = : 
joy yey 2 y 2 y 2 


The piecewise admissible functions are chosen as 


N 
+_Vodg? ty 
v= Uy = E Ob; ane (5.3.16) 
ul in S7, 


where UP are the FS, and ul are the piecewise bilinear and liner functions on S7. 
Denote by V y,n the set of (5.3.16). From [146], the penalty combination of MFS and 
FDM reads: to seek uy,, € Vw, such that 


ay n(UNn h, v) = fao), vE VN,h, (5.3.17) 


where 


es P, F | | 
ay (u, v) = VuVot+ VuVot+ 72 (uv —u )(v® —v-)+ | aw, 
gT Ss” To os 


~ 


frio) = fo 
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where h = max;{h;, kj}, and P. is a large constant, but still independent of N and h. 
Denote the norm 


1 


ill. 72 Pe 2 2 a 
[olla = TE + lolli, s- + za llet = v llor, Ey Tas} ; (5.3.18) 
where 
2 2 2 

lelli s- = lvli, s- + lolos- (5.3.19) 
Tol e = VoVv+ VoVo, 5.3.20 

1,5 R 

ij ij ij ij 
Telo,- => /f vt a v, (5.3.21) 

ij ij ij Aij 


—— _ ——2 
Peon = f o, Mooss fo? 632 
0 


In (5.3.21), the quadrature rules are given by 


2 iXj f 2 2 pð ee. 
v= Ug t Visi gt Yigga t Ui+ij+L 
4 ij j j j 


ene (5.3.23) 
ie = a T ale, Quis + eae 
From [146], we have the following theorem. 
Theorem 5.3.2. There exist the bounds, 
lann(u,v)|<Cllullllul, vE Viva, (5.3.24) 
collull, < ân nlo, v), ve Vwa, (5.3.25) 


where co (> 0) and C are two constants independent of N and h. Moreover, for the 
solutions of the penalty combination of MFS and FDM, there exists the bound, 


Ju unal < C inf Tua, (5.3.26) 
ve Vin 


res m UEA 
M-A) 


ko a 


where C is a constant independent of N and h. 
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Let u € H"(S*) (p> 3) and u € H°(S~) hold. Based on Theorem 5.3.2 and 
Lemma 5.3.1, we can obtain the error bound, 


— 1 
lu — ux,all, < ofen” za} (5.3.27) 


by following the above arguments. 


5.3.3 Combined with Radial Basis Functions 


In [169], the error bounds of Kansa’s method using the radial basis functions (RBF) 
are derived. Under the framework of combined methods in [146], we may combine 
the MFS with the RBF. In this subsection, we only take the following inverse 
multiquadric radial basis functions for discussions, 


2 1 
gP) =- 
y IP Or+e 
The combinations of other kinds of RBF can be similarly developed. In (5.3.28), 
P- = P(x,y) € (S7 UST), but the source points Q` are located in S7 UST as 


well, which is different from the FS, where the source points must be located outside 
S7 UOS. We may choose the piecewise admissible functions, 


(5.3.28) 


UNM = a (5.3.29) 


where the functions $;"(P*) and g,(P~) are the FS and the RBF, respectively. 
Consider the Dirichlet problems, 


— J Oin St, 
J [e y) in Ss, (5.3.30) 
eo (5.3.31) 


For simplicity, assume that the admissible functions in (5.3.29) satisfy the Dirichlet 
boundary condition (5.3.31). Otherwise, the corresponding collocation equations are 
needed. Denote by V y,m the set of (5.3.29) satisfying (5.3.31). The combination of 
FS and RBF reads: to seek uy, m € Vy, such that 


By ulun m, v) =f(v), ve Vym, (5.3.32) 


where 


Êy m(u, v) = I wave | u v + a AuAv (5.3.33) 
gt To Ss” 


~ 


+ PM ae =u )(v —v )+Pe fw — u, (u; =v), 
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fa) = -P.f fAv. (5.3.34) 
as” 
Denote the norm 


1 
2 2 2 — 1/2 =p 2 
Ilol] = {lvls t+ Pellois- + PellAvllos- +PeMllv* — o llor, + Pellot — o lox} 


From [169], we have the following theorem. 


Theorem 5.3.3. Suppose that there exist the bounds, 


|n u(u, v)| < Cllleulll x Iolll, v E Viva, (5.3.35) 


colllulll? <Ên u(v, v), vE Vym, (5.3.36) 


where co (> 0) and C are two constants independent of N and M. Moreover, the 
solutions of the combination of FS and RBF have the optimal convergence estimates, 
lu — uy mll <C inf |||u-— vll]. (5.3.37) 

ve VN, M 
More detailed bounds can be obtained similarly, and two inequalities (5.3.35) and 


(5.3.36) are explored in [169, p.201]. The error bounds can be obtained from [169], 
by adding the error bounds of || Pn — En(Pn; r, O)lli s+- 


In summary, many combined algorithms in [146, 169] can be employed for 
combining FS. Hence the MFS can be integrated into the combined family, to enrich 
the combined methods and to extend the wide applications of MFS. 


5.4 Singularity Problems by Combination of MFS 
and MPS 


For the bounded simply-connected domains involving singularity, numerical 
experiments of combined algorithms of the MFS are reported in [178]. In this 
section, consider the exterior problems of Laplace’s equation involving singularity. 
There exist two kinds of infinity conditions, (1) |u| < C and (2) u = O(Inp). For the 
exterior problems of Helmholtz’s equation, the Sommerfeld radiation conditions are 
satisfied at infinity, and the MFS is discussed in Chapter 8. Consider a crack 
singularity existing in exterior problems (.e., unbounded domains), and employ the 
combination of PS and FS. The numerical results coincide with the analysis made. 


Consider the crack problem in the unbounded domain in [107] (see Figure 5.1), 
Au =0 in Sco, (5.4.1) 
u= 1 on Ti, (5.4.2) 
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Fic. 5.1 — The exterior problem with an interior crack. 


Fic. 5.2 — Shape of the exact solution (5.4.5). 


u = O(Inp) as p > oo, (5.4.3) 


where lin = {2 = 0N —1<y<1}. The exact solution of (5.4.1)-(5.4.3) is known in 
[107] as (see Figure 5.2) 


ira Í ‘In|PQlv(Q) dbo, (5.4.4) 


where P(x, y) E Sx Ulin, Q = (€,7) € Tin, and the exact solution 
1 


nIn2y/1— QP 


First, let us find the infinite condition (5.4.3). We have from (5.4.4) and (5.4.5) 


v(Q) = (5.4.5) 
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1 ]ln4/ a? + y- s) 
z, 


— 


u(x, y) = 


ys 


where p = \/2?+y?. When p — œ we have 


Iny a2 + (y — 8)? = Iny/(2? + y?) + 8? — 2ys ~ Imp. 


Then we obtain 


Ino 


ae f va 


u(p, 0) © (5.4.6) 


By using the integration formula 
1 dx acca 3: 
——=— = arcsin — + c, 
V a2 — r2 a 


we have 


= 2 arcsin z|} = 2(arcsin 1 — arcsin 0) = m. (5.4.7) 


1 1 ds 
=2 
La nee 


Hence, from (5.4.6) and (5.4.7) we obtain that when p — ov, u(p, 0) ~ — ne . This is 
a type of O(Inp) for the infinity condition. 


We give a reason for physics to choose u = O(Inp) as p — oo. In fact, the models 
(5.4.1)-(5.4.3) are simplified from the 3D exterior problem, where there exists a 
crack wall with a height of 2 but an infinite length. Although such a case is 
unrealistic in real physics, the infinity condition O(Inp) is important and interesting 
from a mathematical point of view. In fact, for the boundary integral equation in 
[107, 190], the infinity condition u = O(Inp) as p — œ is often discussed. We seek an 
effective TM in [169] for solving (5.4.1)—(5.4.3). When the combinations of FS and 
PS are chosen in the TM, both high accuracy and good stability can be achieved 
(also see [146]). 


The algorithms of the TM and the CTM for (5.4.1) and (5.4.2) are similar to 
those in Section 5.1. To cope with the infinity boundary conditions, choose the 
particular solutions, 


_ np : 
aaa 53 dip” cos(2i0), or uy = dy p+ 2 dip” cos(2i0), 


for the exterior domain, where dọ is an unknown coefficient to be determined. Since 
there exist two corner singularities with u = O(,/rz) at points (0, +1), choose the 


singular solutions uF = i oder? sin(i+ 5) 04 +, where (rz, 0.) are the polar 
coordinates with origins (0,+1). From the symmetry of this problem, we may 
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simplify the problem (5.4.1)—(5.4.3) to one in the first quadrant SZ (see Figure 5.3) 
as 


Au=0in St, (5.4.8) 
H in y= 0, (5.4.9) 
u= 1 on (x=0)N(0<y<1), (5.4.10) 
o 

T Oon (x =0)N (y> 1), (5.4.11) 

Ox 

1 
u= -p (or u = do Inp) as p > œ, (5.4.12) 


where SÈ = {(x, y)|z > Oand y > 0}. 


We divide S$ into three subdomains as shown in Figure 5.3, S n z 
SY US; U SZ, where ST, S7 and the exterior domain S% are defined by 


1 
2 = fo 0)|\0<r<1,0<0<17, satisfying y > y% (5.4.13) 
1 
S= fowos<p<iosys z satisfying y< X (5.4.14) 
S={(p,Wle>10<w< - excluding So U S1}, (5.4.15) 


where (p,) and (r,0) are the polar coordinates with origins (0, 0) and (0, 1), 
respectively (see Figure 5.3). We choose the following two kinds of admissible 
solutions. 


B 
st \ To 
Y R | 


O 


Pmax 


Fic. 5.3 — The partition for the crack singularity and exterior problem. 
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I. The piecewise particular solutions: 
N 
uy =1+ Ð cp™”t! cos(2n+1)W in SË, 
i=0 


L itl : . 
UNM =$ YL =1t 2 djr't? sin(i+ 4)0 in Sf, (5.4.16) 


M 
uj, = a9 Inpt+ X ap *' cos(2ip) in S}, 
i=l 


where c;, d; and a; are the unknown coefficients. 


II. Combination of TM with PS and FS: To follow Li [146, 149], we solicit the 
combination of TM with PS and FS. Choose the fundamental solutions, to give 


af =D cy in ae 


unim = $ up =1+ > dirit? sin(i+ 5)0 in os (5.4.17) 
i=l 


ut, = a lnp + 5 aip” cos(2ip) in Sy, 
i=1 


where ġ; = ny R + p? — 2Rp cos(y — 3%) are the traditional FS. 


Since the subdomain S;° is bounded, the radius of the source circle with origin G ; 1) 
is given by 


R> Pmax = max P = (5) = v0.25 +0.0625 = 0.559. (5.4.18) 


Since the piecewise solutions (5.4.16) satisfy (5.4.8) and the boundary conditions 
(5.4.9)-(5.4.12) already, they should be forced to satisfy the interior boundary 


continuity conditions: ut = u` and uf + uy = 0 on To only, where u* = uli, and 
uy = oit which are the exterior normal derivatives of I'o N S™. Denote the energy 
T(v) =f (vt — vt? f (wt +07), (5.4.19) 
To To 


and denote by Vy zm the set of (5.4.16) or (5.4.17). The TM using PS (i.e., the 
MPS) reads: to seek uyn zm € Vw.t.u such that 
T(uy.tu)= min T(v), 


ve Vint 


where the weight w = (see [146, 169]). The collocation equations on To 


1 
max{N,L,M} 
can be formulated, similarly to those in Section 1.2. 


Since the FS in Sf for (5.4.17) do not satisfy the boundary conditions (5.4.9) 
and (5.4.10), the TM using (5.4.17) (i.e., the combination of MFS and MPS) is 
modified as 
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OE 


T*(v) = Mv) + f (v— Pru fa, (5.4.20) 


where T(v) is given by (5.4.19). Define the boundary errors for the MPS, 


1 


lella = if -opta f (x! +g}, 


and for the combination of the MFS and the MPS, 


1 
lell p = {ff (v— +a? | def (vt — vy? | (vF taph. 
OE OA To To 


We choose aj = —;45 (or ao as an unknown coefficient in computation), but only 
report the results of the unknown ag. The integrals in |e| p and |e| p are evaluated by 
the central or the Gaussian rule. For the MPS, the errors, the condition numbers, 
and the coefficients are listed in Table 5.1. The exact solutions u(1,0) and u(0, 1.2) 
are given in [107]: 


1. /itv2 
uli,0y= aaln( +) = 0.271553303, 
2 
u(0, 1.2) = aoe ) = 0.102120702. 
TI 


In the tables, % denotes the numerical solutions from the MPS or the combination of 
MFS and MPS. From Table 5.1, we find that the numerical results of the MPS and 
the combination of MFS and MPS are close to each other, but the solutions of the 
MPS are more accurate. We can see that by the MPS, the leading coefficient dọ = 
—2.040278893 has ten significant digits. From Tables 5.1 and 5.2, we can also see the 
asymptotic rates for the MPS, 


lell = O((0.44)"), Cond = O((2.17)*), (5.4.21) 
and for the combination of MFS and MPS, 
lell = O((0.68)%), Cond = O((1.87)*%). (5.4.22) 


The numerical results (5.4.21) and (5.4.22) coincide with the analysis of combined 
algorithms of the MFS made. 


TAB. 5.1 — The errors and the condition numbers for the crack singularity problem (5.4.8)—(5.4.12) by the MPS. 


(L,N,M) 
liella 
lu — allr, 

llun — Unlloor 
Ju(1,0) — u(1,0)| 
|u(0, 1.2) — &(0, 1.2)| 
Cond 
Cond _eff 
ao 


Aao 


ao 
ay 
do 
dı 


(10, 10, 10) 


1.99(2) 
-1.44269301442893 


1.40(-6) 


—0.360671125598704 
—2.04027765688346 
—0.170022161345209 


(15, 15, 15) 
6.25(-8) 
3.47(-7) 
1.63(-5) 
7.56(-10) 
2.62(-8) 
3.72(4) 
6.83(3) 

~1.44269494289677 


6.79(-8) 


—0.360673770823228 
—2.04027883928822 
—0.170023266835309 


(20, 20, 20) 
9.90(—10) 
4.25(-9) 
2.67(-7) 
8.84(-11) 
1.05(-9) 

1.70(6) 
2.47(5) 
-1.44269504480382 


2.71(-9) 


—0.360673759699562 
—2.04027889533347 
—0.170023239965007 


(25, 25, 25) 
2.12(-11) 
8.20(-10) 
7.40(-8) 
1.30(-11) 
1.48(-10) 
8.16(7) 
9.60(6) 
-1.44269504144279 


3.84(—10) 


—0.360673760145356 
—2.04027889349253 
—0.170023240927329 


(30, 30, 30) 
2.97(-13) 
6.40(-11) 
5.38(-9) 
1.75(-12) 
3.75(-12) 

4.11(9) 
3.92(8) 
~1.44269504090324 


9.89(-12) 


—0.360673760219852 
—2.04027889320100 
—0.170023241093981 


spoyjyayy peurquioy 


16 


TAB. 5.2 — The errors and the condition numbers for the crack singularity problem (5.4.8)—(5.4.12) by combination of MFS and MPS with 
R=1.2. 


(L, N, M) (8, 10, 6) (12, 15, 9) (16, 20, 12) (20, 25, 15) (24, 30, 18) 
llell 3 3.77(-4) 4.23(—5) 1.72(-6) 2.29(-7) 3.84(-8) 
lu- Zl or uo 1.48(-3) 2.23(—4) 1.09(—5) 1.58(—6) 3.46(-7) 
lun — tnlr uoa 1.72(—2) 2.97(—3) 1.72(—4) 2.98(—5) 5.43(—6) 
|u(1,0) — @(1,0)| 2.58(—4) 3.87(-5) 1.42(-6) 1.20(-7) 2.33(-8) 
|u(0, 1.2) — &(0, 1.2)| 1.66(—5) 4.82(-6) 1.14(-7) 1.87(-8) 5.91(-9) 
Cond 3.32(2) 5.71(3) 1.41(5) 2.60(6) 6.00(7) 
Cond_eff 1.24(2) 1.72(3) 3.24(4) 5.01(5) 5.91(6) 
a ~1.44260681893624  —1.44267784754449 -1.44269467722486 —1.44269497470446  -1.44269502111402 
Aa 
aa 6.12(-5) 1.19(-5) 2.52(-7) 4.59(-8) 1.37(-8) 
a —0.360244052612593 -0.3606677425268  —0.360673760365405  —0.360673772519427  —0.36067376527848 
do -2.04019808712366  —2.04026726275563 -2.04027861986542  —2.04027885368193  —2.04027888047951 
dy —0.169802255646863  —0.170018772480365  —0.170023177947295  —0.170023255143582 —0.170023243395147 
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Chapter 6 


Source Nodes on Elliptic 
Pseudo-Boundaries 


For the method of fundamental solutions (MFS), the source nodes on circles 
outside the solution domain S have been widely applied in numerical computa- 
tion; see Chapters 1-5. In this chapter, the source nodes on an ellipse are pro- 
posed for solving Laplace’s equation using the MFS, and a robust error and 
stability analysis is established. The bounds of errors and condition numbers are 
derived for the bounded simply-connected domains. Polynomial convergence rates 
can be achieved, but the exponential growth of the condition number (Cond) is 
also obtained. Note that for the stability analysis of the MFS in Chapters 2 and 3, 
the circulant matrices in Davis [7] are always employed. This is the first time 
that stability analysis to be explored for the non-circular pseudo-boundaries, 
based on the new techniques without using circulant matrices. Moreover, the 
criteria for evaluating numerical techniques are provided and some strategies for 
choosing the pseudo-boundaries are suggested. The materials of this chapter are 
adapted from [74]. 


6.1 Introduction 


In this chapter, we study the case where the source nodes are located on ellipses 
outside S. First, let us state the characteristics of the MFS and the importance 
of choosing source nodes. From the boundary integral equations (BIE), the 
fundamental solutions (FS) satisfy the governing equations in S, and they are 
the functions of the distance |PQ|, where PES and Q are source nodes. For 


Laplace’s equation, the FS is known as In|PQ| in 2D and P in 3D. When the 


source nodes Q, are located outside $ with |PQ;| > 0, no singularity exists for 
the FS. To solve the boundary value problems of the homogeneous partial 
differential equations (PDE), their linear combinations, such as )>,c; In| PQ;| or 
YG Pay are chosen to satisfy the exterior and interior boundary conditions only. 


This method is called the method of fundamental solutions (MFS). When the source 
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nodes are released from the boundary T (= 0S), where should they go? There are 
various choices: scatter, random, or an outside closed contour I'R. The last one is 
employed to control the source nodes in previous chapters. Since Ip is not the 
physical boundary T, the pseudo-boundary (i.e., the superfluous, fictitious bound- 
ary) is called. In computation, the following questions are encountered immediately: 
how should the pseudo-boundary Ir be chosen, and how should the source nodes on 
Tz be located? Since some uniform distribution (i.e., via angle or length) is often 
selected, the better choices of pseudo-boundaries are the theme of this chapter. 


Let us address the motivation and the necessity of this study. For Laplace’s 
equation in a bounded simply-connected domain S, the fundamental solutions are 
known as lnr = In|PQ|, where P €§ and the source nodes Q are located outside S. 
When the Q are located on circles in Chapter 2 (i.e., the circular pseudo-boundaries), 
polynomial convergence rates are obtained, but condition numbers have exponential 
growth. For the long strip-shaped S, the Cond is so huge that it damages the accuracy 
of numerical solutions. In this case, it is natural to choose the source nodes located on 
an ellipse outside S (i.e., elliptic pseudo-boundaries). The strict error and stability 
analysis is explored in this chapter. Polynomial convergence rates may also be 
achieved. Most importantly, the condition number can be reduced significantly, 
compared to circular pseudo-boundaries. Note that in previous chapters, for stability 
analysis of the MFS in 2D, the circulant matrices [71] are always employed. In this 
chapter, we explore new stability analysis for elliptic pseudo-boundaries in 2D, based 
on the new proof techniques. 


Besides, the conformal transformation from a circle was suggested in [123] to yield 
a non-circular pseudo-boundary. The greedy adaptive techniques of Schaback [211] 
may select some good locations of source nodes, where no pseudo-boundaries exist. 


There arises a question: how can better pseudo-boundaries be found? The 
criteria for evaluating numerical techniques are proposed, and the strategy for 
choosing source nodes is suggested as follows. The circular pseudo-boundaries are 
most important and efficient for the MFS in 2D; other kinds of non-circular 
pseudo-boundaries may also be considered when very severe instability occurs. For 
long strip-shaped domains, elliptic pseudo-boundaries are strongly recommended. 
When the solution domains are far different from circular/elliptic domains, pseudo- 
boundaries nearly to the domain boundary as given in Chen et al. [38, 139] may be 
employed. See Part III. Moreover, the new pseudo radial-lines are explored in the 
last chapter. 


This chapter is organized as follows. In the next section, the algorithms of the 
MFS are described, where the elliptic source nodes are chosen. In Section 6.3, the 
error analysis is made, and the bounds of errors are derived. In Section 6.4, the 
bounds of Cond are derived based on new proof techniques. In Section 6.5, better 
choices of pseudo-boundaries are discussed. In Section 6.6, numerical experiments 
are carried out to verify the analysis and discussions made. In the last section, a few 
concluding remarks are made. 
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6.2 Algorithms of MFS 


The elliptic coordinates (p, 0) are defined in [180] by (see Figure 6.1) 
x= ocoshp cosh, y=osinhp sind, (6.2.1) 
where c > 0,0<p<oo and 0< 0< 2x. When p = py € (0, 00), the equation (6.2.1) 
leads to an ellipse 
2 2 
x : 4 y > xi 
a? cosh’(po) o° sinh”(po) 


? 


with two semi-axes are a= ocosh(p,) and b= øsinh(pọ). When the Cartesian 
coordinates (x, y) are known, the elliptic coordinates are defined from (6.2.1). The 
explicit formulas are derived in [180] as 


p=sinh '(F(2x,y;0)), 0 = arccos (4): 
where 
F(z, y; o) = x Je +y? —o?)+ ye + y2 — 0?) +402y2. 
In this chapter, consider Laplace’s equation with the Dirichlet condition, 


Au=0in S, u=f oT, (6.2.2) 


where f € R is a known function, and S a bounded simply-connected domain 
with a smooth boundary T (= 0S). Denote two nodes x = P(p,0) = P(x,y) and 


Fic. 6.1 — The elliptic coordinates with (p, 0), where Rı > pọ. 
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y = Q(R, ¢) = Q(é, n), where (p, 0) and (R, o) are the elliptic coordinates, but (2, y) 
and (¢, n) are the Cartesian coordinates. Then we have the distance to the origin O, 


[OP|? = 1? + y? = 0? cosh’p cos?0 + o’sinh’p sin?0 
= o°{(sinh’p + 1)cos”0 + sinh? p sin?0} = o?(sinh”p + cos?0). 


Similarly, for Q; = (R, ġ;) = (G),n;), the distance |0Q,I° = é +n = o? (sinh? R+ 
cos?ġ;). Then we find 


PR; = y (@— &) + (v — n;)? = [OPP + [00,2 — 2 cos(@,)/OPI[OGl 


where ©; = 7POQ;. The uniform nodes along angle as @; = a j are also chosen. The 
source nodes Q; = (R, ġ;) are chosen on an ellipse outside S with R > Pmax = 
max p|r. The FS are given by 


©,(p, 0) = In|PQ], (6.2.3) 


and the approximate solution can be written as a linear combination of FS 
N 


un = $ ¢®;(p, 8), (6.2.4) 

j=l 
where c; are the unknown coefficients to be sought by the Trefftz method (TM) in 
[169]. Since the functions (6.2.4) already satisfy Laplace’s equation, we may establish 
the boundary collocation equations directly from the Dirichlet condition in (6.2.2). 


Let I’ be divided into small Ty with the meshspacing Ahe, i.e., T = (eis For 
simplicity, choose (p;,0¢) as the midpoints of Ty. We obtain the collocation 
equations, 


N 
V Ah) > cj®;(p¢, 0o) = y Ahe Í(Pe, Oe), t= 1, 2, ve ~M, (6.2.5) 
j=l 


where M > N. The equations (6.2.5) lead to an overdetermined system Fx = b, 
where F € RY” (M > N), x € R” and b € R”. Let Vy be the set of FS in (6.2.4). 
The TM reads: to seek uy € Vy such that 


ve Vy 


I(un) = min I(v), Ho) = [w-p%. (6.2.6) 


When the integrals in (6.2.6) involve a numerical approximation, the TM reads: to 
seek iy € Vy such that 


~) 


(ŭn) = minT(v), T(v) = J-P, (6.2.7) 


ve Vn 


where fp is a numerical approximation of fp. The equation (6.2.5) is equivalent to 
(6.2.7), where the central rule is chosen. 
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6.3 Error Analysis 


6.3.1 Preliminary Lemmas 


The addition theorem of FS is essential to analysis of the MFS. The elliptic coor- 
dinates (6.2.1) can be expressed by the complex, 


z = z+ iy = ø cosh w, (6.3.1) 


where w= p+i0 and i= v—1. Denote the other node in the same elliptic 
coordinate system (6.3.1) by 


zy = Xo + iyo = ocosh Wo; (6.3.2) 


where wọ = r+id. Denote x = (p, 0) and y = (r, ¢). We have the addition theorem 
(i.e., the series expansions). 


Theorem 6.3.1 (Addition Theorem). In the same elliptic coordinate system (6.2.1), 
let z and zo denote two nodes given in (6.3.1) and (6.3.2), respectively. There exist 
the series expansions for the FS, 


In|z — zo| = ree) (6.3.3) 


-2 3 e ™{cosh(np)cos(n0)cos(no) + sinh(np)sin(né)sin(nd)}, p<r, 


In|z — zo| = pen) (6.3.4) 


a e "’{cosh(nr)cos(n@)cos(n@) + sinh(nr)sin(n@)sin(nd)}, p>r. 


nai” 


Proof. Although the basic ideas of the proof follow from Morse and Feshbach [193], 
the arguments below are more comprehensive and beneficial to real application. We 
have from (6.3.1) and (6.3.2) 


1 1 
In|z — zo| = 5 inllz — z% = 5 nto" coshw — coshwo|"} 
1 2 
= sin{ (5) Je” + e" — e — gup) (6.3.5) 
= Ing +In{le” +e” — e” — eo ™]}. 


There exists the equality 
etp eY el eun sinh ( 5 sinh (= =; =). (6.3.6) 
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Then we have from (6.3.5) and (6.3.6) 


In|z — z| = ng + nf 2 sinh (=) I} + n{ 2 sinh(“ T ) | y (6.3.7) 
For z = re’, we have Inz = lnr +i0 and then 
In|z| = Inr = R(ln 2), (6.3.8) 


where R(z) is the real part of complex z. From (6.3.8) we have 


in{ [2 sinh (“5 ) |} = Inf a os (1 7 a) } 


= = ) +R(In(1 —e me) 
2 
wT Wo oo 1 = a (6.3.9) 
= x( ) — R = p—nlw+ wo) 
2 (Ši: 
wT Wo ie 1 7 i0 
= n/( ) -R = o—n[pt+rt+i(d+ o) 
2 (ste 
where we have used the series, 
oo gh 
ln(1 — z) = — — 1. 3.1 
n(1 — 2) pee la< (6.3.10) 


For the last term on the right hand side in (6.3.7), when p <r, we have similarly 


in (|2sinn (2—5) ) (le (1 7 (mw) ) 


= Wo — wW —_ p(w- w) 
=R( 5 ) + ROn(1 e )) 


II 


(6.3.11) 
= ("> “) -R (Eiee), 
Combining (6.3.9) and (6.3.11) gives 
In( 2sinh (=) ) +In( 2sinh(—*) ) (6.3.12) 
= R(wy) — a(S; (e nlp tr+i(0+o)] 4 -nlr—p +ilg °) 
=r— J = {eme Dcos n(O+ p) + et cosn(—0+ p)} 


n=l 


=r-2 3 z e ™{cosh(np)cos(n0)cos(no) + sinh(np)sin(n@)sin(nd)}, for p <r. 


n=l 


The first series expansion (6.3.3) follows from (6.3.7) and (6.3.12). 
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On the other hand, when p > r we replace (6.3.11) by 


n(|2 sinh (= 5 =) ) = x(= = ) -R (5:2 erste) , (6.3.13) 


n=1 


and the proof for the second series expansion (6.3.4) is similar. This completes the 
proof of Theorem 6.3.1. a 


In elliptic coordinates, let z = P(p,0) € 9 and the source nodes zo = Q(R, ¢) 
with R > Pmax = max p|r. We have from (6.3.3) 


Injz — z| = n|PQ| = R+ n(5) (6.3.14) 


—2 ye R f cosh(np)cos(n0)cos(n) + sinh(np)sin(nO)sin(nd)}, p<R. 


ma 


The particular solutions (PS) in elliptic coordinates are given from [180], 


u(p, 0) = a+ 5 e "Sa, cosh(kp)cos(k0) + p, sinh(kp)sin(k0)} := Pa + Rn, 
k=1 


where the PS of degree n and their residuals are given by 


P, = P,(p,0) = &o + 5 e "Ly, cosh(kp)cos(k0) + B, sinh(kp)sin(k0)}, (6.3.15) 
k=1 
Rn = R,(p,0) = 5 e "Ly, cosh(kp)cos(k0) + B, sinh(kp)sin(k0)}, (6.3.16) 
k=n+1 
where &, and f, in (6.3.15) and (6.3.16) are the exact coefficients. From [169], if the 
exact solution u € H’(S), then there exist the bounds, 


1 
IE Olas = O(—lulas)s a<r (6.3.17) 
1 
|Rn(P; Ollas = O = <x llull,, s , q+ D <p, (6.3.18) 
a 49-3 2 


where ||- ||,95 and ||- ||,,5 are the Sobolev norms. 


Based on (6.3.14), we obtain the following lemma from the orthogonality of 
trigonometric functions. 


Lemma 6.3.1. There exist the equalities, 


[ mPa = 2n(n+m(2)), aa) 
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20 — on x 
f ln|PQ| cos(mp) dd = — — e ™* cosh(mp)cos(m0), (6.3.20) 
0 m 
2n _—— on 
f In|PQ| sin(mo)d = —— e™? sinh(mp)sin( m0). (6.3.21) 
0 m 
For P„(p,0), we may find an approximate solution ui, € Vy. Below, we provide 


the explicit coefficients c} in (6.2.4). By the trapezoidal rule, we obtain from Basic 
Lemma A in Part I 


2n N 
j In[PQ| cos(mo)do ~ hX In| PQ|| cos(me,) 
j=1 


0 j 


7 (6.3.22) 
= ne ®;(p, 0) cos(mjh), m=O0,1,..., 
j=l 
where ġ; = jh, h = 22, and ®,(p, 0) are given in (6.2.3). Similarly, 
j N j 

2m N 

f In|[PQ| sin(mp)dd ~ hX ®;(p, 0)sin(mjh), m= 1, 2,.... (6.3.23) 
0 j=l 


From Lemma 6.3.1, (6.3.22) and (6.3.23), we find the approximation between FS 
and PS, 


N 
P,(p,6) = XO ch®;(p, 0) = uly = Zy(Prj p, 4), (6.3.24) 


j=l 
where the coefficients 


n 


Cc: = {at = m(Amcos(mjh) F Pmsin(mjh)) | s (6.3.25) 


m=1 


Note that the factor as R + In($) appears in the denominator in (6.3.25), which must 
be nonzero. Denote by az and br two semi-axes of ellipse g with p = R. From [180] 
we assume 


R+In(5) = n( x) #0, (6.3.26) 


to give agr + br # 2. We write this result as a lemma. 


Lemma 6.3.2. Suppose the exterior ellipse of source nodes satisfies ar + br #2 
(Otherwise when ar+br=2, the degenerate scales are called). For P,(p,0) in 
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(6.3.15), there always exists a special FS, denoted by wy = Zn(Pn3p,0)(EVwn) in 
(6.3.24) with the coefficients (6.3.25), such that the approximation (6.3.24) holds. 


6.3.2 Error Bounds 


For (P, — uy), first we evaluate the errors resulting from the approximation 
(6.3.22), 


N 


e™® cosh(mp)cos(m0) ~ 5 4im®;(p, 0), m=1,2,..., 
j=l 
where the coefficients &jm = — $m cos(mjh) are given from (6.3.25). Denote the 
errors 
E,,(p, 0) = e”? cosh(mp)cos(m0) — 2 jm Dj : (6.3.27) 


We expand (6.3.27) as the Fourier series, 


Em(p,0) = Te + S {aem cos(£0) + bem sin(£0)}, (6.3.28) 
l=1 


where 


1 20 
Am = a E(p, 0) cos(€0)d0, €=0,1,..., 
0 


20 
on =1/ Em(p,0) sin(€0)d0, €=1,2,.... 
T JO 


Lemma 6.3.3. For the Fourier coefficients in (6.3.28), there exist the explicit Fourier 
coefficients: 


_ f te cosh(ép), ifl=+m+uN, p=1,2,..., 
alm = . 
0, otherwise, 


(6.3.29) 
bem =0, Yl, m. (6.3.30) 
Proof. We have from (6.3.27) and (6.3.28) 
Em(p, 0) = e"? cosh(mp)cos(m0) — {3 mPa csi) } 


= + Yen cos(€0) + bem sin(£0)}, 
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where 


2n 
llm = L {e7 ™E cosh(mp)cos(m0)}cos(20) d0 
0 


J (6.3.31) 
+ af [$ mPa beostnsicosteojan := Bı — Bo. 
0 (a 


In fact, since Bə is an approximation of Bı by the trapezoidal rule, we have from 
Lemma 6.3.1 


27 27 
Bı = -f uzp] In|PQ| cox(ms). beos (£0) a0 


27 27 
=-55 i T In| PQ] cos(0) a0} os( map 


= Pai cosh(tp) | cos(eg)eos(mg) dd, 


T 


Based on Basic Lemmas A and B in Part I, we obtain from (6.3.31) 


Alm = E e * cosh(£p) x An(cos(lo) cos(me)) 


= ae e~" cosh(lp) x T {aw(cos(l-+ m)o) + Ay(cos( — m)¢)} 


=F e™ cosh(tp), €=+m+uN, w=1, 2,..., 


where 


Otherwise a, = 0. This is the desired result (6.3.29). Similarly, the equation 
(6.3.30) follows from (I.2) in Part I. This completes the proof of Lemma 6.3.3. I 


When m = 0, we estimate the errors from (6.3.19) 


1 hon a N 
E 0) = 1 — — In|PQ|d@ = 1 — m®;(p,0), 
o(p, ) saa. n| Q| o 25 (p ) 


where dm = 


Nene We have from (6.3.14) 
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2n 27 
Eolo, 0) = 5 nt ne J eraus 


= ~ aN e NR cosh(uNp) x cos(uN6), 


R+ Te =l 
to give 
Qn 1 ef a 2 
EX(p,0)d0 =n (aka) (= ae cosh(s.¥) ) 
I R+In(s) 2 uN (6.3.32) 
1 —2NR 2 1 —2N(R- 
sU” (cosh(Np)) = 2° (R=), 
where we have used the condition (6.3.26). 
Next, we evaluate the errors resulting from the approximation (6.3.23), 
e ™® sinh(mp)sin(mO) ~ YP m= 1, 2,..., 
where the coefficients fim = — #sin(mjh) are also given from (6.3.25). Denote the 
errors 
E* (p,0) = e-™ sinh(mp)sin(m®) — -Yeno p, 0). (6.3.33) 
We also expand (6.3.33) as the Fourier series, 
E* (p,0) = im m Slain cos(t0) + bi, sin(£0)}, (6.3.34) 


1 2n 
Om = al E; (p, 0)cos(£0) d0, €=0,1,..., 


* 
b; m 


20 
= F E; (p, @)sin(@0) d0, £= 1, 2,.... 
T Jo 


Similarly, we have the following lemma. 
Lemma 6.3.4. For the Fourier coefficients in (6.3.34), there exist the explicit Fourier 
coefficients: 


p S ee ifl =+m+uN, u= 1, 2,..., 


0, otherwise, 
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Denote the ellipse T, = {(r,0)|r = p,0O<0<2z}, Tmin < p< Tmax on T, where 
(r, 0) are elliptic coordinates. We have the following theorem. 


Theorem 6.3.2. Suppose that u€H?(S) (p> 1) and the condition (6.3.26) hold. 
There exists the bound, 


| Palp, 0) — Zn (Pas p, Ollo, < Ce (P "max) (N-21) ormas min) Pale, Ollar, (6.3.35) 


where C is a constant independent of n and N. 


Proof. Based on Lemma 6.3.3 and [180], we have 


2n 
|Em(p; lo. =| E? (p,0) o\/sinh’?p + sin?0 d0 (6.3.36) 
Te o 


< of "Ee, 0)d0 < oy i = O 5 {F e cosh(tp)}. 
0 (= 2 


=+m+uN 


Since n(> m) and N (> 2n) are large, we have from R > p and (6.3.36) 


eo Re 2 gone 2 
[Enter < Cm E (Faw) D (3 cosl) ) | 


lL=-m+ uN f=m+ uN 


Cm? E h((N — ' 
<< 
rèl N cosh(( m)p)} F 


to give 


e7 R(N—m) 
|Em(o, Olor, < Cm =——— cosh((N — m)p) 


< CeT EN =m) cosh((N — m)p) < Ce -AN -m) | 


(6.3.37) 


Note that from (6.3.32), the bound (6.3.37) is also valid for m = 0 under the con- 
dition (6.3.26). 


Similarly, from (6.3.33) and Lemma 6.3.4, we have 
e- R(N-m) 

N-m 
< Oe PN =m) sinh((N = m) p) < CeO. 


|En llor, < Cm 


m 


sinh((N — m)p) (6.3.38) 


Hence for Ø € [Tmin, Tmax], we have from the Schwarz inequality 
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|Pn(p, 0) — Zy(Pn; P, lor, 


2 


ay Eg (p, 0) + So (im Em (0 0) + PmEmCP, 0)) 


m=1 


OF, 


5 Em(p,0) 
< Eo( me á sh mh EFAA 
S ||X0 20 (p,0 y+ Si x COs. (mp)) e~™R cosh( mp) a 
2 
n 7 p E* (p,0) (6.3.39) 
F N Mne mE sin(mp)) — p 
= e~™% sinh(mp) a 
n, f En(0,%)llor, \? 
2 e7 2mk 2 TSP 0T, 
<ha + 2a a, cosh (m a 2 [i ms 
n 2, (IERO Olor, | 
2 —2mR a 2 ~ DEON A Ep, 
From (6.3.37) we have 
5 l eee lo, Ty ts a> a —(R-p)(N- a). 
m=0 es cosh( (mp) m=0 (6.3.40) 


< o(en e- (R-p)N- d 


When both n and (N — n) are large, we have 


el De (R=p)(N=n) _ z (R-p)\(N—2n) erp P) <e (R-růmax)(N—2n) e” (Tmax =T min) (6.3.41) 


Combining (6.3.40) and (6.3.41) gives 


m=0 


2 
g Em(p, 0 2 
X l (p llor, < cf e7 (R=? max) (N-2n) arene) | : (6.3.42) 
e~™® cosh( mp) 


Similarly, we have from (6.3.38) 


2 
n f ERC, Olor 2 
y dp < cf —(R-růmax)(N—2n) nena) i 6.3.43 
i e™R sinh(mp)| 7 e e ( ) 


m=1 
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On the other hand, there exists the bound, 


ai + 5 ely? cosh? (mp) + p2, sinh?(mp)} 


m=1 
< of Ra, 0)d0 < o [7 { P. Doy/sinh?p + sno ao oan 
= C||Pallor; < CIlPa(P, O)llo,r- 
Combining (6.3.39)-(6.3.44) gives 
||Pn(p,0) —En(Pnip, Olor, 


z IEC, 9) | n [EnC O)| 

To e me 

£q e cosh(mp) £x e™” sinh(mp) 

x fai + 5 e 2m fy? cosh? (mp) + By, snatinp} (6.3.45) 
m=1 


2 
< cf g7 (R= ma) (N-20) gM(tnax—Pnin) || Dp, lox, } 


2 
Pr(p,8)llor} - 


< cf e7 (E Tmax)(N—=21) 6n(rmax—Tmin) 


In the last bound in (6.3.45), we have used the continuity extension in Remark 2.3.1 of 
Chapter 2. From the smooth boundary T, under the assumption u € H?(S') (p> 1), 


the solution in S can be extended continuously to the elliptic boundary I ,,,,.. We then 
have ||P,,(p, Olor, <Cl|Pr(p, Mllor, < CllPn(e, O)llor- This completes the proof 
of Theorem 6.3.2. E 


Theorem 6.3.3. Suppose that u € H”(S) (p> 1) and the condition (6.3.26) hold. 
When the large N (> 2n) satisfies (6.3.51) below, the solution uy from the MFS 
using an elliptic pseudo-boundary has the polynomial convergence rate, 


1 
lu- uxlar = Olus}; (6.3.46) 


Proof. The errors for the solutions uy from (6.2.6) are given by 
lu- uxllor = inf lle llor < llu- wll (6.3.47) 
where wy (= En(Pn; p, 0)) is given in (6.3.24). We have from (6.3.47) and (6.3.18) 
lu = uvllor < llu = villor < Pn = Uwllor + llEnllo,r 


. 1 (6.3.48) 
< CPs = wile, + O(s}; 


nP-3 
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where p = Tmax. Based on (6.3.48), the desired (6.3.46) follows provided that 


Pe 1 
Pa — willor, = Pa = E(P o Olor, = O(s] (6349) 


1 
nP-s 


From Theorem 6.3.2 and (6.3.49), to satisfy (6.3.49), we may choose large N 
such that 


e7 Rotimax)(N=2n) on(Tmax—Tmin) < n7 (?-2), (6.3.50) 
to give 
(Tmax a Fan) + (p E 5)Inn 
N>2n4 a (6.3.51) 
R — Tmax 
This completes the proof of Theorem 6.3.3. E 


Remark 6.3.1. Based on Addition Theorem 6.3.1, the MFS can be developed for 
Laplace’s equation in unbounded and annular domains [151], where the source nodes 
can be located on ellipses. The polynomial rates are also obtained by the error analysis 
in this section. For the ellipse Lr with p = R, denote two semi-azes as ag = o cosh R 
and brg = o sinh R; we have e = antie Similarly, for the ellipse Lmax with p = Tmax, 
denote two semi-axes as Qnax = 0 COSh(rmax) aNd bmax = o sinh(fmax), and for Lmin 
with p= Tmin; AS Amin = OCOSh(Tmin) and bmin = a sinh(rmin). Then the bounds 


(6.3.35) are rewritten as 
I|Pn(p, 0) — Zn(Pn: p, lor, 


Qmax T bmax a Qmax T Diss a (6.3.52) 
softia) fS Co, lor 


aR T br Amin T bmin 


The bounds (6.8.52) are analogous to those for the circular pseudo-boundary in 
Chapter 2 provided that the equivalent circles are formulated, where the radii are the 
mean of two-azes of ellipses. Note that the relax assumption u € H?(S) (p> 1) in 
Theorem 6.3.3 is for strongly singular solutions. The relax assumption is applied in 
Chapter 16, where the strong singularity is caused by the source functions with the 
source nodes located near boundary I. 


6.4 Stability Analysis 


Consider the Dirichlet problem (6.2.2). We first explore the stability analysis for 
elliptic domains in detail. Then the stability analysis for non-elliptic domains is 
briefly provided. Denote an elliptic solution domain by So = {(r,0)|O<r<p, 
0<0<2z} with the elliptic boundary T (= 059). Choose the source and the collo- 
cation nodes uniformly via angle 0 as 


Qi = {(2, y)|£ = ocoshR cos(ih), y = osinhR sin(ih)}, (6.4.1) 
P; = {(z, y)|t& = ocoshp cos(jh), y = osinhp sin(jh)}, (6.4.2) 
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where p< R and h = #. The collocation equations (6.2.5) lead to 
N 
VAY GO(Pi) = VAh f(Po), Pe€T, £=1, 2,...,N, (6.4.3) 
j=l 


where T = {(r,0)|r = p,0 <0 < 2r}, Pe = (p, 0¢), and cj are unknown coefficients. 
The fundamental solutions ®;(P¢) are given in (6.2.3). For the ellipse T, there exists 
the equivalence for weights, Ahe x h, where the notation a = b (or ax O(b)) with 
b > 0 means that there exist two constants co (> 0) and C such that cob < a< Cb. 
For stability, we may discuss the following simpler equations, equivalently 


vy cj = vh f(Pi), Pe€T, €=1,2,...,N. (6.4.4) 


Denote (6.4.4) by 
Dx =b, (6.4.5) 


where D € RN x = (c1, ©, ..., cy)” and b = VA(f(P1), f(Po),...,f(Pw))’ € RY. 
Note that the entries Dj; are various for i, so that the matrix D in (6.4.5) is 
not circulant as in Davis [71]. Stability analysis can’t succeed as in Chapters 2 
and 3. We have to solicit new proof approaches (called the matrix splitting 
techniques in this chapter). Similarly to error analysis, we will link the matrix D 
to the discrete matrix of the MPS, and use the relations (6.3.24) and (6.3.25) 
between FS and PS. 


Let N = 2n+1, and consider the particular solutions (6.3.15) of order n. The 
simple collocation equations of the MPS on nodes (6.4.2) are given in 


VhP»(p, 0) = Vitus a e *® (a, cosh(kp)cos(k0¢) + By, sni(insint)} 


= vh f(P), €=1,2,...,.N, P ET. 
(6.4.6) 


Denote (6.4.6) as 
Gy =b, (6.4.7) 


where GERY, y= (%0,0%1,...,än, Bi:- Ba)” and b=WVA(f(P1), f(P2),..5 
f(Pu))". From (6.4.5) and (6.4.7), we have 
Dx = Gy. (6.4.8) 
The coefficient relations between x and y are found from (6.3.25) by 
x=Ey, y=E'x, (6.4.9) 


where the nonsingular matrix E € RY*". From (6.4.8) and (6.4.9), we have 
Dx = GE'x, and give the matrix identity, 


D=GE". (6.4.10) 
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The maximal singular value dyax(D) = O(/N ) can be easily obtained, and it shall 
be given later. The main work is to derive the lower bound of oyj,(D). 


Lemma 6.4.1. For the nonsingular matrices G € RY*™ and E € RY*™, there exists 
the lower bound, 


Omin(G) 
min (D) > ———. 6.4.11 
Sa (i) oe 
Proof. From (6.4.10), we have D™! = EG“ and give 
ID= < NEIG]. (6.4.12) 
Since ||D~'|| = ZD and ||E|| = omax(E), the equation (6.4.12) leads to 
1 Omax(E) 
< : 6.4.13 
Omin(D) z Omin(G) ( ) 
This gives the desired result (6.4.11). E 
Lemma 6.4.2. For the MPS, there exists the bound, 
Gmin (G) > qe"? > ger), (6.4.14) 


where co (> 0) is a constant independent of N (= 2n + 1). 
Proof. We have from (6.4.6) 


Fn 
y"G"cy = | P*(p,0)d0, 
0 


where f is the quadrature approximation by the trapezoidal rule. Based on Basic 
Lemma B in Part I, there exist no errors for N = 2n+1. Then we have from (6.3.15) 
and the orthogonality of trigonometric functions 


Pon 2n 
y'G’Gy = Í P?(p,0)d0 =| P?(p,0)d0 (6.4.15) 
0 0 
2 
= ‘a Say Di ERT o cosh(kp)cos(k0) + B, snips) d d0 
0 


= 2no +n 9 e RS a? cosh?(kp) + Bi, sinh?(kp)} 


> ce ?® sinh? (np) x xfa + 2 (a? + B?) | > ope 22-9) x yTy, 
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by noting 0<p<R. Then we have 


1 
TGTG 3 
Omin(G) = min? Se} > ce n( R-p) > ce N(R p) 
y y 


where we have used n = 4>. This is the desired result (6.4.14). a 


From (6.3.25), denote matrix E € RY*™ in (6.4.9) by 


R+ nes cosp; +++ neosnd, sing, > nsinnd, 
E=-1 R+In(o/2) cosh, ncosnd, sindy = nsinnds 
l Bt = (6.4.16) 
R+ nes cosy > necosndy sindy > nsinndy 
1 —1 
= —— F*di (se b Do polls: 2s j 
N PSI R+ m(0/2) á n 
where matrix E* € RY*™ as 
1 cos¢?, + cosnd, sind, +- sinnd, 
, 1 cosa ++: cosndy singa + sinndy 
oad | g 3 ; real (6.4.17) 
1 coshby = cosndy sindy = sinndy 


where N = 2n+1,h=* and pj = jh. 

Lemma 6.4.3. For the matrix E* in (6.4.17), there exists the bound Omax(E*) < VN. 
Proof. Denote the function Q,,(@) = «o + X} ;—1{%} coskp + p; sink}, where «x and 
Py are coefficients. We have from Basic Lemma B 


PE 1721 B N 2n 
EEY; oi Coa 


= =f “foo San cos(ko) + b, sag) } do (6.4.18) 
k=1 


27 
= nfa- Dase) < Nyy, 
which implies 
1 
Omax(E*) = ne Pst <VN. 


E 

For the ellipse I with r = p, two semi-axes are a = ocoshp and b = ø sinhp. For a 

larger ellipse I g with r = R > p, two semi-axes are ag = o cosh R and br = c sinh R. 
We have the following theorem. 
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Theorem 6.4.1. For the elliptic domain So = {(r, 0)|0< r<p,0<0<2z}, choose the 
source nodes (R,0;) on the ellipse Vp as in (6.4.1). When R+In$#0 (i.e., 
art br # 2), there exists the bound of the condition number, 


N N 

1 R\? 1 aj 7 

Cond < C max, —, N > x E = 0 max —,NS x art br 
R+Ing eP In 2+ R atb 


(6.4.19) 


where R> p in elliptic coordinates. 


Proof. We have from (6.4.16) and Lemma 6.4.3 


1 1 
max E £ 5 N< C = ,N s 6.4.20 
Omax(E) 1 n) x vV reda | ( ) 


Also from Lemmas 6.4.1 and 6.4.2 and (6.4.20), 


Omin(D) = oa > eE?) x VN max{ R+ (S ), xt (6.4.21) 


Omax 
Next, we show 


Smax(D) = 4/ Amax(DTD) < CVN. (6.4.22) 


For R > p, the FS as ®;(p,, 0¢) in (6.2.3) are all bounded as O(1). Then entries of the 
matrix D in (6.4.5) have Dy = o(+). All entries of the matrix DTD have the bound 


O(1), and the maximal eigenvalue Amax(D'D) < CN, to give the desired (6.4.22). 
Combining (6.4.21) and (6.4.22), we obtain the bound of the condition number 


Omin( D) © SaR 7 R+In 5 i 


RN? LpA? 
= C max Ta = C max N x ant bp ; 
IE eP In 2448 a+b 


where we have used the equalities: R+In($) = In“*+ and e? = 2"+". This is the 
desired bound (6.4.19), and completes the proof of Theorem 6.4.1. E 


Cond(D) = an de au ee : G 7 x ex(R-P) (6.4.23) 


The above stability analysis is made for the elliptic domain So. For the 
non-elliptic domains S, we may follow [163, 222] to obtain the bounds of Cond. 
Suppose that there exists a positive constant (> 1) independent of N such that 


luli r < CN*|lullor, ve Vw, (6.4.24) 
where Vy is the set of (6.2.4), and C is a constant independent of N. Let 


Tmin = min p|g, and the ellipse &nin with p = fmin. Denote its semi-axes as amin and 
bmin- Then we can prove the following theorem; details are omitted. 
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Theorem 6.4.2. Let the condition (6.4.24) be given, and the conditions in Theorem 
6.4.1 hold. For the non-elliptic domains S, choose the source nodes (R,0;) on ellipse 
Tp with R> Pax as in (6.4.1). Then there exists the bound, 


u 1 ef 3 
Cond(F) < CN? max, ———, N > x | —— 
R + In$ emin 


N 

u 1 +b 2 

= CN? ns ae | x E) ; 
In a al Qmin T Omin 


Finally, let us compare the Cond above with that for the circular pseudo- 
boundaries. To avoid confusion, denote the polar coordinates by (r°,0°) with the 
superscript “o” at the top in this section. Let us review the results of Li et al. 
[163]. When the source nodes are located uniformly on an exterior circle at radii 


po 


R (> Tax = Max r°|r), for the mixed type of Dirichlet and Neumann conditions on 


= x 
Cond° = o(m( ) ) (6.4.25) 
where 7° 


T in [163], we have 

Sin = min r°|p. For simplicity, consider the elliptic domain S only, where the 
ellipse I has semi-axes a and b. First, choose the elliptic pseudo-boundary ég with 
two semi-axes ar and bp satisfying ag + br 4 2, to obtain from Theorem 6.4.1 


Cond o(v(“+#) ). 
a+b 


. . . . . mO 
For comparison we also choose the circular pseudo-boundaries with radius R = ap. 


From (6.4.25) we obtain 
o 2 aR 7 
Cond’ = o(w (5) i 


where b = T? im- Since b< a and bgr< ar, we have 


ar+br artar aR 
Z _ 


a+b b+ b b’ 


which means Cond < Cond’. When the ellipse F is long and narrow, we have b < a 
and so br < ar. Then we conclude 
ar+br _ ar 


a+b Ep 


which implies Cond « Cond°. The above conclusions also hold for the long 
strip-shaped domains. We state this result as a corollary. 
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Corollary 6.4.1. For the long strip-shaped domains, using elliptic pseudo-boundaries 
in the MFS is remarkably advantageous in stability, compared with using circular 
pseudo-boundaries. 


Remark 6.4.1. For Lemmas 6.4.2 and 6.4.3, we may prove them by using the discrete 
Fourier series in [179]. When the partition of source nodes is quasi-uniform on the 
angle variables, Lemmas 6.4.2 and 6.4.3 are also valid because similar proofs hold if 
the equalities in (6.4.15) and (6.4.18) are modified as 


~ 


2m 2m 
y"G"Gy= | Pioa f P2(p,0)d0, 
0 0 
i 1 727 5 N 2m 7 
yE) Ey=7] Qde] QRo)dd. 
0 T JO 


Remark 6.4.2. Note that for the stability analysis of the MFS in Chapters 2 and 3, 
the circulant matrices in [71] are always employed. In this section, the discrete matrix 
may be split into two sub-matrices as D = GE™! in (6.4.10) of Lemma 6.4.1, and 
then the estimates of Cond can be derived. Such treatment is called the matrix 
splitting technique. Similarly to error analysis, we first find the bounds of Cond for 
the MPS and then derive those for the MFS via their matrix relation. Moreover, by 
using the matrix splitting technique, it is easy to show that from Ahe = h, the discrete 
matrices from (6.4.8) and (6.4.4) have the same exponential growth rates in (6.4.19). 
Since stability analysis is a critical issue, the new proof techniques are significant and 
important to the MFS. The matrix splitting technique will be applied in Part III. 


6.5 Selection of Pseudo-Boundaries 


First, we provide several criteria for evaluating the numerical methods (or numerical 
techniques): (1) accuracy, (2) stability, (3) bypassing the degenerate scales and the 
spurious eigenvalues, (4) wide applications, (5) complexity and CPU time, and 
(6) simple algorithms and easy programming. Accuracy, stability, and theoretical 
analysis are the most important criteria. However, high accuracy and good stability 
can’t succeed for one method simultaneously, except in some special cases. The finite 
element method (FEM) owns low accuracy and good stability, but the spectral method 
(SM) owns high accuracy and severe instability. The null field method (NFM) and the 
interior field method (IFM) were proposed in [154, 180] for the circular/elliptic do- 
mains with circular/elliptic holes. High-order polynomial convergence rates are 
obtained, while excellent stability can also be achieved as Cond = O(N), where N is 
the number of PS used. This is a special case because the solution domains are confined 
to be circular/elliptic only. The MFS and the MPS are like the SM. 


Now, we discuss better locations of the source nodes for the MFS. The most 
important and popular location is on the circles outside S in 2D. From Chapters 2 
and 3, the bounds of both errors and Cond can be derived for the bounded 
simply-connected domains. The optimal polynomial convergence rates are obtained. 
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Furthermore, exponential convergence rates can be achieved, if the solution is highly 
smooth. However, the Cond always grows exponentially via the number N of FS 
used. Hence, the ill-conditioning of discrete matrices from the MFS is very severe in 
numerical computation. If the unlimited working digits are used, no effects are 
caused by this ill-conditioning, and the circular pseudo-boundaries are the simplest 
and most efficient. See Tsai and Lin [225]. The circular pseudo-boundaries are 
optimal for the solution domains near disks for both accuracy and stability in real 
application. For arbitrary domains, the far source nodes will cause huge condition 
numbers, which is troublesome in real application. See Li [150]. The numerical errors 
of the solutions are reported in Katsurada and Okamoto [123]; the computation was 
terminated by huge Cond. The high accuracy and the worse instability really 
co-existed; it is called the trade-off principle in Wendland [243, p.208]. This is an 
intrinsic characteristic of highly accurate numerical algorithms, such as the SM, the 
MPS, and the MFS. For both analysis and computation, we conclude that the key 
issue for better pseudo-boundaries is stability, not accuracy. 


Take the third criterion (3) for example. The degenerate scales may be easily 
bypassed if using circular/elliptic pseudo-boundaries; otherwise, they may occur. We 
give a remark. 


Remark 6.5.1. For the Dirichlet problem of Laplace’s equation in 2D, there always 
exist unique solutions. For the boundary element method (BEM), however, there may 
exist multiple solutions at the logarithmic capacity Cy =1, called the degenerate 
scales. For the Helmholtz equation, the MFS also suffers from spurious eigenvalues; see 
Chapters 7-9. For circular and elliptic pseudo-boundaries, the degenerate scales are 
known as R° = 1 and apt be = 2, respectively. For a general pseudo-boundary Tp, 
the degenerate scales are unknown. When the pseudo-boundaries are neither circular 
nor elliptic, Ip must be chosen very carefully, so that the degenerate sales can be 
bypassed. 


One key concern is whether or not the severe instability will affect the accuracy. 
If yes, better locations of the pseudo-boundaries should be sought to reduce the 
severe instability significantly. In summary, we suggest the following strategies to 
choose the pseudo-boundaries. 


I. Circular pseudo-boundaries should be considered first. If the solution domains 
are not far different from disks, the circular pseudo-boundaries are the best to 
use. For the circular pseudo-boundaries, the MFS ranks highly in all criteria 
except stability. 

II. The elliptic pseudo-boundaries in this chapter are strongly recommended when 
the solution domain is long strip-shaped. See the numerical examples in the next 
section and [74]. 

III. For the singular solutions and more complicated solution domains, such 
as star-like and amoeba-like domains, neither circular nor elliptic pseudo- 
boundaries are effective. The source nodes may be located on a smooth closed 
contour I'p outside S with nearly a constant distance/ratio as shown in Chen 
et al. [38, 139]. Further study for selecting better source nodes is developed in 
Part III. 
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6.6 Numerical Experiments 


Consider Motz’s problem in Section 1.3, and choose 


L N 
aya 1 
ULN = X Djri*? cos( j+ 5)0+ y Cj In(r;), (6.6.1) 
j=l 


j=0 


where Dj and cj are unknown coefficients, and 


rj = |PQ\= (RP +e — 2Rp cos(0 — ġ;), R>p, 


where P = pé’ and Q; = Re*:. Let M denote the number of the collocation nodes 
p j 


along AB. Then the total number of the collocation nodes on 0S in Figure 1.2 is 
m =6M. The number of the unknown coefficients in (6.6.1) is (L+N +1). In 
computation we choose m = 6M > L+ N +1 = n. Define the boundary errors 


1 

a = ai 

lels = etu f (5) | 
IBUDO BCuCDu 0A \OV 


where e€ = u — uz, y and the weight w = L, In this section, we choose three kinds of 


1 


pseudo-boundaries: circular, elliptic, and rectangular. Choose (0,4 


and Tmax = 5, For circular pseudo-boundaries, the numerical results are provided in 


Tables 1.1-1.4 of Chapter 1. In this section, choose an outside ellipse e1 defined by 
(see Figure 6.2), 


) as the origin, 


aa 
ah bi, 


=1, (6.6.2) 


where two semi-axes are ag = 2 and bg = 1.5. Moreover, choose a larger rectangle 
Lrect given by (Figure 6.3) 


bea = {(2, y)| — (1+) <a<1+b,-b< y<1+ Dd}, (6.6.3) 


with b = 0.5. The source nodes are located uniformly on len (or on four edges of 
Lect). Note that for la, we choose 4 + br = R= y3 for comparisons with Figure 6.2 
in accuracy (see Remark 6.3.1). For Lect, choose the equal distance to T (as b = 0.5), 
which may illustrate some choices of the source nodes in Part III. The computed 


results are listed in Tables 6.1 and 6.2. 


For Motz’s problem, when the leading singular solutions in (6.6.1) with the exact 
coefficients D; are removed, the rest solution u~ = o(r1+3) has u- € H’+?-°(38) 
with0<ô < 1 from Li et al. [171]. The adding singular solutions as in (6.6.1) will 


play a key role in high accuracy [169]. Based on Theorem 6.3.3, we obtain the 
theoretical estimates at p = L+ 3, 
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N 


Len 


(0,4) 


—1 


Fic. 6.2 — An outside elliptic pseudo-boundary 4a with ag = 2 and bg = 1.5. 


Lrect 


Fic. 6.3 — An outside rectangular pseudo-boundary hect of S. 


1 _ 1 
lde = O(a ls) =O( grees) b=34 66A 
From Table 6.1, we have 
1 
lellig = of sa) = 0((0.79)"), Cond = O(1.62%). (6.6.5) 
The numerical errors (6.6.5) have higher convergence rates than (6.6.4), and the 


elliptic pseudo-boundaries offer better stability and accuracy. 


Let us compare the numerical results between the elliptic and the rectangular 
pseudo-boundaries. For N = 84,M=60 and L=4, we cite some data from 
Tables 6.1 and 6.2, 
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TAB. 6.1 — The errors and the condition numbers for Motz’s problem by the MFS with (6.6.1) 
at L= 4 for the elliptic pseudo-boundary fen with ag = 2 and be = 1.5. 


N 28 56 70 84 112 

M 20 40 50 60 80 
llell 2 0.158(—2) 0.981(-6) 0.793(-7) 0.201(-7) 0.453(-8 
2D 0.837(-4) 0.109(-6) 0.149(-6) 0.399(-7) 0.146(-7 
ap 0.645(-2) 0.237(-4) 0.167(-4) 0.206(-5) 0.252(-6 
SD, 0.215 0.326(—2) 0.298(-2) 0.176(-2) 0.104(-2 
SDs 0.655(-1) 0.239(-1) 0.159(-1) 0.744(-2) 0.386(-2 
IIx] 0.113(4) 0.312(6) 0.250(8) 0.675(10) 0.116(16 
Cond 0.373(7) 0.709(13) 0.150(16) 0.268(19) 0.169(25 
Cond_eff 0.449(6) 0.227(10) 0.540(10) 0.328(11) 0.105(12 


TAB. 6.2 — The errors and the condition numbers for Motz’s problem by the MFS with (6.6.1) 
at L= 4 for the rectangular pseudo-boundary beet with b = 0.5. 


N 24 60 72 84 108 
M 20 40 50 60 80 
ellz 0.224(-2) 0.831(-7) 0.144(-7 0.621(-8) 0.158(-8) 
Dy 0.652(-4) 0.665(-7) 0.299(-7 0.169(-7) 0.647(-8) 
AD, 0.544(-2) 0.542(-6) 0.304(-6 0.411(-6) 0.373(-6) 
De 0.306 0.214(-2) 0.143(-2 0.107(-2) 0.659(-3) 
AD 0.444 0.402(-2) 0.336(—2 0.235(-2) 0.111(-2) 
IIx] 413.5 497.9 1081 8938 0.145(7) 
Cond 0.189(5) 0.422(10) 0.351(12 0.239(14) 0.227(17) 
Cond_eff 0.695(4) 0.869(8) 0.306(11 0.235(12) 0.123(13) 


lelg = 0.201(—7), Cond = 0.268(19), _ ||x|| = 0.675(10), 
lelg = 0.621(—8), Cond = 0.239(14), _ ||x|| = 8938. 


The rectangular pseudo-boundaries have a better numerical performance. The 
improvement in accuracy is insignificant, while the improvement in stability is 
remarkable. The signs of coefficients c; from the MFS change quickly (see Table 1.4 in 
Chapter 1). The amounts of ||x|| reflect one kind of stability from the subtraction 
cancelation. Note that ||x|| = 8938 from Figure 6.3 is remarkably smaller than 
||x|| = 0.675(10) from Figure 6.2. Hence, an outside pseudo-boundary I pg with nearly 
an equal distance toT (as in Chapter 16 and [38, 139]) may be significant to reduce the 
ill-conditioning. This conclusion supports the discussion on choosing the pseudo- 
boundaries in Section 6.5. 
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6.7 Concluding Remarks 


To close this chapter, let us address the novelties. 


1. 


This chapter is devoted to the MFS using non-circular pseudo-boundaries. For 
the elliptic pseudo-boundaries, the error bounds are given in Theorem 6.3.3 to 
provide the polynomial convergence rates, and the bounds of the Cond in 
Theorems 6.4.1 and 6.4.2 to display the exponential growth rates. 

Compared with the stability analysis in the previous chapters, the discrete matrix 
is not circulant [71], and new techniques of matrix splitting are solicited. Since 
stability analysis is a critical issue, the new proof techniques in this chapter are 
important to the MFS. See Remark 6.4.2. 

Based on the evaluation criteria for numerical techniques, the circular pseudo- 
boundaries should be first considered, and the elliptic pseudo-boundaries are 
strongly recommended for the long strip-shaped domains. The selection of better 
source nodes is the theme of Part III. 

Numerical experiments are reported for Motz’s problem in Section 6.6 and for the 
long-narrow elliptic domains in [74] to support the analysis made and the 
discussions in Section 6.6. More numerical examples are reported in Part III. 


Part II 


Helmholtz’s Equations and Other 
Equations 


Order and simplification are the first steps 
toward the mastery of a subject — 
the actual enemy is the unknown. 


Thomas Mann, 1875-1955. 


The theory of the method of fundamental solutions (MFS) has been established 
for Laplace’s equations in Part I. It is important to extend the theory to other classic 
equations and problems. This is the goal of Part II, which consists of seven chapters. 
The MFS for Helmholtz equations has variant characteristics: the source nodes may 
be (or may not be) located on the domain boundary T, unique or multiple solutions 
(also called the spurious eigenvalues), and removals of spurious eigenvalues. Simi- 
larly to Part I, the error and stability analysis is made and the locations of source 
nodes are studied. The results are fruitful and summarized in Chapters 7—9. In 
Chapter 7, Bessel functions are chosen as the fundamental solutions (FS), and it is 
unnecessary to confine the source nodes outside the solution domain S. When the 
source nodes are just located on the boundary T, the MFS leads to the boundary 
knot method (BKM) in [53, 100]. Both the MFS and the boundary element method 
(BEM) stem from FS, and they suffer from annoying spurious eigenvalues. The new 
modified MFS is proposed in Chapter 8 to eliminate all spurious eigenvalues of 
exterior problems by the traditional MFS. In Chapter 9, the complex FS is used for 
the bounded multiply-connected domains, and the new modified MFS in Chapter 8 
is employed for the interior source nodes. No spurious eigenvalues are confirmed and 
the stability analysis is made for the bounded multiply-connected domains. 
Chapters 7—9 provide a solid theoretical basis of the MFS for the Helmholtz equa- 
tions in the exterior problems and the interior problems with simply-connected and 
multiply-connected domains. The MFS for modified Helmholtz equations is reported 
in [222]. Unique solutions always exist and the numerical characteristics are simpler 
than those of Helmholtz equations. Hence the theoretical results in [222] are not 
included in this book. 


126 The Method of Fundamental Solutions: Theory and Applications 


In Chapters 10-13, we study the MFS for other classic equations and problems. 
Chapter 10 is for biharmonic equations and error bounds are derived. Bounds of 
condition numbers are derived to show a high consistency between the theoretical 
estimates and the numerical computations. Chapter 11 is for the 2D elastic prob- 
lems. The Cauchy—Navier equation of linear elastostatics is chosen, and the MFS 
and the hybrid Trefftz method (HTM) using FS are studied. Error analysis is made, 
and new addition theorems of FS in linear elastostatics are derived. Chapter 12 is for 
Cauchy problems of Laplace’s equation. The basic analysis of classic equations in 
Chapters 2-11 may be extended to other kinds of complicated equations and 
problems; Cauchy problems are regarded as an example discussed in this book. In 
Chapter 13, the MFS is used for 3D Laplace’s equation and basic error analysis is 
explored. The algorithms and analysis in Chapter 13 can also be extended to 3D 
Helmholtz equations. 


Circular pseudo-boundaries are chosen for 2D equations in Chapters 7-12 
and spherical pseudo-surfaces for 3D Laplace’s equation in Chapter 13. The 
pseudo-boundaries and the pseudo-surfaces near the domain boundaries with an equal 
distance/ratio may reduce the ill-conditioning significantly; they are necessary for 
complicated shapes of boundary F and singularity problems. For non-circular 
pseudo-boundaries and non-spherical pseudo-surfaces, numerical tests are also pro- 
vided in Chapters 8 and 13. Further analysis for Helmholtz and other equations may 
be developed by following the analysis in Chapters 14-16. However, once the singu- 
larity is removed, circular pseudo-boundaries and spherical pseudo-surfaces become 
optimal. See Chapters 1, 5 and 16. In summary, the strict analysis in Parts I and II has 
provided a solid theoretical basis for the MFS, to make it to become a competitive 
numerical method for partial differential equations (PDE). 


Chapter 7 


Helmholtz Equations 
in Simply-Connected Domains 


7.1 Introduction 


In this chapter, we use the method of fundamental solutions (MFS) to solve the 
Helmholtz equation Au + k?u = 0 for a bounded simply-connected domain S, where 
k? is not exactly equal to any eigenvalue 4 for the eigenvalue problem Au + Au = 0 in 
S with uly, = 0, but it may be close to A. We choose the Bessel functions as 
admissible functions, but focus on the error and stability analysis. In the MFS, the 
well-known rule is that the source nodes (R, #) are located outside S as R > fmax, 
where fmax is the maximal radius of S. This rule is no longer necessary to obey for 
the MFS using Bessel functions. This chapter will provide a strict theoretical 
analysis, thus enhancing the MFS. Numerical experiments are given in [177] to 
support the analysis and conclusions made. This is the first novelty in this chapter. 


The error analysis for the Helmholtz equation is more complicated than that for 
the modified Helmholtz equation in [222] since the Bessel functions J,(z) have 
infinite zeros. Consider the crucial and degenerate cases when J,(kR) +0 and 
J,(kp) + 0. There exist few reports for the analysis of such a degeneracy. The 
method of particular solutions (MPS) was discussed in Li et al. [149] and [169, 
p.283] for the degeneracy case k? — A, where 4 is an eigenvalue of Laplace’s 
operator and the bounds of errors are derived. In this chapter, the error bounds of 
the MFS for such a degeneracy are also explored for the bounded simply-connected 
domains. This is the second novelty of this chapter. 


There exist spurious eigenvalues for the MFS using the Bessel and the Neumann 
functions. The spurious eigenvalues are called in this book for the case that the 
solution of the Helmholtz equation can not be found even for k? 4 {Ap}, due to either 
the algorithm singularity or the divergence of numerical solutions. It is discovered 
that the MFS using Bessel and Neumann functions suffers from spurious eigenval- 
ues. However, the MFS using Hankel functions may bypass all spurious eigenvalues; 
see Section 9.2. There exist many reports for the Helmholtz equation by the MFS 
using Hankel functions (e.g., [25, 81, 194, 207, 226]), but only Barnett and Betcke 
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[20] involved some analysis, where the errors and condition numbers are provided for 
disk domains by using Katsurada’s approaches [120-123]. For the bounded simply- 
connected domains, only “a conjecture” is proposed in [20] that the behavior of 
accuracy and stability is analogous to that of disk domains. 


This chapter is organized as follows. In the next section, the algorithms of the 
MFS using Bessel functions are described. In Section 7.3, we explore the error and 
stability analysis for the MFS using the Bessel functions for the Dirichlet problem. In 
particular, the source nodes are not necessarily located outside the solution domains, 
and the degeneracy is also considered. In Section 7.4, we explore the stability 
analysis for the MFS using Bessel functions. In the last section, we apply the analysis 
to the boundary knot method (BKM), where the source nodes are located just 
on the physical boundary I. For disk domains, the super-exponential growth rates 
of condition number (Cond) are obtained. Balancing stability and accuracy is 
imperative for the BKM. The materials of this chapter are adapted from [177, 250]. 


7.2 Algorithms 


Consider the Helmholtz equation with the mixed type of Dirichlet and Neumann 
boundary conditions, 

Au+ku=0 in S, 
u=fonTp, 
Bul (7.2.1) 
Ov ~~ g N, 
where Sis a bounded simply-connected domain, I = (Ip UT y) the smooth boundary, 
and v the exterior normal of T y. Denote two nodes: x = Q = (zx, y) = (p, 0) and y = 


P = (é, n) = (r, p) in polar coordinates. Then z = p cos0, y = p sinb, p = y 2? + y?, 
č = r cos, and n = r sing. The fundamental solutions (FS) for the Helmholtz 


equation are given by the Hankel function H W (kr) of the first kind of zero order, 


r= |PQ| = ye +p?—2Rp cos(}0 — >), R>p. (7.2.2) 
The Hankel functions of the first kind of order n are defined by Watson [239], 
HP (2) = J (2) +iYn(2), (7.2.3) 


n 


where i = /—1, and J,(z) and Y,,(z) are the Bessel and the Neumann functions of 
order n, respectively, defined by 


B cas (=i) Z 2i+u 
A=) GF DTGFEFI) (5) (7.2.4) 


(7.2.5) 
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For (7.2.5), when p is an integer, the right-hand side is defined by its limit. In (7.2.4) 
T(z) is the Gamma function defined in [1, p.255], 


T(z) =| Pe. x>0. 
0 


For integer n>0, [(n+1) = n!. We also cite two useful formulas for Jo(z) from 
[1, 90, 239], 


T 1 T 
Jo(z) = =f cos(z sin0) dO = =f cos(z cos@) dé, (7.2.6) 
2 [0.6] 
Jo(z) = a sin(z cosht)dt, z> 0. (7.2.7) 


Since the boundary conditions in (7.2.1) are real, the solution is also real. We 
may choose the real Bessel functions as FS, 


®,(p, 0) = Jo(kr;) = Jo GG + p’ = 2Rp cos(0 = $D); (7.2.8) 
where $; = tj and Q ; = (R, ġ;) are the source nodes. We formulate a linear 
combination, 

N 
uv = $ G®;(p, 6), (7.2.9) 
j=l 


where c; are the real coefficients to be sought by the Trefftz method (TM) in [169]. In 
the traditional MFS, we have to choose the radius to satisfy (see Figure 7.1) 


R > Tmax; (7.2.10) 


where fmax = max r|ç. After the analysis given later, we discover that the above 
condition is not necessary for the MFS using Bessel functions. 


Denote by Vy the set of FS as (7.2.9). The TM reads: to seek uy € V y such that 


I(uy) = min (v), (7.2.11) 
where 
r= f w- (o-o, (7.2.12) 


where v, = 9 and w = 1/N in computation. When the integrals in (7.2.12) involve a 


numerical approximation, the TM reads: to seek uy € Vy such that 


~) 


(uy) = min T(v), (7.2.13) 


ve Vn 
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Fic. 7.1 — The source nodes Q; for MFS. 


where 
a G = = _ > 
I(v) = fo fy +w E v- 9), (7.2.14) 


and Se and Sry are the approximations of f r, and f r, by the trapezoidal rule (or 
the Gaussian rule), respectively. 
Since v (€ Vy) satisfies the Helmholtz equation already, we may establish the 


boundary collocation equations, directly from the Dirichlet and Neumann condi- 
tions in (7.2.1), 


N 
ae: 5D; (00, 0e) = fle, 9), (Po 9) € Vo, (7.2.15) 
j=l 
X ð 
5 Gay ®;(p,, 0o) = 9( Pe; Oe), (pe, 0o) € Ty, (7.2.16) 
j=l 
where 
®,(p, 0) = a Jolkri) = -kJ (krj) ZI ari (7.2.17) 


ðv ðv ðv’ 
where £ Jo(z) = —Jı(2) and rj are given in (7.2.8). Let Tp and Ty be divided into 


small I and T{, with the mesh spacing Ahe: Tp = U T6 and Ty = UTS. We 
may assign some weights on both sides in (7.2.15) ad (7.2.16) to give 


N 
V n? cj®;( Pe, 62) = V Alu JANE l= 1,2, 5M, (Pe, 00) € Ip, (7.2.18) 


=1 


Helmholtz Equations in Simply-Connected Domains 131 


wane ooo (Pe, Oe) = wy Ahe 9( pe, Oo), 


l= E ETA (Po, Qo) Ee Ty. 


(7.2.19) 


The total number of collocation equations is M = Mı + M2. The equations (7.2.18) 
and (7.2.19) are just equivalent | to (7.2. 13) and (7.2.14), where the trapezoidal 
(or the central) rule is chosen for T Tp and T ry: We may also assign other weights on 
both sides in (7.2.15) and (7.2.16) by the Gaussian rule [169]. For real solutions, we 
may also choose the MFS using the Neumann functions in (7.2.5), and the corre- 
sponding algorithms as well as a brief analysis are provided in [177]. Below, we only 
explore the analysis for the MFS using Bessel functions. 


7.3 Error Analysis for Bessel Functions 


The error analysis of the Helmholtz equation is more challenging than that for 
the modified Helmholtz equation in [222] since the Bessel functions J„(x) have 
infinite zeros. For an easy exploration of the analysis, in Section 7.3.2, we first 
discuss the simple case of small k (i.e., low frequency of long-wavelength) such 
that J,(kR) and J,,(kp) used are all positive. Then we discuss the bounded k in 
Section 7.3.3, and explore the crucial and degenerate cases when J,(kR) ~ 0 and 
Ja(kp) ~ 0. 


7.3.1 Preliminary Lemmas 


From Watson [239, p.361], there exists the addition theorem for R > p, 


1) (m/e — 2Rp cos(0 — ¢) )) = 5 HV (kR) Im(kp)cosm(0 — p). (7.3.1) 


m=—Co 


From (7.2.3), we obtain the addition theorem for real functions 


Jo GG +p? — 2Rp cos(@ — ®)) = 3 Im (KR) Im(kp)cosm(0—). (7.3.2) 


m=— 00 


Since J-m(2) = (—1)” J m(z), we have 


Jo (ey R? + p? — 2Rp cos(O — 9) ) 


= Jo(kR)Jo(kp) +2 E Im(KR) Im(kp)cosm(0 — $). 


m=1 


(7.3.3) 


Note that in [239, p.361], the condition R > p is needed for (7.3.1) using Hankel 
functions, but not for (7.3.3) using Bessel functions. 
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Based on (7.3.3), we have the following lemma from the orthogonality of 
trigonometric functions. 


Lemma 7.3.1. There exist the equalities, 


2n 
Í Jo (eye +p? — 2Rp cos(0 — 9) dd = 2r Jo(kR)Jo(kp), (7.3.4) 
0 


[ra Gi +p? — 2Rp cos(0 — é)) cos(md)d@ = 2nJm(kR) Jm(kp)cos(mé), 
0 
(7.3.5) 


2n 
| Jo Ge + p? — 2Rp cos(0 — #))sin(nd) as = 2nJ (KR) Jm(kp)sin(mé). 
0 
(7.3.6) 
The solutions of the Helmholtz equation can also be expressed by 
where the particular solutions (PS) of degree n are given by 
P,,(p, 0) = Jo(kp) ao + 5 Jm(kp){am cos(m0) + bm sin(mé)}, (7.3.8) 
m=1 
and the residual 
Ralp, = XO Im(kp){am cos(mB) + bm sin(mé)}. (7.3.9) 
m=n+1 
The coefficients am and bm in (7.3.8) and (7.3.9) are the exact coefficients. From [169], 


if the solution satisfies u € H?” (S), then there exist the bounds, 


1 
IRs = (elas) a<r (7.3.10) 


1 
IRo Daas = O(s) a. (73.11) 


For P,,(p, 0), we may find an approximate solution uy € Vy. Below we provide 
the explicit coefficients c; in (7.2.9). By the trapezoidal rule, we obtain from 
Lemma 2.2.1 


2n 
f Jo GG + p? — 2Rp cos(6 — é)) dọ 
0 


N (7.3.12) 
x DÐ Jo GG + p? — 2Rp cos(0 — $) ; 
j=l 
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where h = and $; = jh. Similarly, we have 


[oa GG +p? — 2Rp cos(0 — $) Jeos(ms) ae 
° (7.3.13) 


N 
N hy? Jo Gi +p? — 2Rp cos(0 — $) cos(mjh), 
j=l 


and 


[oa (iy +p? — 2Rp cos(0 — 9) ) sin(mo)do 
° (7.3.14) 


N 
x hy? Jo (eye + p? — 2Rp cos(0 — 4,))sin(mgh) 
j=l 


From Lemma 7.3.1 and (7.3.12)-(7.3.14), we may approximate (7.3.8) by 


N 
Palp, 0) = Sc ®,(p, 0) = uy = En (Pri p, 0), (7.3.15) 


j=l 
where ®,(p, 0) are given in (7.2.8), and the coefficients 


h ao 


O i a 
C= Mtn + L TGA" cos(mjh) + bm snimin)} 


m=1 


(7.3.16) 
1 ao 


n 1 
N l To(kR) | >D a a A + bm T 


m=1 


provided that all J;(kR) # 0. We write this result as a lemma. 


Lemma 7.3.2. Let all J;(kR) 4 0. Then for P,,(p, 0) there always exists a special FS, 
denoted as uy = Un(Pn3p,0) (€ Vw) with the coefficients (7.3.16), such that the 
approximation (7.38.15) holds. 


Denote by jn x the kth zero of J,(z). It is known that the minimal zero of Jo(z) is 
given in [1] as jp, = 2.4048255577. When 0< z< jọ 1, we have 


Ji(z)>0, i=0,1,.... (7.3.17) 


Hence, we may choose ER< jy, such that all J;(kR) # 0. For small z, there exists the 
formula in Watson [239, p.33], 


1 .\2n 2 A 
, T T 
= Ga) fı as i = e}, (7.3.18) 


(nl)? (2n+ 1) 2. (2n+1)(2n +2) 
where 
_ 2n+1 _ (2n+1)(2n+3) 
Daca! Ue (7.3.19) 
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In fact, for |z| <2 we have from (7.3.19) 


IJn(2)] = (5)" (7.3.20) 


~ nl 


The approximation (7.3.20) can also be obtained from (7.2.4). Hence we may require 
a small k such that kR<2. Such a condition may guarantee (7.3.17) and (7.3.20). 
Below by the MFS in (7.2.13), we may seek the Helmholtz solutions first for the 
small k (e.g., k< Amin) of the sample in Section 7.3.2. Note that the small R is also 
assumed in [230]. 


The transverse vibration of a plane homogeneous membrane is described as the 
wave equation by (see [223]) 

Pw = 

Or 


a’ Aw, (7.3.21) 


where constant a? (> 0) is the membrane tension divided by the membrane density. 
Let w= ud”, the equation (7.3.21) leads to the Helmholtz equation (7.2.1), where 
k=. Hence small k reflects a low frequency of long wavelength, and the error 
analysis in the next subsection also has some physical application. 


7.3.2 Error Bounds with Small k 


In this subsection, for small k, we provide the error analysis for the bounded 
simply-connected domain S. For simplicity, consider the Dirichlet problem, 


Au+ku=0in S, 
u=fonT, 


where T = 0S (i.e., Ty = Ø and Tp =T). From (7.2.11) we have 
Ju — uxllor = inf [lu — olor: (7.3.22) 
ve Vn 
Choose v = wi, where wu}, is given in (7.3.15). Then we have from (7.3.22) 


lu — uxllor < llu = tivllor < lPa = tillo, + lRallor 


p 1 (7.3.23) 
= |Pn = Unllor + O — llull, s ; 
nes 
where we have used (7.3.11). It is natural to request the errors 
7 1 
[Pa = unvllor = O| =a lulls }- (7.3.24) 
nP? 


We only derive the errors from (7.3.12) and (7.3.13) because the errors from (7.3.14) 
are similar. We have 
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J m(kp)cos(m0) ~ Yani m=0,1,2,..., (7.3.25) 


where the coefficients in (7.3.25) are given from (7.3.16) 


1 cos(mjh) 
m = =, ImlkR 0. 7.3.26 
Aj N Jm(kR) ( \# ( ) 
Denote the errors 
Em(p, 0) = Jm(kp)cos(mé) — -Yano : (7.3.27) 


To derive the errors (7.3.27), we may expand (7.3.27) as the Fourier series, 


Em(p, 0) = = + X {aem cos(£0) + bem sin(£0)}, (7.3.28) 
gal 
where Lop 
Oem = =f Em(p,0)cos(£0)d0, €=0,1,..., 
0 


20 
bem = zy Em(p,0)sin(0)d0, £= 1,2,.... 
T Jo 


Lemma 7.3.3. Suppose that k? Æ 2, j, where A; is an eigenvalue of 
—Au=duin S, u=0 onr. 


When KR is small such that all Jm(kR) 4 0, for the Fourier coefficients in (7.3.28), 
there exist the explicit Fourier coefficients, 


Je(kR)Je(kp) sep = 
Qem = { ronan > l=tmt+uN, p=1,2,..., (7.3.29) 


0, otherwise, 


bem =0, We, m. (7.3.30) 


Proof. We have from (7.3.27) and (7.3.28) 
Em(p, 4) = os 


: 2 
“NI E Fatt (3 ky R +p? —2Rp cos(0 — jh) )eos( mit 


= Sn + Si atm Cos(L0) + bem sin(£0)}, 
l=1 
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where 
27 
ain = f Jm(kp)cos(m0)cos(£0) d0 (7.3.31) 
0 
we a L ky R? + 2Rp cos(0 — jh) )cos(mjh)cos(£0) > d0 
N Ta(kR) 0 p? p COs jh) |) cos(mjh)cos 
= Bı — Bo. 


In fact, since Bə is the approximation of Bı by the trapezoidal rule, we have from 
Lemma 7.3.1 


Bı = L aan [fn (ye + p? — 2Rp cos(0 — $) Jeos() ip eos) dé 


=J SI Pfr GG +p? — 2Rp cos(0 — $) )eos(e) ad beos(mé)ag 


kR) 
= ee) f" cos(£)cos(m@) dd. 


Also based on Basic Lemmas A and B in Part I, we obtain from (7.3.31) 
_ Ju KR) Jel) 


aon = TIE ay (cos()eos(nd)) 
= Gy Ea y feos(E+ m)d) + (cost — m)g)} 
= ee l=+m+yuN, pw=1,2,..., 


where 


N-1 20 
=hY g(k n- fa (2) da. 


Otherwise we have ay, = 0. This is the desired result (7.3.29). Similarly, the equa- 
tion (7.3.30) follows from (1.2) in Part I. | 


Denote the circle T, = {(r,0)|r = p,0<0<2z} with fmin <p < Tmax, where 
Tmin = min p|p and rmax = max p|p. We have the following theorem. 


Theorem 7.3.1. Let k be small and k? Æ {A;} such that for m=0,1,2,..., 
Im(kR) £0, (7.3.32) 
In(kp) £0, Tmin <P < Tmax: (7.3.33) 


For u € H?(S) (p > 1), there exists the bound, 
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| J y—n(krmax) J y—n(kR) 
Tn 


LIP, Oller: 
(7.3.34) 


|| Pn(p, 0) — Èy(Pn; P, Nars CV/nN! 


where C is a constant independent of n,N and À (> 0), and 


1 (ER\" 1 (krmin\" 
r =>) «a ( > J (7.3.35) 


Proof. Based on (7.3.27) and (7.3.29), we have 


x Je(kR) Je(kp) |’? 
Em(p, 92 -< CY E = Cr? Ce AN, 7.3.36 
| J (p, Nor S 2 Xim m ie J m(kR) ( ) 


From [1, pp.360,365], when n is large and kr is bounded, there exist the approxi- 


mations, 
1 ekr\" 1 (kr\" 
n N x : 7.3.37 
In(kr) a= ($) n! (=) ( ) 
Since both n (> m) and N (> 2n) are large, we have from (7.3.36) and (7.3.37) 


e ne 
Inters Oa | 2, CERJE J, EURA} 
mt ) (=—m+ uN l=m-+ uN 
2q 


< CO __ fj? kR) J? k 
= J2 2 (kR) N- ak ) N- "i p), 
to give 


|Em(e, lar < C5 I n-m( kR) J N-m(kp). (7.3.38) 


N4 
Jm(KR) 
Also for P € [Tmin, Tmax], we have from the Schwarz inequality 


|| Pup, 0) — En (Pri p, Olg, 


2) 72 n, ||Em(P, OÈ r, (7.3.39) 
<| a (kp) + ile +h D 0a) eee. 


m=1 m=0 


From (7.3.38), 


j ag S ( In—m(kp) I n—m(kR)\* 
Lae (ip y Bm, Dligr, < ON D T ERI p) ) (7.3.40) 


When both n and (N — n) are large, the nominator in (7.3.40) has the bounds, 
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Jy-m(kp)JN-m( kR) < Jn-n(kp)JN-n( kR) < Jn-n(krmaxs)JN-n( KR). (7.3.41) 


For small z (< 2) we may use the approximation (7.3.20) of Bessel functions. Since 
the functions |Jm(kR)Jm(kr)| are decreasing via m but increasing via r, from 
(7.3.37) we have for m< n 


|Im(KR)Im(kr)| > |Jn(kR)Jn(kr)| > |Jn(kR)Jn(krmin)| 


1 e k Rrnin E 1 kR " 1 krimin ” (7 3 42) 
oe oo x = Tn. 
2nn 2? n2 ni\ 2 ni\ 2 


Then from (7.3.40)-(7.3.42), 


3 ee 2 2 JN-n(krmax) Jw—n( KR) : 
< q f 
2 grp EO Oller, < ON ( T, 


m=0 “ m 


(7.3.43) 


On the other hand, there also exists the bound from the continuity extension in 
Remark 2.3.1 in Chapter 2, 


m=1 
Combining (7.3.39), (7.3.43) and (7.3.44) gives (7.3.34). E 


Theorem 7.3.2. Let the conditions in Theorem 7.3.1 hold. Assume that u€ 
H’(S) (p> 3) and choose the N as (7.3.49) below to satisfy 


n k max =y k. 1 
Py, = Va LE (7.3.45) 
Tn nP-s 
Then there exists the error bound, 
|Pa(9.8) = En (Pri p: Oor = O( 7 lPal2 lor) (7.3.46) 


Proof. When (7.3.45) is satisfied, the bound (7.3.46) is obtained from Theorem 7.3.1. 
Below, we find the detailed N. We may choose N with the help of (7.3.37), to have 


N-n N-n 
T ( | (et! ) 
n 2(N—n -n 
Tr 


Non TE 


15 CR Tmax R A 15 242 N-2n . m 
m` (N-n)? o n” (; k ‘esl (( n y s) 


N-n (SR) ý N—n\2?(N—n)? N-n 
2 n2 


Tmin 


Since N > 2n, we have y; <1 and N — n > n, to give 
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242 R N-2n n 
r, va yee") (==) l (7.3.47) 
2 n2 Tmin 
To satisfy (7.3.45), we may request 
dera o 24 
ee ee) Se 7.3.48 
( 2? n2 ) (==) on ( ) 
This gives 
n In (2) +p In(n) 
N>2n+ i (7.3.49) 
In (=F) 
ek Tmax R 
Since 


n In (tm) +p ln(n) 


Tmin 


< Cn, 


we may choose N such that N < Cn. Hence, from N > 2n and N < Cn, we conclude 


Nx n, (7.3.50) 


where the notation “a x b” denotes that there exist two constants C4 (> 0) and C2 
independent of n such that C,b<a< Cab. From Theorem 7.3.1 at q=0 and 
(7.3.50), we obtain (7.3.46) and complete the proof of Theorem 7.3.2. E 


Since P,, ~ u, we have 
|Pn(e, lor < Cllullor < Clullz s < Cllull,,s- 


Then there exists the asymptote, 


$ 1 
Pa(0.8) = ilor = O(s) (7.3.51) 
We have from (7.3.51) and (7.3.11) 
* x 1 
lu uwlor < llu tla SPo(0,8) = vlog + [Rallor $C lls: (7.3.52) 


We have the following theorem. 


Theorem 7.3.3. Suppose that u € H”(S) (p> 3) and the conditions in Theorem 7.3.1 
hold. For small k, when the N (> 2n) satisfies (7.3.49), the solution uy by the MFS 
using Bessel functions has the optimal polynomial convergence rates, 
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1 
le- uxlar = (ples) (7.3.53) 


Remark 7.3.1. Although Theorem 7.3.8 is similar to Theorem 2.3.2, the traditional 
well-known condition (7.2.10) is not supposed to be satisfied (e.g., we may choose 
R< rmax), while the bounds (7.3.48) and (7.8.49) still hold. This discovery is distinct 
from the MFS for Laplace’s equation in Part I. The reason is the case of Jo(0) = 1, 
which is different from the singularity, In(r)|,.) > —œ for Laplace’s equation. 


7.3.3 Exploration of Bounded k 


The error analysis in Section 7.3.2 is for small k(e.g.,kR <2) to guarantee (7.3.32) 
and (7.3.33), which may not hold for bounded k. In this subsection, we explore the 
error analysis for bounded k. When k is bounded, we have to consider the case that 
k? is very close to one of eigenvalues {4¢}. Denote the gap 


: {ie = aN, : 
ô = min, ———— > = min 
ve he Ve 


2 


k 
1—-—|>0. (7.3.54) 
Ae 


In the denominator of (7.3.40), Jm(kKR)Jm(kp) may be very close to zero. The zeros 
of J,(kR) = 0 occur if 


k = Ay = Ink i (7.3.55) 
i R 


where j, is the k*th zero of J;,(x). We have from (7.3.54) 


ô = rs Ge 


2 


ERP = Gne) l z 
= | = —; = —sI; (7.3.56) 
(4¢) (Ing ) (j n,k* ) 
R 
where x = kR. Assume ô < 1, then we have from (7.3.56) 
ake (7.3.57) 


Note that the values k? = Ap in (7.3.55) are different from the eigenvalues 2) of 
eigenvalue problems, called spurious eigenvalues (see [35]). In this chapter, it is 
assumed that both k? Æ Ap and k? Æ Ap. We have a lemma. 


Lemma 7.3.4. For 6 <1, there exists an approximation, 


2 gt ntl 
|Jn(2)| ~ G+D! () ô. (7.3.58) 


Proof. There exists a formula from [198, p.235, 10.21.15], 


n Oe 


Jala) = + (=) II (: — =) . (7.3.59) 
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We have 


where 


oo r2 
k=1Ak£k* Ink 


By using the logarithmic differentiation, we have from (7.3.61) 


1 oe 1 
== -22 


T 


2 2° 
k=1nk£k Ink — T 


We cite an equality from Baricz et al. [19, (1.1)], 
> 1 o n+l 


-2 2, 2 ý 
k=Inktk Ink — Jn, k A 


We have from (7.3.63) and (7.3.57) 
< i  < 1 os ee 


2 72 2 2 o92 ™~ 2 
kalakek Ink © k=inkgk* Ink T Ink Ink 2a 


Combining (7.3.62) and (7.3.64) gives 7 ~ —2a x 44) = —"+1, to have 
s 4 
Gag 


The desired result (7.3.58) follows from (7.3.60) and (7.3.65). 


From [198, 10.9.4], there exists the formula of Bessel functions, 


ioe E S a- A tcos(atat = E aa), 


nit n\n 


where 


G(x) = fo — #?)""'cos(xt) dt, Wn. 


0 


There also exists the upper bound, 


1 
|Gn(z)| <f (1 = #?)"""|cos(at)|dt <1. 
0 
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(7.3.60) 


(7.3.61) 


(7.3.62) 


(7.3.63) 


(7.3.64) 


(7.3.66) 
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From (7.3.59) we have 


G(x) = i (1 — #?)""'cos(at) dt = “TI ( — =) 


2 
0 Ink 


Suppose that x is not approximated to any zero, jn ķ, Vn, k. We may assume 


|Gn(z)| > co > 0, (7.3.67) 

where co is a constant independent of n. Hence the equation (7.3.67) implies 
1 ayn 

\Jn(2)| = — (5) - (7.3.68) 

When small x<j, , = 3.8317, 
2 (t\" 
Sig >1. 3: 
In(2) = 0 (5) , n21 (7.3.69) 


Note that the bound in (7.3.68) is consistent with (7.3.37) and (7.3.69) for small k. 


When k is bounded, for the denominator, Jm(kR)Jm(kp) with p = p, in (7.3.40), 
there exist two cases: 


min Jn (ER) Jn (kp) = 0, (7.3.70) 
min Im (KR) Jm(kp) #0. (7.3.71) 


For (7.3.70), the case Jm(kp) =0 may relate to true eigenvalues, but the case 
Jm(kR) = 0 responds to spurious eigenvalues. The algorithms bypassing all spurious 
eigenvalues are given in Chapters 8 and 9. Since the roots of J,,(x) = 0 are simple for 
x > 0, there are four cases for (7.3.71) as follows. 

Case I: 


| Gin(kR)| > co, 
| Gm(kp)| = Co, PE [Tmin; Tinas|s Vm. 


Then the equivalence (7.3.68) holds for z = kR, kp. 


Case II: There exists m* such that 


|Gm (KR)| ~ 0, 


7.3.72 
|Gin( kp)| =Co, pe [T min, Tax ls Vm. 


Case III: There exists m* such that 


|Gin(kR)| > Co, Ym, 
|Gm (kp)| y 0, P = [Pins Tinosl: 
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Case IV: There exists m* for both: 
|Gm (KR)| ~ 0, 
|Gm (kp)| y 0, P € [iiis Tes. 


In computation, the radius R can be chosen differently. For a non-disk domain S, 
since Tmax > Tmin, the p (= p) in analysis may also be chosen deliberately. Since the 
zeros of Bessel functions are simple, it is possible to choose J,(kp) 4 0, except for 
the disk domains with radius fmax = fmin = p. For the disk domains, when 
kp = jpg, we have Jn(kp) = Jn(jng:) = 0, and then the true eigenvalue at Ap = k? 
occurs. For Case I, all conclusions in Section 7.3.2 hold because of (7.3.68). Case IV 
happens rather rarely. Below, we focus on the analysis of Case II, since the analysis 
of Case III is similar. For Case II with «= kR, we assume (x Æ jng) A (© jng) 
with 6 < 1 as in (7.3.56). We have a lemma. 


Lemma 7.3.5. For Case IT with n= m*, there exist the lower bounds, 


1 kR\"t! 1 (kp\" 
, a N (eee Ear tla 3. 
[Ja(R)Jn(kp)|> oò ( 5) x4 ( 2) (7.3.73) 
1 (ekR\" (ekp\" 
Ks eee (2L), 7.3.74 
ERI @8-3(S=) ($*) (7.3.74) 
where co (> 0) is a constant independent of n. 
Proof. From Lemma 7.3.4, we have 
1 kR n+1 
Then for Case II, we have from (7.3.72) 
1 k n 
ZOETE (7.3.76) 


Combining (7.3.75) and (7.3.76) gives the first desired result (7.3.73). 
Next, from the Stirling formula: n! = V2nn(2) "in [1, p.257, (6.1.37)], we have 


1 (5) nat (5 n 
n! \2/ ~ Vrn \2n/ ` 
Then the lower bound (7.3.73) can be expressed as 


1 kR n+1 1 kp n 
|Jn(KR) In(kp)| = TET (=) X= (2) 


n n 1 k n k n 
ea (2) «(outs 
n(n)? \ 2 2 n2 \ 2n 2n 
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This is the second desired (7.3.74). a 
We have the following theorem. 


Theorem 7.3.4. Let u€H?(S) (p>1), and the conditions (7.3.32) and (7.3.33) 
hold. Under Case II, there exists the bound, 


I| Pn(p, ) = Zn (Prip, Yar 


1 JN-n kr max JN-n kR (7.3.77) 
So gap a e Oli 
ò Tai 
where 
š 1 (ekR\" (ektmin\” 


Proof. The proof is analogous to that in Theorem 7.3.1, except that the lower 
bounds of the denominator in (7.3.40) are different. From Lemma 7.3.5, we have 
Case II with m = m* 


1 | kp\"™ 
m k m k = ô—— _ (| — — | — 
|Jm( KR) Im(kp)| = co ( a(S) x (=) 


1 (ekR\" (ekp\”™ 
C90 = Q, ; 
odha) (So) = Galo) 


The functions Q,,,(p) are decreasing via m but increasing via p. We have for m<n 


n2 \ 2n 2n 


Qn(P) > E E E (5) (= “sn . (7.3.79) 


Then from (7.3.40) and (7.3.79), we obtain 


Z 1 2 1 2 J y—n(krmax) J y—n(kR) Í 
< q x D. 
> pp lE Mir, < C50 ( r (7.3.80) 
Combining (7.3.39), (7.3.44) and (7.3.80) gives (7.3.77). a 


Compared with Theorem 7.3.1, there exists an additional factor 1/6 in the upper 
bound. Similarly, we have the following theorem. 


Theorem 7.3.5. Let u € H”(S) (p> 3), and the conditions (7.3.32) and (7.3.33) 
hold. Suppose that the N satisfies 
(krmax) Jn—n(KR)| 2 1 


x S gi 
E nP-3 


II = svn Jinn (7.3.81) 


Then for Case I, there exists the error bound, 


1 
NP> 


I| Pn(p, @) — Zw(Pn; p, O)llor = o( IPa( Olor); 
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Proof. For q = 0, we have from Lemma 7.3.5 and (7.3.35) 


N-n N-n 
1 n5 (si) (x45) 
Ix 


Ncn (HE 


N-2n i 
= 1 n° ek Tmax ( n ) Tmax " 
N-n 2(N — n)? N-n Tmin l 


n 
N-n 


1 2g? max Iman max " 
1s 5n'9(* é *) (=). (7.3.82) 


Tmin 


Since N > 2n, we have 


<l and N — n > n, to give 


To satisfy the bound of IIT < — in (7.3.82), we may request 
n”? 
1 e k? Tmax R A Tmax r < 1 
Ù 3? n? Tmin agen 


Ini +n In (2x) +p ln(n+1) 


2? n2 
In (> Tma z) 


This gives 


N >2n4 


(7.3.83) 


Compared with (7.3.49) for small k in Section 7.3.2, a larger N given in (7.3.83) 
is needed to guarantee the optimal polynomial convergence. From Theorem 7.3.5 
and (7.3.52), we have the following corollary. 


Corollary 7.3.1. Let all conditions in Theorem 7.3.5 hold. Then for Case II, there 
exists the error bound, 


1 


NPs 


= uxlor = O(P: lor) (7.3.84) 
Case II may respond to the case near the spurious eigenvalues. For Case III, the 
Zero, jm g (= Ae), may just be one true eigenvalue of Laplace’s operator; this case 


occurs for disk domains, where p = fmax = fmin. For Case III, Corollary 7.3.1 also 
holds. 


The above analysis is made for the boundary errors on I’. For Laplace’s equation, 
the maximal errors occur only on the domain boundary. It is, however, invalid for the 
Helmholtz equation. Hence, we need the error bounds in S. The Sobolev 1-norm is 


defined by ||vll s = 4/ {[g{v? + v2. + v3}. For the Dirichlet problem, we can obtain the 


following lemma from Li et al. [149] and [169, p.281, Theorem 10.3.1]. 
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Lemma 7.3.6. Suppose that for v € Vy the following inverse property holds, 
lvllor < CKwllellss: (7.3.85) 


where Ky may be unbounded as N —> co. Then for 6 > 0 in (7.8.54), there exists 
the bound, 


k 
lullis < CKu (1+ 9 lullor, ve Vw. (7.3.86) 


We have the following corollary. 


Corollary 7.3.2. Consider the approximation k? ~ dp with 8&1 in (7.3.54). 
Suppose that the equation (7.3.85) holds for (u— uy), and other conditions in 
Theorem 7.3.5 hold. For Cases II and III, when N is chosen as (7.3.83), there exists 
the bound, 


k 1 
lu- unll,¢ < CKw (1 m 9 ilies (7.3.87) 


7.4 Stability Analysis for Disk Domains 


For simplicity, consider the Dirichlet problem of (7.2.1) in a disk, 


So = {(r,0)[0<r<p,0<0<2r}. (7.4.1) 

Choose the source and the collocation nodes on concentric circles, 
Qi = { (x, y)|z = R cos(ih), y = R sin(ih)}, (7.4.2) 
P; = {(2, y)|z = p cos(ih), y = p sin(ih)}, (7.4.3) 


where h = ia In the existing literature of the MFS, the condition p< R is assumed 
for disk domains. From the error analysis in the previous section, this well-known 
condition p< R may be violated. 


Let the number of source nodes be equal to N. From the Dirichlet problem, the 
collocation equations at P, are obtained from (7.2.15), 


N 
XO GOP) =(P), Pret, £=1,2,..,.N, (7.4.4) 
j=l 
where T = {(r,0)|r = p,0<0<2r}, Pe = (pe, 0e), ci are the coefficients, and the 
fundamental solutions are 


(Pe) = Jo(k|PeQ;|) = Jo Ge +p? — 2Rp cos(é — ih). (7.4.5) 
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Denote (7.4.4) by Dx = f, where x = {c1, ¢2,..., ev} € Rand f = {f(P)), f(P2), ..-, 
f(Py)}" € R”. The matrix D € RY" is circulant, 


do dy => dy-4 
dy-1 dy +++ dy-2 
pe | 2? my (7.4.6) 
di dy e di 


with entries d; = Jo GG +p? —2Rp coi). 


Based on Basic Lemmas A and B in Part I, the eigenvalues of matrix D are 
known as 


N-1 
de = S~ dj cos(tjh), €=0,1,...,.N—1. (7.4.7) 
j=0 


In this section, we confine the disk domains for stability analysis. For the bounded 
simply-connected domains, the bounds of condition numbers can be derived by 
following Chapter 3; details are omitted. We have the following lemma. 


Lemma 7.4.1. Let k’ 4 A, and k is small such that 
Ji(kp) #0, Ji(kR) #0, *=0,1,2,.... (7.4.8) 
There exist the approximations of 2e, 
Ae = N{Ji(kR)Ji(kp)+ Jn-e(kR)Jn-elkp)}, €=1,2,..,N—1. (7.4.10) 


Proof. First, by following the proof in Chapters 2 and 3, we have 


N=1 1 N=! - 
Ao = A dj = oe hJo (eyn + p? = 2Rp cos) 
= Y (7.4.11) 
1 2n 
= F Jo ky R? +p? —2Rp cos(x) | dz + A20. 
h Jo 
Form (7.3.4), there exists the equality, 
1 20 
=f Jo (eye +p? —2Rp cos(a) ) dz = NJo(kR)Jo(kp). (7.4.12) 
0 


The error AZo can be obtained from Basic Lemmas A and B and (7.3.5), 
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1 m ae 
Ady = 7 AN (4 Ge +p? —2Rp cost) ) = > ON, (7.4.13) 
where 
1 27 
oly = al Jo GG +p? —2Rp cost) cos(x) dz (7.4.14) 
=2I(kR)Jo(kp), €=0,1,2,.... 
Since N is large, we have from (7.3.37) 
g 4r = 
Ady = oe Jun (kR) Jun (kp) © 2NJy(kR) J (kp). (7.4.15) 
=l 


Hence, from (7.4.12) and (7.4.15), we have 


20 73 N{Jo(kR) Jo(kp) +2Jn(kR)Jn(kp)} xX NJo(kR) Jo(kp). 


This is the first result (7.4.9). 


Next, consider A, (4 = 1,2, ..., N — 1). From Basic Lemma A in Part I and (7.3.5), 
we have 


N-1 21 
1 
he = > dj cos(ljh) = F Jo (eye +p? —2Rp cos(a) J cos(x) dz + Are 
j=0 h 0 
= NJ(kR) J(kp) + Arp, (7.4.16) 


where the error A4 can be obtained from Basic Lemmas A and B and (7.3.5), 


CO 


1 T 
Ah = 7 AN (4 GG +p? —2Rp cost) cost) = To (uNe + Oyun +0); 


u=1 


where the coefficients a are also given in (7.4.14). Since N is large, we also have from 
(7.3.37) 


ane 
Aly == T2 Fun—e(kR) J un—e(kp) + Jun +e(kR) Jun +e(kp)} 
p=l 


x NJ y—c(kR) J y—0(kp). 


(7.4.17) 


Combining (7.4.16) and (7.4.17) gives 2p ~ N{Je(kR) Je(kp) + In—c(kR) J n-e (kp) }. 
This is the second result (7.4.10). a 


Theorem 7.4.1. Let k be small such that 
kR, kp < 2< joa, (7.4.18) 


or k? # dy with not small gap 6 denoted in (7.3.54). Then there exist the bounds, 
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1 
d< .4.1 
Cond < O TRIE (7.4.19) 
and 
N? 3 
Cond < CN (r) ; (7.4.20) 
ek“ Rp 


Proof. From (7.4.18), there exists the equivalence: Jọ(kR) x O(1) and Jo(kp) x 
O(1). From (7.4.9), we have 2o x O(N). Without loss of generality, assume that N is 
even. We have from (7.4.10) 


min|A¢| > Ay = NJy(kR)Jy(kp). (7.4.21) 


Hence, combining (7.4.10) and (7.4.21) gives 


jae là 
Co 


1 
= <C ; 7.4.22 
ming|de| ~ Agl © © TOR Typ) (raaa 


This is the desired result (7.4.19). The bound (7.4.20) follows from (7.4.19) and 
(7.3.37), and this completes the proof of Theorem 7.4.1. E 


7.5 Application to BKM 


Note that the well-known rule, R > rmax, is unnecessary to obey. This implies that 
the source nodes may be located just on the domain boundary, thus bypassing the 
pseudo-boundary and leading to the boundary knot method (BKM). The BKM was 
applied to the Helmholtz equation in Chen and Hon [53, 100], where the Bessel 
function Jo(kr) is chosen as the FS, and the source nodes are located just on the 
physical boundary IT. High accuracy of solutions was obtained by using a few FS. 
Since then, there have appeared many numerical reports. There exists no analysis 
for the BKM so far; this section provides an analysis. High polynomial convergence 
rates can be obtained but very severe instability occurs. The bounds of Cond are 
derived for disk domains to show a super-exponential growth via the number of FS 
used. The instability of the BKM is much worse than the exponential growth rates of 
the MFS in Part I. However, good numerical solutions may be achieved by balancing 
stability and accuracy. Numerical experiments are carried out to support the 
analysis made. Efforts were also paid to reduce the severe ill-conditioning of the 
BKM by regularization and the effective condition numbers; see Zhang et al. 
[259], Wang et al. [235, 236] and Li et al. [161, 162]. 


The error bound in Corollary 7.3.2 is valid for the BKM. We are more interested 
in stability analysis to give the following theorem. 


Theorem 7.5.1. Suppose that the bounded k satisfies 6>6) >0, where ôo is a 
constant independent of N. There exists the bound for the disk domain with radius p, 
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NANY 
Cond < CN (=) 4 (7.5.1) 
ekp 
where C is a bounded constant independent of N. Also when 6 <1, 
1 NN” 
< CN? |—}. D2 
Cond < CN (=) (7.5.2) 


Proof. We obtain from (7.4.19) at R =p 


1 2 
cond ¢( sh) (7.5.3) 


For large n, there exists an approximation from (7.3.37), 


1 ekp\" 
Jn k x Oo. x 
\Ja(kp)| a(S) 


Hence we have 


1 ekp\? 
Jakol > o —— (£N, 7.5.4 
yeo o (SP) (7.54) 


where co (> 0) is also a constant independent of N. Combining (7.5.3) and (7.5.4) 


gives 


N 
Cond < CN (=) ; 
ekp 


This is the first desired result (7.5.1). For 6 < 1, there exists the lower bound from 
(7.3.74) at R= p, 


TE E ekp\ (7.5.5) 
n\ EP) Z CO n2 \ In : woe 
The second desired result (7.5.2) follows from (7.5.3) and (7.5.5). a 


Below, we consider the case of bounded k with 6 > 69 > 0 for stability discussions. 
When p and k are given, the growth of Cond in (7.5.1) is faster than that of 
exponential rates, called “the super-exponential growth” in this book. Compared 
with the exponential growth by the MFS using the singular FS in Part I, the 
instability of the BKM is much worse. 


Remark 7.5.1. There arises a dilemma. How can the BKM with the super-exponential 
growth rates of Cond succeed in the real application as in [53, 100]? The polynomial 
convergence rates are obtained from (7.3.87), and high convergence rates are achieved 
for the highly smooth solutions. The fast convergence is essential and imperative for 
the BKM because satisfactory solutions must be obtained only under not large N, thus 
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avoiding the huge Cond incurring from the super-exponential growth. The key to 
success for the BKM in the real application is to balance stability and accuracy; the 
same strategy for the MFS using singular FS is seen in Part I. 


Consider the Dirichlet problem on a square: S = {(z, y)| —1<a<1,-l<y<l}, 
Au+k’u=0in S, ulz, y) = f(z, y) on I. 


Choose the exact solution u(x, y) = $(coskx + cosky) as in [177]. Then the boundary 
function is f(x, y) = 5(coskx + cosky)|r. Note that there does not exist a corner sin- 
gularity. For the error € = u — uy, define the boundary and the domain errors by 


elaoas =max leh Ielos={ fea}. eh.s={ [Etay 
Ss Ss 


For the trapezoidal rule used on I, we find from Table 7.1 at k = 2, 
lell as = O((0-32)"), — [lello,s = O((0.26)"),  Ilell,s = O((0.28)"), (7.5.6) 


Cond = 0((3.57)*), Cond_eff = O((1.85)%). (7.5.7) 


The equation (7.5.6) coincides with the high convergence rates in (7.3.87). For 
N = 16, M = 32, we choose different k = 0.5~ 20, and list the results in Table 7.2. 
We can see that when k increases, both accuracy and Cond decrease. The equation 
(7.5.7) displays an average exponential growth. The super-exponential growth is 
confirmed as follows. Let us scrutinize the growth of Cond, and take Table 7.1 at 
k = 2 for discussion. Since the square domain S is not far different from a disk, 


we may use the estimate of Cond in Theorem 7.5.1 for disk domains. Formulate an 
equivalent disk 3° with the same area of S as n(p°)? = 4, where the radius p° = 2 


Te 
For k = 2 with ô > ô > 0, we have from (7.5.1) 


N N 
N 
Cond < CN K < CN 5 = O(Cond’), 
ekp° ek- 


TAB. 7.1 — The errors and the condition numbers by the trapezoidal rule at k = 2. 


N llellsas llello,s 

4 ; : 7.23(-1) 
8 i : 6.69(1) 
12 : : : 3.77(4) 
16 E f 3 7.34(7) 


20 ; 1.19(11) . 3.68(11) 
24 ' 1.23(15) 3 3.97(15) 
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TAB. 7.2 — The errors and the condition numbers by the trapezoidal rule at N = 16 and 
M = 32. 


k llellas Iel 
0.5 3.17(-8 1.11(17) 
1 2.38(12) 
2 2.49(7) 
5 ; ; 2.81(3) 
10 ‘ : : 5.95 
15 ; 5.70 
20 ; i 1.40(1) 
where 
` NN“ NN” 
Cond’ = (s) = N(B) r (7.5.8) 
When N = 4,8, 12, 16, 20,24 := 4£, we have from (7.5.8) and Table 7.1 
Cond’? = 0.723, 6.69(1), 3.77 (4), 7.34(7), 3.68(11), 3.97(15), (7.5.9) 
Condy = 5.66, 8.77(1), 1.32(4), 2.49(7), 1.19(11), 1.23(15), (7.5.10) 
Conde+1 _ 1 55(1),1.51(2), 1.89(3), 4.78(3), 1.03(4). (7.5.11) 
Condy 


The equation (7.5.9) is an excellent estimate for the numerical (7.5.10) as N>8, 
thus verifying Theorem 7.5.1 perfectly. The super-exponential growth can be found 
from an increasing sequence of ratios (7.5.11). From (7.5.8), we have 


In(Cond*) = InN + In (=) xN. (7.5.12) 
ekp° 

The equation (7.5.12) displays a super-linear function via N. The curves of Cond’, 
Cond and Cond_eff are drawn in Figure 7.2, where the scale of the vertical coor- 
dinate is via the logarithmic scale. A super-linear function of Cond can be seen in 
Figure 7.2, thus confirming the super-exponential growth again. Besides, the 
Cond_eff is much smaller than Cond, as shown in Figure 7.2. The effective condition 
number is a better criterion for stability analysis [162]. 


From Table 7.1 at N = 16 and M = 32, we find that Cond = 2.49(7), the maximal 
boundary error |le||,,,95 = 3-40(—8), and the domain error |le||, g = 2.15(—7) in Ht 
norm (cf. [53, 100]). The Cond = 2.49(7) in Figure 7.2 is large but not huge. From 
Table 7.1, the huge Cond at N = 20, 24 has greatly reduced the accuracy. Hence, for 
less smooth solutions (e.g., p = 2, 3), the high accuracy of numerical solutions may not 
be obtained due to small N allowed. These numerical results also coincide with 
Remark 7.5.1. Note that the high accuracy as O(10~") has been achieved only by 16 
fundamental solutions and 32 collocation equations only. A modest computational 
effort! 
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Fic. 7.2 — The curves of Cond®, Cond and Cond_eff for k = 2. 


Chapter 8 


Exterior Problems of Helmholtz 
Equation 


For the exterior Dirichlet problems (EDP) of the Helmholtz equation in 2D, when 
the Sommerfeld radiation condition is satisfied, there always exists a unique solu- 
tion. Denote by Sœ the unbounded domain outside a bounded simply-connected 
domain, where the interior boundary Ij, is non-circular and smooth. The standard 


MFS is first studied by using the complex Hankel function H o kr) as the 
fundamental solutions (FS). However, some solutions cannot be obtained correctly 
(e.g., the spurious eigenvalues called). This chapter is devoted to exploring spurious 
eigenvalues and their removals. For the non-circular interior boundary Iin, the error 
analysis is briefly made for the standard MFS, and some guidance is provided to 
bypass the spurious eigenvalues. Denote two nodes P = (p, 0) and Q = (R, ¢), and 


r= |PQ| = ye +p? — 2Rp cos(0 — p). To eliminate all spurious eigenvalues, we 
solicit the new combined FS, 


(= + it) HP (kr) 


with i = /—1, and propose the new modified MFS. The new algorithms are simple, 
and strict analysis may be made. The bounds of errors are derived and the 
polynomial convergence rates can be achieved. The bounds of condition numbers are 
derived for a circular T}, only, to display the exponential growth via the number of 
the new FS used. Numerical experiments are carried out to support the analysis 
made. This chapter discusses the spurious eigenvalues and their removals by the 
MFS and focuses on the strict analysis of errors and stability. The materials of this 


chapter are adapted from [254]. 


8.1 Introduction 


Consider the EDP of the Helmholtz equation Au+k?u=0 in 2D. When the 
Sommerfeld radiation condition in (8.2.3) is satisfied, there always exists a unique 
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solution (i.e., no true eigenvalues exist). By the MFS, however, the solutions at 
specific k cannot be obtained from the standard MFS for some fixed locations of 
source nodes; the spurious eigenvalues 2~ (= k°) are called in this chapter. Hence, 
the standard MFS also suffers from spurious eigenvalues as the boundary element 
method (BEM) (see Chapter 7). This chapter is devoted to exploring the spurious 
eigenvalues and their removals, and strict analysis of errors and stability. 


Denote by Sæ the unbounded domains outside a bounded simply-connected 
domain S, where the interior boundary Iin of Sæ is non-circular and smooth. 
The source nodes Q(R, ġ) are located within Tin; the circular pseudo-boundary with 


radius R is chosen as in Figure 8.1 for analysis. The Hankel functions H M (kr) are 
used for the standard MFS, but the spurious eigenvalues occur at J (kR) = 0, where 
J,(z) is the Bessel function of order n. The error analysis of the standard MFS 
involves degeneracy as J,(kR) ~ 0, and some guidance such as kR < 2.4 is provided 
to bypass the spurious eigenvalues. The standard MFS for exterior problems was 
studied in Ushijima and Chiba [230, 231], Chiba and Ushijima [61], and Ogata et al. 
[196], where the circular interior boundary I}, is confined. The exterior problems of 
the Helmholtz equation result from the scattering and radiation problems in 
acoustics, and a review of the MFS was given in Fairweather et al. [81] with an 
extensive list of references. 


To eliminate all spurious eigenvalues is our goal. We solicit the new FS: 


os 
ðR 


DH (kr) = ( -it) HP (kr), 


where i = /—1. The new algorithms are called the modified MFS. In fact, the new 
FS is a combination of H W (kr) and AH a kr); a similar combination of the 
single-layer and the double-layer potentials was used in BEM ([29, 30, 79, 210]. The 
new modified MFS is rather simple, and its strict analysis may be made. The bounds 
of errors are derived and polynomial convergence rates can be achieved. The bounds 
of condition numbers are derived for circular TẸ, only, to display an exponential 
growth via the number of the new FS used. 


Soo 
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Fic. 8.1 — The unbounded domain S$, with an interior boundary Tin, where the source nodes 
are located on a circle Pz with radius R<min ply, . 


Exterior Problems of Helmholtz Equation 157 


There were many computational reports for exterior problems by the MFS; see 
Fairweather et al. [81]. The MFS suffers from spurious eigenvalues and the numerical 
characteristics are explored in Section 8.3. In this chapter, a comprehensive and 
advanced exploration has been developed from the spurious eigenvalues of the MFS 
and their removals. The study of this chapter can also be applied to the Helmholtz 
equation in multiply-connected domains [44, 46, 47]. See Chapter 9. 


This chapter is organized as follows. In the next section, the standard MFS is 
discussed, and the error analysis is briefly provided in Section 8.2.2. In Section 8.3, 
the numerical characteristics of spurious eigenvalues are explored for the standard 
MFS. In Section 8.4, the new modified MFS is proposed, and the error and stability 
analysis is made in Sections 8.5 and 8.6. In Section 8.7, numerical experiments are 
carried out. In the last section, a few concluding remarks are made. 


8.2 Standard MFS 


8.2.1 Basic Algorithms 


Consider the Helmholtz equation in an unbounded domain Ss with the Sommerfeld 
radiation condition at the infinity [196, 231] (see Figure 8.1): 


Au+ ku = 0 in Sx, (8.2.1) 
u= f on Tin, (8.2.2) 


lim vit — iku} =0, (8.2.3) 


where i= /—1, I, is the smooth interior boundary of S, and the known complex 
function f € C. Only the Dirichlet condition is studied in this chapter; other kinds of 
boundary conditions may be developed similarly. Note that equations (8.2.1)—(8.2.3) 
have the unique solution for all k >0; see Sauter and Schwab [210, p.99] and 
Tikhonov and Samarskii [223, p.580]. 


Denote two nodes P = (x, y) = (p,@) and Q = (é,n) = (R, ġ), where (p, 0) and 
(R, p) are polar coordinates. Then x = pcos0, y = psinb, € = Rcosd, n = Rsind, 


p=Vr+y, R= Ve +n, and r = [PQ] = y R +p? — 2Rpcos(0 — 4). The 


complex FS are given by 


®,(p, 0) = HP (kr;) = Jo(kr;) +iYo(kr;) 


= HO (ry + p? — 2Rp cos(0 — ,)); R<p, 


(8.2.4) 


where ġ; = 54 j, and HP (2) is the Hankel function of order zero. In (8.2.4), J,(z) 
and Y,,(x) are the Bessel and the Neumann functions of order u, defined by 
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z -1)' L\ 20+ 
)= DT i+ 1) mT (i+u+1) © (8.2.5) 
raa = ua (8.2.0) 


For (8.2.6), when y is an integer, the right-hand side of (8.2.6) is defined by its 
limit. Denote Tin = {(p,9)|p = p(0),0 <0 <27}, Tmin = min plr, and Tmax = 
max p|r,. Note that the source nodes Q(R,¢) must be located inside Tin, to give 

R< Tmin, (8.2.7) 


because when r— 0, the singularity occurs from HỌ (kr) = i2mni+.---. The 
condition (8.2.7) is against R > rmax for the bounded simply-connected domains in 
Part I. The linear combinations of FS are given by 


N 
uv = $ ¢®;(p, 6), (8.2.8) 
j=l 


where cj = &; + if; (aj, p; E€ R) are the unknown coefficients. 


The Hankel functions HO (kr) satisfy (8.2.1) and the Sommerfeld radiation 
condition (8.2.3). Hence, the coefficients c; in (8.2.8) are sought by satisfying the 
interior boundary condition (8.2.2) only. Denote by Vy the set of FS as (8.2.8), the 
Trefftz method in [169] reads: to seek uy € Vy such that 


(uy) = min I(v), Ile) =} Ww- fl’, (8.2.9) 


where |v|” = vd, and 7 is the conjugate of complex v. When the integral in (8.2.9) 
involves a numerical approximation, the Trefftz method reads: to seek uy € Vy such 
that 


~) 


(ty) = min T(v n= f lv- fl’, (8.2.10) 


ve Vy 


where fe is the numerical approximation of f- by the trapezoidal rule (or the 
Gaussian rule). Let Tin be divided into small T a with the meshspacings Ahe, then 


Tas pa an We establish the boundary collocation equations, 


Van ce (0992) = V/Ahe Flon 9), (00) ETE, €=1,2,...,M. (8.2.11) 


The equations (8.2.11) are just equivalent to (8.2.10), where the trapezoidal rule is 


chosen for Tes We may assign other weights on both sides in (8.2.11) by the 
Gaussian rule [169]. 
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In computation, we may choose the number M of collocation nodes to be larger 
than N. The equations (8.2.11) lead to an overdetermined system, 


Fx = b, (8.2.12) 


where F € CY*N(M >N), x€C™ and beC”. The FS in (8.2.8) and the 
coefficients c; from (8.2.9) (or (8.2.11)) are called the standard MFS. 


8.2.2 Brief Error Analysis 


For complex solutions of (8.2.1)—(8.2.3), there are the expansions, 
u(p, 0) = Pa(p, 0) + Ralp, 8), (8.2.13) 
where the particular solutions (PS) of degree n are given by 
P,,(p, 0) = ao HỌ (kp) + a kp) [am cos(m0) + bm sin(mé)], (8.2.14) 


and the residual 


R,(p,0) = > HO (kp) [am cos(mO) + bm sin(m)}, (8.2.15) 


m=n+1 


where H) (a) = Jm(2) +i¥m(x), and am and bm are the exact complex coefficients. 
The Sobolev norms are defined by 


p 
= 2 ae ge 
lon =f 0% ohr = Lola, (8.2.16) 
k=0 


in 


Suppose that the exact solution satisfies u € H’(Ti,), and there exist the bounds of 
residuals, 


1 
IR Olar, = O lelara) <P (8.217) 


The addition theorem for H! ò D (kr) is given in Watson [239, p.361], 


o0 


HP (ryk + p? — 2Rp cos(0 — ¢)) = 5 H (kp) Jm(kR)cosm(0 — @) 
m T (8.2.18) 
= Hj) (kp) Jo(kR)+2 X H (kp) Im(kR)cosm(0— $), R<p. 


m=1 


Then, we have the following lemma from (8.2.18). 
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Lemma 8.2.1. There exist the equalities for R<p, 


[i (r/R +p? — 2Rp cos(0 — 9) dọ = 27H, D (kp) Jo(kR), 
0 


[ow (r/R +p? — 2Rp cos(0 — p) )cos(mg) dh = 2n H (kp) J m(kR)cos(m0), 
0 


| ye (ry F? + p? —2Rp cos(0 — )) sin(mp)dg = = 2nH) (kp) Im(kR)sin(m0). 
0 


From Lemma 8.2.1, for P,,(p, 0) in (8.2.14), we can find the approximation, 


N 
P, = P00) = > 600.8) = uh = Fa Pap), (8.2.19) 


j=l 


where ®,(p, 0) are given in (8.2.4), and the coefficients are 


1 
GN iat kR) oie 


[am cos(mjh) + bm soins) (8.2.20) 


Since the Bessel functions have infinite zeros, it is assumed that all denominators in 
(8.2.20) are nonzero: 


Im(kR) #0, Ym. (8.2.21) 


For the error bounds between FS and PS, since the continuity extension in Remark 
2.3.1 in Chapter 2 is needed, we assume that the continuous solution u € C(S.) 
holds, which may not be written in some lemmas and theorems. We have the 
following lemma similarly to Chapter 7. 


Lemma 8.2.2. For N>2n, there exists the bound, 
Palo, 0) — En (Pr: p; Ora 


24 My-m(kp) In—m(KR) |" : 
< ON D M,,(Ep) Jn( ER) \ [Pate ler,» 


(8.2.22) 


m=0 


where p € {rmin, Tmax- 


The factors Mm(kp)Jm(kR) appear in the denominator of (8.2.22), where the 
modular Mm(kp)= |H (kp)| > 0. The zeros of Jm(kR) occur if 47 = (k7)? = 
2 
(4) , where j,,¢ is the 4th zero of Jm(a). The 2; is called the spurious eigenvalue. 
More discussions on the spurious eigenvalues of the standard MFS are given in 


Section 8.3. We then assume that k 4 7 int , Vm, £. However, in computation, it often 
happens that kR is very close to one zero jm. Denote the gap 
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G 


where x= kR. Assume 0<6 <1, then T% jme from (8.2.23); it is called the 
degeneracy of spurious eigenvalues. Similarly to Chapter 7, we have the following 
theorems. 


2 


1 2 
(ime) 


! (8.2.23) 


(kR) — g 2 
(me) 


Theorem 8.2.1. Let 0<d <1 hold. When N is large and N > 2n, there exists the 
bound, 


|| Pa(p, 0) = Xy(Pn; P, Ollora 


1 R N-2n Tmax n 
< Oz vaN" —} ||Pale, Olor, R< Tmin- 


Tmin Tmin 


(8.2.24) 


Theorem 8.2.2. Suppose that 0< < land u € H? (Tin) (p> 1) hold. When the large 
N (> 2n) is chosen as 


nà) +n mn(p=) + (p+ })lnn 
in) : 


the solution uy in (8.2.8) by the standard MFS has the optimal polynomial 
convergence rates, 


N>2n+ (8.2.25) 


1 
le- uxlor = O( rlian.) (8.2.26) 


Remark 8.2.1. To bypass the spurious eigenvalues, the condition (8.2.21) must hold. 
One way is that if we could choose R so small such that kR< jo, 1, where jo, 1 = 2.40482 
from [1, p.409]. The error analysis may follow Section 7.3.2. From Section 8.7, 
when kR = 0.02 (e.g, k=2 and R= 0.01), the numerical solutions are satisfac- 
tory. Otherwise when kR > jọ 1, the annoying spurious eigenvalues may still exist. 
The better remedy is to develop the new modified MFS given in Section 8.4. In the 
next section, however, the spurious eigenvalues of the standard MFS are further 
explored. 


8.3 Numerical Characteristics of Spurious Eigenvalues 
by MFS 


The standard MFS suffers from spurious eigenvalues for the Helmholtz equation. 
A view of the spurious eigenvalues in BEM was given by Chen et al. [46]. In this 
section, we will explore their numerical characteristics. For the exterior Dirichlet 
problems (EDP) in (8.2.1)—(8.2.3), there always exists a unique solution (i.e., no true 
eigenvalues exist), which can be expressed in (8.2.13). If the PS in (8.2.14) is 
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chosen instead of the FS in (8.2.8), the approximate solutions can also be found 
from (8.2.9) (or (8.2.11)). This is the method of particular solutions (MPS) in 
[169, Chapters 9 and 10]. By the MPS, for every bounded k > 0, the optimal con- 
vergence rates can be achieved. By the standard MFS, in contrast, for some specific k, 
the solutions cannot succeed at some pseudo-boundary of source nodes; the spurious 
eigenvalues (i.e., the fictitious resonance frequencies) are called in this chapter. 


For the sources nodes (Rj, ġ;), we have from the addition theorem (8.2.18) 
HY) (rye + p? — 2R;p cos(0 — ¢,)) 


= Jo(kR;) HỌ (kp) +2 Y> Jm(kR;) HO (kp)cosm(6 — $;). 


m=1 


(8.3.1) 


From (8.3.1), the equation (8.2.8) may lead to one solution u*(p, 0) of (8.2.13), 


N 
wa = Delt (y R +p — 2Rp cos(8 — 4) 


(8.3.2) 
HP (kp) ai, + SoHo (kp)[a*, cos(m0) + 0%, sin(m6)] := u*(p, 0), 
m=1 
where the coefficients, 
N N 
aj = 5 cjJo(kRj), a, = 2X gd m(kRj)cos(m@;), 
= ae (8.3.3) 


N 
=) gJ m(KR;)sin(m@;). 


j=l 


First, consider the circular interior boundary I}, = {(r,@)|r = p,0<0< 27}. For 
the standard MFS, the collocation equations (8.2. a lead to 


N 
XO 6G) = (P), Peeri L=1, 2, N. (8.3.4) 
j=l 
The spurious eigenvalues are known for the sources nodes (R, ġ;) as 47 = (k7)? from 
(cf. (8.2.21)), 
Jmw(K R) = 0. (8.3.5) 
Define the relative error Tee We have the following proposition. 


Proposition 8.3.1. For the source nodes (R, ġ;), there exists the lower bound at (8.3.5), 


U— UN Mm (kp) OP + ae 
I lors ~ y (8.3.6) 


Hello, = 421a P ME o) + ELM? (K p) (lanl? + lbn) 
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where by =0 for m* =0. 
Proof. We have from (8.2.13) and the orthogonality of trigonometric functions 
lullor, = Í _ winds = mp{ 2a P ME p) + X MK P) (lan? +b) } 
in m=1 


Under (8.3.5), we have až = bř. = 0 from (8.3.2) and (8.3.3), then the FS cannot 
present the true nonzero term, 


Um = HG (K p){ am cos(m* 0) + Bmsin(m*6)}, 


with am (#0) and bw (#0). Hence, for the solution uy in (8.2.8) missing the 
term Vm, we have 


7 Bool by. m*>1, (8.3.7) 


Ju urli, > f (on) One)ds = mp M(B" o) lane 


in 


lu — unl? rs > 2mplaol?M2,.(k-p), m*=0. (8.3.8) 


m* 


The desired result (8.3.6) follows from (8.3.7) and (8.3.8). a 


Proposition 8.3.1 proves the divergence of the MFS at the spurious eigenvalues. 
The errors from (8.3.6) could be as small as O(10~*), but they never diminish to the 
infinitesimal. Numerical examples are omitted. The divergence is the first numerical 
characteristic of spurious eigenvalues. 


Next, consider stability. Denote (8.3.4) by 
Dx =f, (8.3.9) 
where the matrix D* = circulant(d), dj,...,dy_,) is also circulant as in (8.6.3), 
where the entries d} = HY) (a/R + p? —2Rp cos(ih)). For large n, from (8.5.32) 
and (8.5.33) we have 


1 ekR\" 2 (ekp\"" 1 (R\" 
A faa apna, — . . wl 
[Jak Mali) (Z) x (52) E rp, (83:10) 


We obtain the following lemma by following Chapter 7. 


Lemma 8.3.1. There exist approximations for the eigenvalues A, of the matrix D* in 
(8.8.9), 


2o = N{Jo(kR)H\? (kp) + 2.0 y(kR) HQ (kp)}, (8.3.11) 


he NE Je(kR)HW (kp) + Jn-e(kR) HQ) ((kp)}, €=1,2,...,N—-1. (8.3.12) 
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Similarly to Theorem 8.6.1 and Chapter 7, we have the following proposition. 
Proposition 8.3.2. For bounded k and the gap 6 > 0, there exists the bound, 


1 Mo(kp)|Jo(kR)| — “w(2 


Cond = Cond(D*) < C 
on Cond) = 5 Ma(kp)|Jx(kR)| ~~ 3 \R 


N 
Ve R<p. 


Proposition 8.3.3. For bounded k but under (8.3.5), there exists the bound, 


Cond* < ew(£)". (8.3.13) 


Proof. The main differences are for the lower bound of Am» in (8.3.11) and (8.3.12). 
Under (8.3.5), we have |Am:| ~ &m:N|Jn—m:(KR)|My—m:(kp), where @¢) = 2 and 
Em = 1 for m* > 1. Then from (8.3.10), we obtain 


R N 
min| il > co N|Jv(KR)|M (kp) > eo (=) 


Since max; |A;| = O(N), we have Cond* = M2@X:il4l < cn(g)*. a 
min; |A\| R 


When the gap ô> co > 0, we have Cond = o(n(4)*) from Proposition 8.3.2, 


and then Cond* = o(4 (Cond)?) from Proposition 8.3.3. Hence, the ill-conditioning 


at spurious eigenvalues becomes much more severer. This is the second numerical 
characteristic of the spurious eigenvalues, which is like the Neumann problem of 
Laplace’s equation by the standard MFS in Chapter 3 with the operator singularity. 
Since the spurious eigenvalues are known as (8.3.5), for the given k we may choose 
the R carefully to avoid them (e.g., (8.7.6)). 


Numerical experiments have been carried out, to verify Propositions 8.3.1 and 
8.3.3; details are omitted. The spurious eigenvalues do exist numerically. Note that 
the spurious eigenvalues occur at the eigenvalues of the interior Dirichlet problem 
(IDP) on the pseudo-domain S~ (# S), where S = 2D\Sæ. Hence, the spurious 
eigenvalues of MFS and BEM are distinct. For the circular T},, the spurious 
eigenvalues of the BEM occur at Jw(kp) = 0 with R<p, differently from (8.3.5). 
Such conclusions are also supported by the numerical examples in [41]. 


There were many computational reports for the exterior problems by the MFS 
see [81, 129]. The MFS suffers from spurious eigenvalues (see Chapter 7). For source 
nodes (Rj, ;) on the non-circular pseudo-boundary 4, in (8.7.11), the explicit k of 
spurious eigenvalues (i.e., the explicit eigenvalues of the IDP) are unknown. How- 
ever, the unexpectedly huge Cond will indicate the existence of the spurious 
eigenvalues [46, 47]; see Proposition 8.3.3. In this chapter, we explore a compre- 
hensive and advanced study of the spurious eigenvalues of the MFS and their 
removals. 
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When spurious eigenvalues occur, the gap between PS and FS cannot diminish. 
Both the MFS and the BEM stem from the FS so both suffer from spurious eigen- 
values. However, the spurious eigenvalues of BEM and MFS are distinct; one orig- 
inated from the interior boundary I'in, while the other from the pseudo-boundary 
T (# Tin) of source nodes. The numerical characteristics of spurious eigenvalues are 
important to the numerical Helmholtz solutions by the MFS as well as the BEM; see 
[44, 46, 47, 81, 129]. 


8.4 Modified MFS 


To eliminate all spurious eigenvalues, we propose the new modified MFS. Denote a 
smooth closed curve Ip inside the interior boundary Tj, satisfying (8.2.7). Let the 
source nodes be located on Ir, and choose Iz as the circle as in Figure 8.1. We have 
from the boundary integral equation (BIE) of the first kind on FR 


u(p, 0) = i HP (kr)ods, (8.4.1) 


where the boundary density o = o( R, ġ) on TR. 


The boundary integral equation of the first kind is expressed in [210, p.102] by 
u(p,0) =if rH © (kr)ads, where the constant Ż is omitted for easy discussion. By 
the trapezoidal rule with equal meshspacing h, we have from (8.4.1) 


N N 
u(p, 0) = hY HWY (kro; = Y eH” (kr;), (8.4.2) 
j=l 


j=l 


where cj = haj. This leads to the FS in (8.2.8) in the standard MFS. The MFS was 
viewed as the boundary integral equation method (BIEM) in Fairweather and 
Karageorghis [80]. 

The equation (8.4.1) is of the single-layer potential, and the alternative is to use 
the double-layer potential: 


ð 1 o 1 
u(p, 0) = [5H ods = = ano (kr)ods, (8.4.3) 
where v is the exterior normal to Ip, and 2 =— a. We have 
0 Or k 
pete (hr) = -kH (kr) ano ~~ Hy (kr)(R — p cos(0— $)). (8.4.4) 


By the trapezoidal rule, we may choose the other kind of FS, 
N 
o 
u=) cigg Ho (Eri), (8.4.5) 
j=l 


instead of (8.2.8). Based on the error analysis (details omitted), the MFS using 
(8.4.5) also suffers from spurious eigenvalues at J’ (kR) = 0. To avoid the spurious 
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eigenvalues by the BEM, a combination of the single-layer and the double-layer 
potentials was used in Burton and Miller [30], Chen et al. [44], Engleder and 
Steinbach [77], Buffa and Hiptmair [29], and Sauter and Schwab [210, p.175]. We 
then use the new combined FS, 


ð 
W;(p,0) = (n + in) HP (kr) = DH (kr;) 


(8.4.6) 


= DH") (ry r + p? — 2Rp cos(0 — ,)): 


where the operator D = (4 ae in). In this chapter, choose y = k and $; = 2j, The 


new FS are given by 
N 
uy=9 oj ¥;(0, 8), (8.4.7) 


where c; (€ C) are the unknown coefficients. The collocation equations (8.2.11) are 
modified as 


N 
VAY G¥;(0¢,92) = V dhe Fo 9), (ee) ETE, £=1,2,...,M, (8.4.8) 
j=l 


where M > N. Once the complex coefficients c; are found, we obtain the solutions 
from (8.4.7). The algorithms of (8.4.7) and (8.4.8) are called the modified MFS. In 
fact, the Iz is not necessary to be circular, and the numerical computation is given 
in Section 8.7.2. Note that the non-circular Iin and Ir, the new FS in (8.4.7) remain 
the same. Hence the new algorithms are simple, compared with the modified BEM in 
[29, 46, 77]. Since a smooth non-circular I'R may be chosen easily, we can avoid the 
complicated combined operators for the Lipschitz boundaries in [29, 77]. The 
remarkable advantage of the modified MFS is to bypass all spurious eigenvalues. 


8.5 Error Analysis for Modified MFS 


Since the modified MFS using DH (kr) as FS is more complicated than the 
standard MFS, the proofs involve more challenging techniques. To follow the proofs 
below more easily, let us address the outlines. Although the basic analytical 
framework follows Chapter 7, the key lemmas in Section 8.5.1 are important, and 
the proof techniques are intriguing. Since the non-zero factors DJ,(kR) appear in 
the denominator in (8.5.5) below, the estimation on the lower bounds of |DJ m(kR)| 
is essential to error analysis and is given in Lemma 8.5.3. Next, the estimation of the 
denominators |DJm(kR)|Mm(kp) in (8.5.58) is also imperative and given in 
Lemma 8.5.5. From (8.5.4), the errors between FS and PS can be found by Fourier 
expansions, and their bounds are given in Theorem 8.5.1. The optimal polynomial 
convergence rates are finally obtained in Theorem 8.5.2. 
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8.5.1 Preliminary Lemmas 


We have from the addition theorem (8.2.18) for R<p 


o 
aa (r/R + p? — 2Rp cos(0 — ¢)) 
a (8.5.1) 
= Hy (kp) 5 Jo kR) +25 H® (kp)cosm(0 — Dea g 7r (kR). 
From (8.2.18) and (8.5.1), we have 
DH) (kr) = DH) (ky/ R? + p? — 2Rp cos(0 — $) (8.5.2) 


= HP (kpo)DJo(kR)+2 X` HY (kp)cosm(0 — ¢)DJmn(kR), R<p, 


m=1 


where the combined operator D = ($; + ik). Choose the new FS in (8.4.6), 


Y(R, 0; p, 6) = DH (ry R? +p? — 2Rp cos(0 — @)). (8.5.3) 


From (8.5.2), we have the following lemma. 


Lemma 8.5.1. There exist the equalities, 


27 
0 
2n 


F(R, 0; p, p)cos(mp)dh = 2r H® (kp)DJm(kR)cos(m0), 
i 


"Y(R, 0; p, &)sin(mp) do = 21 H® (kp)DJm(kR)sin(mé). 
0 


From Lemma 8.5.1, for the polynomials P,,(p,0) in (8.2.14), we can find an 
approximation, 


N 
P,(p, 0) ~ 5 cj¥;(p, 0) = UN = Zn (Pn; p,9), (8.5.4) 
j=l 
where ;(p, 0) are given in (8.5.3), and the coefficients 


= 1 wot) n DUD [am cos(mjh) + bm svi} (8.5.5) 
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where 


o 


IDJ „(kR)| = | & + ik) Jn (kR) = l (o Jn(R)) r k? J? (kR) \ 


Since Jm(KR) and 4 Jm(kR) have no common zeros, we conclude |DJm(KR)| > 0 
with Vm, k. Hence, no spurious eigenvalues exist for the modified MFS; this is a 
remarkable advantage over the standard MFS in Section 8.2. 


Note that the denominator DJ,,(kR) appears in (8.5.5). The bounds |DJ,,(kR)| 
are essential in error analysis, and given in Lemmas 8.5.2 and 8.5.3 below. We have 
for x = kR 


[IDI (kR)? = KP{(I, (2)? + F2(a)}. (8.5.6) 


The zeros, jm ¢ Of Jm(a) and J,» of J'n (£), are simple and distinct to each other. For 
the given m, there exist the bounds in [1, p.370], 


se A PW fae gO aS Pe (8.5.7) 
From Elbert [79, p.72], there exists the lower gap for a fixed m (> 5) 
Íme — jme > (Č Or, ft. 
Then we have the minimal gap among different j,, » for given m> 0, 
min (jm c+ 1 — jme) = %- 
Denote the gap 
min{ nt Inte Very — Imel} Z d 


where cj (> 0) and dj (> 0) are two constants independent of m and £. There exist 
two formulas from [1, p.370, 9.5.10, 9.5.11], 


lynne x 
no-i h-E) (8.5.8) 
i 1 a n1 r 


where j, p and Ji, , are the kth zeros of J,(x) and J’! (x), respectively. 


Lemma 8.5.2. For the bounded k, there exist the bounds, 


1 kR\"" 
. oO |2] , ot 5 
IDJ esel) n (8.5.10) 
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kR 


1 
D k > ¢ ————_ 
Doak Dzor yl 


) , for largen, (8.5.11) 


where co(> 0) and C are two constants independent of n. 


Proof. We have from (8.5.8) and (8.5.9) for n>1 


OGG) AOS aay G)” 


to give from (8.5.6) 


2 kR n-1) 2 KRY” 2 ER n= \ 2 
sume <4 ait sefe | <of it 


This is the first desired result (8.5.10). Next, for the bounded x = kR and a large n, 
we have from [1, p.365] 


|Jn(a)| © = (5) "x 1 (5) p (8.5.12) 


where we have used Stirling’s formula n! ~ v 2nn(2)" in [1, p.257, 6.1.37]. Then the 
derivatives have 


1 n\n 
1 EE iaaaaaMŘĖŘÁ a5, 
Ol ay ( ) eon 


to give from (8.5.6) 


kR» )? ERN) 2 Ryn )2 
pane = dae +2) at >a} Oot 


This is the second desired result (8.5.11). E 


We give the following key lemma. 


Lemma 8.5.3. Let k be bounded. Suppose that x = kR is closer to j, and r= kR € 
ne Jne]: There exists the lower bound for (8.5.6), 


|DIn(KR)| > comin{|In(irex Dl Iane} 20, (8.5.13) 
where co (> 0) is a constant independent of n and £. 
Proof. Define the positive function 
FE) = [DIER = PAE) + iE) (8.5.14) 
For z € [e Jaep], the minimal values of f(x) may exist at x = z, provided that 


F(E) = 2k J (EJE) + In} = 0. 
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Then two possible values of extremum exist, 
J a =, (8.5.15) 
J! (z) + Ja (z) = 0. (8.5.16) 


From (8.5.15), the minimum may occur at two boundary points © = Jh », Jn e+1- The 
other possible minimum is given from (8.5.16). The Bessel functions satisfy 


a? Jy(2) + 2J,,(2) + (2° — n°) In(x) = 0. (8.5.17) 


From (8.5.16) and (8.5.17), the root %*(= 7) is found from 


n Jaa) = I E). (8.5.18) 


The roots of (8.5.18) are discussed in Engleder and Steinbach [77] for the upper 
bounds of the first root only. In [7', ¢; Jn e41], the curve of J,(«) passes the zero at jp g. 
From (8.5.18), we have 2 € (Jne Jne) U (ines Ine+1)- In fact, the root z* occurs only 
if the signs of both J,(z) and J’ (x) are the same: J,(z*)J'(z*) > 0, so that 
T € (JnesIne+1): This conclusion may be illustrated in Figure 8.2, where the root of 
J,(@*) = Jp (T*) exists in the same section 7* € (jne Jhe41) as (8.5.18). There exist 
two cases for (8.5.18) in [Jno Jne] 


Case A. The curve of J,(x) is strictly increasing, then J’ (x) > 0. The inequality 
Ja(3*) J),(%*) > 0 happens only in (jne, 7,04 1)- See Figure 8.2(a). 


Case B. The curve of J,,(2) is strictly decreasing, then J'(x) <0. The inequality 
Jn(%*) J (T*) > 0 also happens only in (jpe Jh ¢41)- See Figure 8.2(b). 


Hence we find the minimal value of function (8.5.14), 


f(a) = mind E), fine) Snes vt: (8.5.19) 

Next, we have 
EPn) = PAT Gnoy + Tn Gnot = Pe) (8.5.20) 
Fer.) = PETG ev) + Anea DI = PR ne) (8.5.21) 


Since | Jn(J},.¢41)|<|Jn(¥,¢)| from [1, p.411, Table 9.5], we have from (8.5.19)—(8.5.21) 


Je min{ fE), PI Ge) (8.5.22) 
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i 
Jn g+1 


(b) Case B 


Fic. 8.2 — The roots of J (£) = Ji (z) in (J), ¢.44,¢41) in Case A(a) and Case B(b). 


For 7* € (Jne Jne+1), first suppose 


Ze xs I ; 

IT — fneaal S 3 linei = Inel (8.5.23) 
Then the 7* is closer to j} ,,, than to j,. Since JY (z) = —Jn(T) from (8.5.16), the 
function J,(%*) reaches the maximum (or the minimum) at Case A (or Case B). 
Take Case A in Figure 8.2 for example, where both J,(z) > 0 and J;,(z) > 0. From 
(8.5.17) and x > j,¢ > n due to (8.5.7), we have 


J (2) = =J (2) Ja(£)<0, (8.5.24) 


= 
and the curve of J;() in (j,¢,J),¢41) is convex. Then we have from (8.5.23) 


= _ T — Jng 
|Ja(T*)| = In(2") = a 
Ine+1 T Ine 


|z* — Jne 1l ; 1 
= fı -o Inneal 5 


Bati = inal -2 


Tarea) 


Innes); 
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and then 


FE) = PLT (B))" + TB )} > PIE) > STG es) (8.5.25) 


Otherwise, when the condition (8.5.23) is invalid, the 7* is closer to j,,¢. For Case A, 
the curve of J (x) in (jn; Jne41) is also convex; see Remark 8.5.1. Similarly, we have 
(aE 2 31 F(In,e)| and then 


P(E) = PLT (BE) + EN > PTB )) = * (Una) (8.5.26) 


For Case B, the bounds (8.5.25) and (8.5.26) also hold. Combining (8.5.22), (8.5.25) 
and (8.5.26) gives 


f(a) = |DIn(kR)| > co min{|InGree dl anl 


This is the desired result (8.5.13) and completes the proof of Lemma 8.5.3. E 


Remark 8.5.1. For z € (jnesJn¢41) in Case A with both J,(x) > 0 and J (x) > 0, 
the curve of J' (x) is also convex. This conclusion is confirmed by the following 
arguments. For small n, the convex curve of J' (x) can be discovered in [198, p.218, 
Figures 10.3.1 and 10.3.3] with Jo(z) = —Jı(x) and J;(x). Below, we prove that it 
is true for a suitable large n but bounded x. By differentiating (8.5.17), we have 


iig JN (a) + aJ (£) + (a? — n7)In(a)} (8.5.27) 
= a? J!" (a) + 82" (x) + (2? — n? +1) J (£) +22J, (£) = 0. 
By using (8.5.24), the equation (8.5.27) leads to 
1 
a? J" (2) =- — r — 2) J (2) ——(3n? — 2?) Jala). (8.5.28) 
x 


From Watson [239, p.486], there exists the lower bound J p> jı > y n(n+2). For 
LE (InoIneri1) in Case A, we have £> jne > Jae > Vr(nt 2), and then 


(2° — n — 2) > n(n+2)—- n? -2=2(n-1)>0, n21. 


Since x is bounded, for a suitable large n such as n> fates > Wy the other factor 
+ (3n® — 2?) >0 in (8.5.28). Hence for Case A with J,(x) >0 and J (x£) > 0, we 
conclude from (8.5.28) that J'"(x)<0, and then the curve of J (£) in re 
(GinesIne+1) is also convex. Since k and R(< Tmin) are bounded in our application, 


such a suitable n*(>1) can be found as n>n*> 


Kerwin 
J 
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Remark 8.5.2. For the large n, the explicit expansions of J (jne) and Jn(jhe) are 
given in [198, p.237] as 


2 
oo 2\3 o0 
j tk 1. e G Pr 
i s Pana) SL 5 8.5.29 
Jng Eg nC a) (=1) aM (a) 2 7*7 ( ) 
a O SB 
Ine © ny oa sais? Tne) © (-1) EN (ah) og nAR’ (8.5.30) 


where a, a, By and fi, are the constants given in [198, p.236, p.237], ap and aj are 
the Lth negative roots of the Airy functions Ai(z) and Ai (x), respectively, and M(x) 
and N(x) are the modulus functions for the Airy functions and their derivatives, 
respectively. From Lemma 8.5.8, (8.5.29) and (8.5.80), the nonzero |DJ,(kR)| has 
the lower bound (also see [198, p.238, (10.21.42), (10.21.44)]) 


|DJn(kR)| = KOT + HO > on™”, (8.5.31) 


where co is a constant independent of n. Therefore, no spurious eigenvalues exist for 


the modified MFS. 


Denote the modular of Hankel functions, 
M2(2) = |HP (2)? = 2(2) + ¥2(z), w>0,2>0. 


For large u, there exist the approximations from [198, p.231, 10.19.2], 


1 ex \" 2 fex\ * 
wz = Y,(2) x iHa a HH 8.5.32 
Jue) = Na) VOo m y a) a 


Then we have for large u, 
2 fex\ " 
M s4i/—{—] . 8.5.33 
(a= f= (=) (8.5.33) 


From p.225, 10.9.30] and [90, p.727, 6.664.4], there exists Nicholson’s integral, 
M?(2 A a| = = Zf o Ko(2z sinh(t))cosh(2ut)dt>0, p>0, (8.5.34) 


h 
where Ko(z) = fọ e7% dy is the Bessel functions of the third kind [239, p.181]. 
Lemma 8.5.4. For M,(x) defined in (8.5.34), there exist the bounds, 
M,(2)<M,(2), O<p<y, (8.5.35) 
M,(2)>M,(y), «@<y. (8.5.36) 
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Proof. By differentiating both sides of (8.5.34) with respect to u, we have 


1 o0 
2My(2) Č Mala) = =i Ko(2z sinh(t))sinh(2ut)t dt > 0, u>0, 
H T Jo 
to give 
2 4 (2) -yg © (22 sinh(t))sinh(2ut)t dt > 0 
ðu H m n2 M,,(2) i 0 H E 
This gives the first result (8.5.35). Since K(x) = —Ki(x) <0, we also have from 
(8.5.34) 
o 8 1 


ap = ~ 72M, (2) 


f K,(2z sinh(t))cosh(2ut)sinh(t)dt<0. 
0 


This gives the second result (8.5.36). a 
We give the other key lemma. 


Lemma 8.5.5. Let k be bounded. For m E [0, n], there exists the lower bound, 
R n 
Ti = M,,(kR)|DJ m(kr)| > co (=) ; (8.5.37) 


where R< Tmin LT < Tmax, and Cy (> 0) is a constant independent of n. 


Proof. There are two cases for m € [0, n] whether m is large or not. First, for large 
m, we have from (8.5.33) and the Stirling’s formula (m — 1)! ~ ze" 


Mnl) © ae x eea (5) °. (8.5.38) 


Hence for large m, we have from (8.5.38), (8.5.11) and r < fmax 
Ty = [DI m(kR)|M (kr) (8.5.39) 


1 (kR\™ kr\~™ R\” R\" 
> o | -DE| >al) > =I 
Joa ka 2o(Z) a 


Second, consider the challenging and imperative case of bounded m. Denote 
z= kR E [ne Jmepi] = [27,27], where 17 = jmo, and T% = 7, e41: First, we have 
|DJo(x)| > co. For m> 1, from Lemma 8.5.3 and (8.5.31), 


|[DJm(x)| = KI (2)? + F2,(2)}2 > com ™ > co(kR)? > co, m>1, (8.5.40) 
where we have used m < jm1 < KR from (8.5.7). Besides, from Lemma 8.5.4 
M,,(kR) > Mo(kR)> co, m>0. (8.5.41) 


Combining (8.5.40) and (8.5.41) gives 
Ti = M,,(kR)|DJn(2)| > co. (8.5.42) 
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For two cases, we have from (8.5.39) and (8.5.42) 


R n 
Ti = M,,(kR)|DJ m(kr)| > min{ co, I} = o( ) 5 (8.5.43) 
Tmax 
This is the desired result (8.5.37). E 
8.5.2 Error Bounds 
First, we estimate the errors in (8.5.4) 
N 
E(p,0) =P, (p, 0 )- So ej ¥i(p, 
j=l 
Denote the basic errors, 
En(p, 0) = DH) (kp)cos(m@) — Laws m=0,1,2,..., (8.5.44) 
E* (p,0) = DH” (kp)sin( m0) — > Ft m=1,2,..., (8.5.45) 
where the complex coefficients jm = te aS and Bin = Sinn aa ) from (8.5.5). 


Lemma 8.5.6. There exist the bounds on the circle T, with radius p, 


N74 
En (p, Ol? < C—— M (kp)|DJ y_m(KR)|’, 8.5.46 
Em(e, Dior, S DI ERP v—m(kp)|DIn—m(KR)| ( ) 
N74 


E* (p, Ol? < C — M? 
| “(p Nor, S IDJ m(kR)|? ` 


_nlkp)[DI N-m(kR)Ë? < C| Enlo, Olr, 


(8.5.47) 


Proof. We only prove (8.5.46), since the proof for (8.5.47) is similar. We expand 
(8.5.44) as a Fourier series, 


En(p,0) = — + S {am cos(€0) + bem sin(£0)}, (8.5.48) 
where complex coefficients 


1 2m 
Oimn = if Em(p,0)cos(£0)d0, €=0,1,2,..., 
: (8.5.49) 


2n 
bem = a E,,(p, @)sin(@0)d0, €=1, 2,.... 
TSO 
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For the Fourier coefficients in (8.5.48), based on Basic Lemma A in Part I and 
Lemma 8.5.1, there exist the equalities, 


Hy) (kp)DJ(kR) 

a= fe Dn (kR) , fl=tztm+uN, w=1, 2,..., (8.5.50) 
; otherwise, 

bem =0, Vim. (8.5.51) 


When n is large and kr is bounded, we have from Lemma 8.5.2 and (8.5.12) 


kR\n-1 F n 
[DJa (kR)| < ct) 7 < Cn|Jn(kR)| < (+) (=) (8.5.52) 


From (8.5.33) and (8.5.52), when n is large, there exist the bounds, 


T*(r) = M,,(kr)|DJ,(kR)| < oy)" x (=) DE (5). 


(8.5.53) 
For R< rfmin <7, 
Ti (r)< T(r) form>n, That) < T(r). (8.5.54) 
From (8.5.48)—(8.5.51), we have 
(1) a 
Sò |z, (kp)DJ.(kR)| 
|Em(p; Ilr, €4\a¢m|? = Cn? gs 
<02 nS a OE] 
1 
= Cr? —_____.. 04M? (kp)|DJo(kR)|? 
[DI m(KR)|? iy i 
+> eatin ts. (8.5.55) 
f=m+ uN 
Since n and N (> 2n) are large, we have from (8.5.53) and (8.5.54) 
XO PIM7(kp)|DIA(RR)P < CN” MY (kp)|DIv—-m(RR))’, (8.5.56) 


bL=-m+ uN 
So CMIERIDIdko P< X> C MIR)DIkp)? 
l=m+ uN t=-m+ uN (8.5.57) 
< CN” My-m(kp)|DIN-m(kR)?. 
Combining (8.5.55)-(8.5.57) gives 
N°’! 


|| Emp, Dlr, £ C———— Mi m kp)|DIN-m(kR)}. 
í [DI m(kR)| 


Exterior Problems of Helmholtz Equation 177 


This is the desired result (8.5.46). a 
Lemma 8.5.7. For N>2n, there exists the error bound for (8.5.4), 


| Pap, 0) — E$ (Pai P, Olyn, 


af $ (My-m(kp)|DIn—m(kR)|\? 2 (8.5.58) 
~ (35( MUD) Yir rlo, Ploru» 


where p E {rmin, mae} 


Proof. For rmin < P < Tmax, we have from Lemma 8.5.6 and the Schwarz inequality 


2 
|| Pn(p, 0) — Ej (Pas P, Dllor, 


ay Eo(p,0) + S~(dmEm(p, 0) + bm E%,(p, 0)) 


m=1 


al p 
~]? 8.5.59) 
D Mm(kp) ( 
ag Ei p,0 + Am m (p,0 )+ bm ET, p,9) WT (bY 
0) o( B+ Dl ( IM, (kB) qT 
a Z as n ||Em(p, OAS 
< Jao} M2 (kp) + S (aml? + [bm ) M? (Kp) 2 ? 
WEI m=0 M7, (kp) 


where we have used (8.5.47). There also exists the bound, 


Jao? MEP) + YO (lanl? + bml) MPEP) < PaP, Olor, < CllPn(o, lor,» 


m=1 


(8.5.60) 


where P,(p,0) are the complex polynomials of order n in (8.2.14). On the other 
hand, we have from (8.5.46) 


sol Pan alkola) 
En(P, Olg, S CN?2 > ( a 8.5.61 
Combining (8.5.59)—(8.5.61) leads to the desired result (8.5.58). a 


We have the following main theorem. 


Theorem 8.5.1. When N is large and N>2n, there exists the error bound for 
(8.5.4), 


R peer Tmax i 
PaCo 0) = En (Pri P Ollar, < evan (, ~) e) heate Dons 


(8.5.62) 
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Proof. When N >2n and N is large, then (N — m) (> n) is large. For m<n and 
0< R< Tmin < P< Tmax, we have from (8.5.53) and (8.5.54) 


[DJ n—m(KR)|Mn—m(kp) < [DI n—n(kR)|Mn—n(kp) 


N-n N-n 8.5.63 
CO - 
P Tmin 


where Z <1. For m € [0, n] and bounded kR with R< rmin, we have from Lemma 
8.5.5 and (8.5.63) 


x |[DJN-m(kR)|M n—m(kp) i 
> [IDJ m(kR)|M m(kp) ) 


m=0 


N-n 
R 
IDS y-m(KR)|My-m(krmin)\ (£) 
<C < Cn ~r LO. 
< Cn mas [DJn(KR)|Mn(krnax) ) E (xy (REDA 
2 2 
R Ag Tmax 4 R — Tmax i 
p af (=) ( R 7 ont (=) (==) | i 
The desired result (8.5.62) follows from Lemma 8.5.7 and (8.5.64). E 


Theorem 8.5.2. Suppose that u € H” (Tin) (p> 1) and the conditions of Theorem 8.5.1 
hold. When the large N (> 2n) is chosen as in (8.5.69) below, the solution uy in 
(8.4.7) by the modified MFS has the optimal polynomial convergence rates, 
1 
I~ uxlar, = O(sgallllan ) (8.5.65) 
Proof. We have 


lu- uxllor, = inf |lu- vllo r, <lu — E$ (Pai P, Dllor,, 
ve Vn 


n (8.5.66) 
< ||u — Pa(p, Olor, + ||Pa(p, 0) = zy (PRs Ollo ry: 
From (8.2.17), 
1 
lu = Palo, Olor, = [al Olor, < CS lell (85.67) 
There exists the bound, 
PaCo, )llor,, © lellor,, < lullpra 221. (8.5.68) 


Then we have from (8.5.66)—(8.5.68) and Theorem 8.5.1 


1 i R N-2n a n 
u— unlar <C 5+( ) (==) ull p. 
I I OTi l nP Tmin Tmin I lyra 
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The desired result (8.5.65) follows if we choose the large N such that 
i ( R B (==) i = 
ne —]} <n”, 
Tmin Tmin 


(p+ 5) nn+ n In (2) 


Tmin 
Timi ? 
mE) 


The equality of (8.5.69) also implies n > coN, where co (> 0) is also independent of n 
and N. This completes the proof of Theorem 8.5.2. E 


to give 


N>2n- 


R< Tmin. (8.5.69) 


Remark 8.5.3. The boundary errors are provided in Theorems 8.5.1 and 8.5.2. By 
using the weighted Sobolev norms in an unbounded domain Sx, (see Hsiao and 
Wendland [104, p.191] and Sauter and Schwab [210, p.83]), the domain errors may 
be obtained from the boundary errors (see (7.3.87) in Chapter 7). For simplicity in 
computation, we may also evaluate the errors on a large circle T œ with a large radius, 
say R“ = 100. The small boundary errors, ||ell r, and |lelloo.r,.> imply the small 
domain errors, as if the Dirichlet problem of the Helmholtz equation in annular 
domains were considered. 


8.6 Stability Analysis for Modified MFS 
The stability analysis is made only for the circular interior boundary T}, in this section. 
For the non-circular Iin, the stability analysis may follow Chapter 3. Consider the 


Dirichlet problem of (8.2.1) on the circle T3,=T,, where T,= {(p,0)|p = 


T 
constant, 0 < 0 < 2r}. Choose the following uniform source nodes and collocation 


nodes, 
Q; = {(x, y)|z = R cos(ih), y = R sin(ih)}, (8.6.1) 
E it), = p sin(s)}, 

where h = 2 and R<p. The equation (8.4.8) leads to 


N 
NO GYP) =(P), PeeT,, €=1,2,..4N, (8.6.2) 


j=l 


where P; = (p;, 0c), and c; are the complex coefficients. Then the new FS are given 
from (8.4.6) 


aor ie 
Y;(Pe) = DHP (k| PQl) = (= + ik) HY (r/R + p? — 2Rp cos(é— yh), 
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Denote (8.6.2) by Dx=f, where DeC, x=(c1,0,...,cv)’ €C™ and 
f = (f(P1), f(P2),.-.,f(Pw))* € C7. The matrix D is circulant as 


do d dN-1 
; dy-1 dy > dy-2 
D = circulant(do, di,..., dy-1) = i oy i : (8.6.3) 
d d do 


where the entries d; = DHO (ky/R? +p? — 2Rp cos(ih)). Since dy-i= di, the 


matrix D is symmetric but not Hermite, and the eigenvalues of (8.6.3) are complex. 
Denote the Fourier matrix 


1 1 1 
1 l1 w wN! 
remei; | B 
1 ot .. o 


er 27 
where œ = = cos2 N Z +isin N: 


Based on David [71, p.73], the eigenvalues A; (€ C) of matrix D are given by 


N-1 
d;(cos(£jh) +isin(€jh)), €=0,1,...,.N—1. (8.6.4) 
j=0 


From Basic Lemma A in Part I and (8.5.2), we have 
N-1 
XO dj sin(éjh) =0, £=0,1,...,.N—-1, 
j=0 

to give from (8.6.4) 


N-1 
de = X d; cos(£jh), €=0,1,...,N-1. 


Denote D = F*diag(20, 41, ..., Av_-1)F, where Omax = max; |A,;| and Omin = min, |A,]. 


i. ; : Omax max; |Aj| o. 
The condition number is defined by Cond = == = maa al Similarly, we can 
Omin min; |; 


prove the following lemma from Chapter 7. 
Lemma 8.6.1. There exist the approximations of complex ^4, 
Ao & ((kp)DJo(kR), 
dp ~ N[H\ (kpyDJo(kR) + HY ,(kpyDJn_c(kR)], €=1,2,....N—1. 
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Theorem 8.6.1. There exists the bound, 


Mo(kp)|DJo(kR)| p\? 
Malko) DIER] ~ ola) 


Cond < C , R<p, (8.6.5) 


where C is a constant independent of N. 
Proof. From Lemma 8.6.1 we have 


Mo(kp)|D Jo(kR)| 


Cond < C . 
My(kp)|D Js (kR)]| 


(8.6.6) 


Since Mo(kp) < C and |DJo(kR)|< C, 


Let N be even without loss of generality. We have from Lemma 8.5.5 


R z 
min|Ae| = [åy ~ NDIg(k)|My( tp) > an (7) . (8.6.8) 


The desired result (8.6.5) is obtained from (8.6.6)-(8.6.8). = 


N-2n 
Remark 8.6.1. From (8.5.62), the key factor ( R ) implies that the smaller R 


Tmin 


is, the better accuracy is obtained. From (8.6.5), the smaller R is, the worse stability 
occurs. For the complicated Tin with a large ratio ®=, the circular pseudo-boundary 


nF 
Tmin 


will cause the huge Cond, so that satisfactory numerical solutions cannot be obtained. 
Hence, the non-circular pseudo-boundary near Tj, as in Chapter 16 may be bene- 
ficial to reducing the ill-conditioning; see Section 8.7.2. 


8.7 Numerical Experiments 


8.7.1 Circular Pseudo-Boundaries by Two MFS 


Consider the EDP in (8.2.1)—(8.2.3). The interior boundary Tin is defined by the 
following parametric equation as in [222] 


Tin = {(2, y)|x = p(0)cos0, y = p(0)sin0, 0<0< 2r}, (8.7.1) 


where 


p(0) = y/ (a+ b)? +1 — 2(a + b)cos(a0/b), (8.7.2) 


and a and 0 are constants. In computation, choose a = 3 and b = 1 with p € [8, 5], 
and the interior boundary Iin is drawn in Figure 8.3. Choose the complex solution, 
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>X 
6 


-6 


Fic. 8.3 — The interior boundary Tj, of Sa as (8.7.1) and (8.7.2), where a = 3 and b=1. 


H® (kp) 
HP (kpo) 


where n = 4 and pọ = 1 in computation. The Dirichlet boundary condition is given 
by f = u(p, 0)|p,. Choose (8.2.8) as the standard FS and (8.4.7) as the new FS, and 
use the collocation equations in (8.2.11) and (8.4.8). Denote the collocation nodes 
P = (p cos0, p sinf) on Tin. Let the source nodes Q; = (R cos6;, R sin@;) with 0; = 
2ni and R< fmin = 3. There is always a unique solution for the EDP of the Helmholtz 
equation. For the circular I R, however, the spurious eigenvalues happen just at 
Ja(kR) = 0 by the standard MFS in Section 8.2. The computed results by the 
standard MFS are given in Tables 8.1-8.3. In the tables, the |lel|,,,, denotes the 
maximal errors on the large circle I œ with radius R* = 100; we will not compute the 
domain errors in Sx (see Remark 8.5.3). The numerical data in all tables in this 
chapter are computed by double precision with 16 decimal digits. In Table 8.3, when 
k increases, the errors increase but the Cond decreases. From Table 8.1, we can see 
the asymptotes, 


lellara = 0(0-57"), lello,r 


u(p, 0) = cos(n@) in Soo, (8.7.3) 


„ = 0(0.56%), lellor, = (0-52), (8.7.4) 


in 


Cond = O(1.53"), Cond_eff = O(1.53™). (8.7.5) 
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Note that when small kR<jp ı = 2.40482, the condition (8.2.21) holds, and no 
spurious eigenvalues occur for the standard MFS (see Remark 8.2.1). For Table 8.2 
at k = 2, there is no risk of spurious eigenvalues when R<1.2. The curves of |le€llg 7, , 
Cond and Cond_eff are drawn in Figure 8.4 from Table 8.2. Interestingly, the source 
nodes may be chosen to suitably shrink to origin O. When R = 0.01, the numerical 
solutions are still satisfactory, but when R = 0.001, they become poor, due to the 
huge Cond = O(10'°). The Cond_eff is smaller (even much smaller) than the 
Cond, and the Cond_eff may better measure the stability of the numerical 
coefficients c; (i.e., x) from (8.2.12) than the Cond; see [162]. Figure 8.4 shows that 
Cond_eff < Cond in the region without risk of spurious eigenvalues. When the 
working digits used more than 16 decimal digits, the R could be chosen smaller 
to bypass easily the spurious eigenvalues. For Table 8.2 and Figure 8.4 at k = 2 
and R<rypin = 3, we may find all zeros for Ime = kR<krmin = 6 from [1, p.409, 
Table 9.5]. Hence, four spurious eigenvalues are found at 

R= — = = = 1.20241, 1.91586, 2.56781, 2.76004, m<2. (8.7.6) 
In computation, when k= 2, the R should be chosen carefully to avoid (8.7.6) 
(i.e., to satisfy (8.2.21)). 


Next, for the modified MFS, the computed results are given in Tables 8.4-8.7. 
For the new FS with the operator D = E + ik) in (8.5.3), Tables 8.4 and 8.5 show 
almost the same results. This verifies the analysis in Section 8.5 because of the same 
error bounds for D = (4 + ik). Hence, we only choose D = (& + ik) for the rest of 


the computation by the modified MFS. The curves of |e||);,,, Cond and Cond _eff 


from Table 8.6 are similar to those in Figure 8.4, but no spurious eigenvalues exist 
for all R € (0, rmin). From Table 8.4, we can see the asymptotes, 


llelloo.r, = O(0-61%), llello.r,, = O(0-60"), |lell = 0(0.55"), (8.7.7) 


in 00D pe 


Cond = O(1.39"), Cond_eff = O(1.35%). (8.7.8) 


Compared with the standard MFS, the modified MFS offers a slightly slower 
convergence rate but slightly better stability. Such slightly better stability is consis- 
tent with Theorem 8.6.1 and Proposition 8.3.2. From (8.5.62), the dominant factor of 
errors is 


Tas. 8.1 — The errors and the condition numbers by the standard MFS with k = 2 and R= 2. 


N lellara, llelo, _ll€lloarg Cond Cond_eff 
6 . : , 3.66 3.08 
12 ; ; . 6.95 4.65 
18 ; i ; 1.19(2)  7.92(1) 
24 . . . 1.37(3)  9.15(2) 


30 ; i ; 1.51(4)  1.00(4) 
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TAB. 8.2 — The errors and the condition numbers by the standard MFS with k = 2, M = 60, 
N = 30, and different R. There is no risk of spurious eigenvalues when R< 1.20241. 


llelloo.Fin llellor,, Mellor | Cond Cond_ef 


TAB. 8.3 — The errors and the condition numbers by the standard MFS with M = 60, 
N = 30, R = 2 and different k. 


Cond Cond_ef 


3 
3 
4 
3 
1 
2 
1 


o((E) ") = o((;) ) = 0(0.67"). (8.7.9) 


For the solution domain in Figure 8.3, rmax = 5 and , j= = z} = 1.58 at R=2. 
Then from (8.6.5), we have 


Tmax 
Cond = o( (y R 


The equations (8.7.7) and (8.7.8) coincide with (8.7.9) and (8.7.10) very well to 
support the theoretical analysis made. 


N 
) ) = 0(1.58%). (8.7.10) 
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llellor, Cond, Cond_eff 
4 4 ; 
oL ' | 10'8 
he, 
1-3 410° 
— No risk = 
x 
1076 Ls ‘Cond llellorin | 12 
107° | 10° 
1072 0° 
1 7 4 10° 
0.01 0.5 1 27 
O TEE 1 1 p = 1 = L TE > R 
: 1:2: 1,5 2 2.5 #73 


Fic. 8.4 — The curves of |lelly r,, Cond and Cond_eff from Table 8.2 at k = 2, where no risk of 


spurious eigenvalues when R<1.2. 


TAB. 8.4 — The errors and the condition numbers by the modified MFS using D = (4, + ik) 
with k = 2 and R=2. 


N llell ory, llellor,, lll orp Cond Cond_eff Omin 
6 : : 1.58 2.08 3 2.99 
12 : : ; 3.51 2.65 : 1.35 
18 : : : 5.26(1) 3.95(1) ; 1.11(-1) 
24 ; : : 4.71(2) 3.53(2) : 1.44(—2) 
30 ; ; : 4.30(3) 3.22(3) : 1.76(-3) 


TAB. 8.5 — The errors and the condition numbers by the modified MFS using D = (& — ik) 
with k = 2 and R= 2. 


N llellor, llelo,  Ilellor, | Cond Cond_eff Gmin 
6 l ; i 1.58 2.10 i 3.13 
12 . : ; 3.56 2.66 i 1.35 
18 j ; i 5.27(1) 3.96(1) 9. 1.11(-1) 
24 ; 4.71(2)  3.53(2) 8. 1.44(-2) 
30 4.30(3)  3.22(3) 7. 1.76(—3) 
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TAB. 8.6 — The errors and the condition numbers by the modified MFS using D = (& + ik) 
with k = 2, M = 60, N = 30 and different R. 


llelloor, leloa  Melkory | Cond Cond_eff xl Gmin 


TAB. 8.7 — The errors and the condition numbers by the modified MFS using D = (& + ik) 
with M = 60, N = 30, R= 2 and different k. 


llellorn —_llellors, 


8.7.2. Non-Circular Pseudo-Boundaries by Modified MFS 


The modified MFS can also be applied to the non-circular pseudo-boundaries; no 
spurious eigenvalues existing are significant in the application. Choose the source 
nodes on the interior contour @, as 


E ef (a+ b)? +1 — 2(a+ bcos(a0/6)}., (8.7.11) 


where 0<e<1. When e = 1, the function (8.7.11) leads to (8.7.2) for Tin. The results 
are given in Tables 8.8—8.10. From Table 8.8, we can see the asymptotes, 


lellara = O(0.62"), lellor,, = O(0.62"), llellorg = O(0.57"), (8.7.12) 


Cond = O(1.44"), Cond_eff = O(1.39%). (8.7.13) 
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In Table 8.8, choose ¢ = 0.5 for comparisons. For @, at e = 0.5, the maximal and the 
minimal radii are 2.5 and 1.5, respectively; their mean is R = 2 asin Tables 8.1 and 8.4. 
Comparing (8.7.12) and (8.7.13) with (8.7.7) and (8.7.8), the non-circular 
pseudo-boundaries provide almost the same convergence rates and the same growth 
rates of Cond. Let us cite the data at N = 30 and M = 60 from Tables 8.1, 8.4, and 8.8, 


llElloo.n = 1.70(-7), lello r, = 3.25(—7), Cond = 1.51(4), (8.7.14) 
llelloccr,, = 9-75(—7), Ilellor, = 1-88(-6), Cond = 4.30(3), (8.7.15) 
lello r, = 1-47(—6), Ilellar, = 3-51(—6), Cond = 1.48(4). (8.7.16) 


We can see that the three cases offer almost the same numerical performance in 
errors and stability. The standard MFS provides slightly better accuracy, but the 
modified MFS eliminates all spurious eigenvalues. Hence, the modified MFS is 
significant for exterior problems of the Helmholtz equation. 


To show the effects of the non-circular pseudo-boundaries, let us provide more 
numerical comparisons. When the source nodes are not close to Iin, no evident 


TAB. 8.8 — The errors and the condition numbers by the modified MFS using D = (4 + ik) 
with the contour £, of non-circular pseudo-boundaries at k = 2 and e = 0.5. 


N | Eller llello.r,, llel| oTa Cond  Cond_eff Omin 
6 : ; : 2.03 2.72 : 2.59 
12 ; : : 3.76 2.29 ; 1.36 
18 ; ; 7.33(1) 3.591) 1. 8.41(-2) 
24 : l : 1.07(3)  5.38(2) 1. 6.68(-3) 


30 ; . . 1.48(4)  7.51(3) 1. 5.37(—4) 


TAB. 8.9 — The errors and the condition numbers by the modified MFS using D = (& + ik) 
with the contour @, of non-circular pseudo-boundaries with k = 2 and M = 60, N = 30 and 
different e. 


llellooTin llellori,  llellore | Cond Cond_eff 


8.82(1) 
7.51(3) 
8) 


3.69( 

8.21(11) 
5.26(12) 
4.88(10) 
6.67(9) 
7.00(7) 
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TAB. 8.10 — The errors and the condition numbers by the modified MFS using D = (4 + ik) 
for different k and the contour £, of non-circular pseudo-boundaries with M = 60, N = 30 and 
e= 0.5. 


llellorn, leloan  Iellore | Cond Cond_eff |x| Gmin 


advantage using (8.7.11) shows up from (8.7.14)—(8.7.16). However, when the 
source nodes are close to Ti, (say €>0.9), better stability may gain evidently. 
First, we cite €= 0.9 from Table 8.9, where the minimal distance A = 0.3 
between Iin and £,, 


lelkora = 1-04(-2), Ilellary = 3-17(-2), (8.7.17) 
Cond = 6.11, Cond_eff = 3.77, Omin = 1.33. (8.7.18) 


Next cite R = 2.7 in Table 8.6 with the same minimal distance A = 3 — R= 0.3, 
llelloor, = 2-04(—3), Ilellor,, = 3-52(—3), (8.7.19) 


Cond = 1.67(2), Cond_eff = 1.49(2), omin = 4.36(—2). (8.7.20) 


Comparing (8.7.17) and (8.7.18) with (8.7.19) and (8.7.20), the non-circular 
pseudo-boundaries offer much smaller Cond (= O(1)), but larger errors as O(10~). 
This comparison supports the discussions in Remark 8.6.1. More discussions for 
pseudo-boundaries near the boundary OS are given in Chapter 16. 


8.8 Concluding Remarks 


To close this chapter, let us draw several concluding remarks. 


1. For the EDP (8.2.1)—(8.2.3) of the Helmholtz equation, the standard MFS using 
the Hankel functions (8.2.4) is first studied in Section 8.2. The error bounds 
involving degeneracy are provided in Theorem 8.2.1, and the optimal conver- 
gence rates are obtained in Theorem 8.2.2. 

2. The standard MFS suffers from spurious eigenvalues at J,(kR) = 0 for circular 
pseudo-boundaries. In some cases, the small R may be chosen so small such that 
kR< jọ ı = 2.40482 to avoid spurious eigenvalues. See Remark 8.2.1 and Figure 8.4. 
To eliminate all spurious eigenvalues for R € (0, min), the new combined FS as 
(8.4.6) is chosen. The new algorithms of the modified MFS are analogous to the 
combination of single-layer and double-layer potentials in the BEM [29, 30, 79, 210]. 
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3. Numerical characteristics of spurious eigenvalues by the standard MFS are 
explored in Section 8.3. The divergence and the extremely large Cond are proved 
for spurious eigenvalues. Note that the spurious eigenvalues of the BEM and the 
MFS are distinct. One originated from the interior boundary Iin; the other from 
the pseudo-boundary T (# lin) of source nodes. This study is important to the 
numerical Helmholtz solutions by the MFS as well as the BEM. 

4. For the modified MFS, the error bounds are derived in Theorem 8.5.1, and the 
optimal convergence rates can be achieved in Theorem 8.5.2. The stability anal- 
ysis is made for the circular ITẸ, only, given in Theorem 8.6.1. This chapter has 
explored the spurious eigenvalues by the MFS and their removals [44, 46, 47]. The 
strict theoretical analysis for the modified MFS is our focus; the proof techniques 
for lower bounds of some denominators in Section 8.5.1 are essential and 
intriguing. 

5. Numerical experiments are carried out to support the theoretical analysis made. 
Numerical comparisons are also provided and some suggestions are given for 
dealing with spurious eigenvalues. The non-circular nodes (R;, 0;) are beneficial 
for better stability, which is supported when e > 0.9 in (8.7.11) (i.e., close to Tin), 
and they may be applied to some complicated Tin (e.g., as a long strip-shaped 
curve). See Remark 8.6.1 and Section 8.7.2. 


Chapter 9 


Helmholtz Equations in Bounded 
Multiply-Connected Domains 


9.1 Introduction 


For the Helmholtz equation Au + k?u = 0 in a 2D domain S, there exists a unique 
solution if k? is not exactly equal to an eigenvalue 2 for the Laplace eigenvalue 
problem Au+ Au = 0 in S. One important criterion for numerical methods is that 
there must exist no spurious (i.e., superfluous) eigenvalues so that the unique 
solution can be obtained correctly. For exterior problems, the method of funda- 
mental solutions (MFS) using the Hankel functions suffers from spurious eigenval- 
ues. The new modified Hankel functions have been proposed in Chapter 8 to 
eliminate all spurious eigenvalues. In this chapter, we study the bounded 
multiply-connected domains. New MFS algorithms without spurious eigenvalues 
and their strict analysis are our goals. First, we study the bounded simply-connected 
domains by the MFS. The algorithms using the Hankel functions are free from 
spurious eigenvalues. A brief error analysis is provided. Next, we focus on the 
bounded multiply-connected domains and choose an annular domain for analysis. 
The Hankel functions and the modified Hankel functions in Chapter 8 are chosen as 
the exterior FS and the interior FS, respectively. Such combined FS eliminate all 
spurious eigenvalues, and new error and stability analyses are explored. The bounds 
of errors involve a degeneracy, and the bounds of condition numbers (Cond) involve 
a gap to eigenvalues. Numerical experiments are carried out to support the analysis 
made. The error and stability analyses in this chapter are essential and important. 
This chapter and Chapters 7 and 8 provide a solid theoretical basis for the MFS 
for the Helmholtz equation in the exterior problems and the interior problems 
with simply-connected and multiply-connected domains in 2D. 


There exist many reports for the Helmholtz equation by the MFS using the 
Hankel functions (e.g., [25, 87, 108, 207, 226]), but only Barnett and Betcke [20] 
involved some analysis for disk domains by using Katsurada’s approaches [123]. The 
eigenvalues by the MFS were reported in many articles, such as Alves and Antunes 
[3], Antunes [10], Chen et al. [41], Karageorghis [115], Reutskiy [207], and Tsai et al. 
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[226, 227]. The MFS is a meshless method with the pseudo-boundaries of source 
nodes. Other kinds of meshless methods without the pseudo-boundaries were 
introduced by Chen et al. [52], such as the boundary knot method and the singular 
boundary method. For the bounded multiply-connected domains by the MFS, the 
computations are reported in Antunes [10], Chen et al. [41, 44, 46, 47], Li [151], 
Reutskiy [207], and Tsangaris et al. [228]. Spurious eigenvalues for bounded 
multiply-connected domains by the BEM and the MFS were first studied by Chen 
and his group. See [46] in 2001 and [41] in 2005. 


This chapter is organized as follows. In the next section, the MFS algorithms using 
Hankel functions are proposed for the bounded simply-connected domains, and the 
error bounds involving degeneracy are provided. Section 9.3 is for the bounded 
domains with interior holes, where the MFS algorithms without spurious eigenvalues 
are proposed. The error analysis is made for annular domains. In Section 9.4, the 
stability analysis is made for ring domains, and the bounds of the Cond involving a 
gap to eigenvalues are derived. In Section 9.5, numerical experiments are carried out 
for a bounded domain with four interior holes. In the last section, a few concluding 
remarks are made. The materials of this chapter are adapted from [258]. 


9.2 Bounded Simply-Connected Domains 


9.2.1 Algorithms 
Consider the Helmholtz equation with the interior Dirichlet problem (IDP), 
Autku=0inS, u=fonT, (9.2.1) 


g2 


where A = 2, + fo. S is a bounded simply-connected domain in 2D, and T (= 08) 


Ox 

the smooth boundary. In (9.2.1), k (> 0) € R but the known function f € C. The 
Hankel function of the first kind of order n is given by H® (2) = Jn(z) +iYn(2), 
where i= V—1, and J,(z) and Y,,(z) are the Bessel and the Neumann functions of 
order n defined in (7.2.4) and (7.2.5) in Chapter 7, respectively. The complex fun- 
damental solutions (FS) are given by the Hankel function H W (kr;) of the first kind 
of zero-order, where r; = |PQ;|, P = pe” and Q; = Rei. Denote 


r= VB + p? — 2Rp cos(0 — ¢,), R>p. (9.2.2) 
For real solutions, we may choose the Bessel (or Neumann) functions as FS in [177], 
D;(p,0) = Jolkr), W(P, 0) = Yolkr;), (9.2.3) 


where ġ; = =%j and Q;(R, ġ;) are the source nodes. By the MFS using the Bessel (or 


the Neumann) functions, there exist the spurious eigenvalues 4* = k? at J;(kR) = 0 
(or Y,(kR) = 0). Further exploration for the spurious eigenvalues is provided in 
Chapter 8. 
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In this chapter, consider the complex solutions u(x, y) = v(2, y) +iuw(z, y) € C, 
where the functions v(x, y), w(x, y) € R. The complex FS for the Helmholtz equation 
are given by 


Y;(p,0) = Hy? (krj) = Jo(kr;) +iYo(kr;) = ®;(p, 0) +i,(p, 0). (9.2.4) 


The linear combinations of FS are chosen as 
N 


wy = 2G ¥4(0,0) = Ý (i, Eo), (9.2.5) 


j=l j=l 


where the functions ©;(p,0) and W,;(p,0) are given in (9.2.3), and the unknown 
complex coefficients cj = %;+iB; E€ C with «;, p; E€ R. The complex coefficients c; 
can also be sought by the Trefftz method (TM) in [169]. For the MFS using the 
Hankel functions (9.2.4), we have to choose the source nodes (R, $;) outside S (i.e., 
R > Tmax = max rly). However, for the MFS using the Bessel functions, such a 
condition is unnecessary to obey (see Chapter 7). 


Denote by Vy the set of FS as (9.2.5). The TM reads: to seek uy € Vy such that 


I(uy) = min I(v = fw- i, (9.2.6) 


ve Vy 


where |v|? = v- ọ, and 7 is the conjugate of complex v. When the integral in (9.2.6) 
involves a numerical approximation, the TM reads: to seek wy € Vy such that 


my) 


un) = T(v — 9.2.7 
(üx) = min7( y=f u- fÊ, (9.2.7) 
where e is a numerical approximation of f r by the trapezoidal rule (or the 
Gaussian rule). Let IT be divided into small Ty with the meshspacings Ahs, as 
T =U Iv. We give the collocation equations, 


Van a (Pe 0) = VAh fpo 90), (pob) ET, €=1,2,...,M. (9.2.8) 


The equation (9.2.8) is just equivalent to (9.2.7), where the central rule is chosen 


for fp- We may also assign other weights for two sides of (9.2.8) by the trapezoidal 
rule. In computation, we may choose the number M in (9.2.8) larger than 
N. The equation (9.2.8) leads to an overdetermined system Fx =b, where 
F € CY*N(M > N), x € C™ and b € C”. 


9.2.2 Brief Error Analysis 


The boundary T in (9.2.1) is supposed to be Lipschitz-continuous [91, p.5]. For anal- 
ysis, we assume that the boundary I is smooth. In the bounded simply-connected 
domains, the complex solutions of the Helmholtz equation can be expressed by 
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u(p, 0) = Pr(p, 0) + Rip, 0), (9.2.9) 


where the particular solutions (PS) of degree n are given by 


Palp, 0) = Jo(kp) ao + 5. Jm(kp)(am cos(m0) + bm sin(mé)), (9.2.10) 


m=1 
and the residual 


Co 


Ralo, = XO Im(kp)(am cos(mO) + bm sin(m)), (9.2.11) 


m=n+ 1 


where the coefficients am and bm are the exact complex coefficients. In fact, for the 
complex solutions of (9.2.1), the boundary complex function is denoted by 
f=Relf)+iZm(f). For real Re(f) and real Zm(f), the real solutions are also 
given by (9.2.10) from [177], where the real coefficients are just Re(am) & Re(bm) 
and Zm(am)& Z m(bm), respectively. This verifies the complex solutions (9.2.9). For 
a complex v, the Sobolev norms are defined as 


Dp 
2 2 = 2 e 2 
loll? = I ju? = | va, [lols = SIV alls. 
S S k=0 


where V = 2 +iZ. Suppose that the complex solution u € H?(I), there also exist 
the bounds for the complex residual (9.2.11) in [149, 169], 


1 
IRo ODlas = O(Eelulls)» a<r (9.2.12) 


From Chapters 7 and 8, we find an approximation to the complex polynomials 
(9.2.10), 


Py, = P,,(p, 9) 5 &Y;(p,0) = Uy — Xn(Pn; p, 9), (9.2.13) 


j=l 


where ¥;(p,0) are given in (9.2.4), and the complex coefficients 


1 ao n 1 4 N 

= 34 + ——— (am cos(mjh) + bm sin(mjh)) ?, (9.2.14) 
a nat HG (kR) 

where h = 7 and all HO (kR) £ 0. The non-zero denominator H (kR) in (9.2.14) is 
distinct from the MFS using Bessel functions in Chapter 7, where the denominator 


Jm(kR) may have infinite zeros. 


From Remark 2.3.1 in Chapter 2, we assume the continuous solution u € C(S). 
From Chapters 7 and 8, we may prove the following lemma. 
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Lemma 9.2.1. Let u € C(S) hold. For N>2n there exists the bound, 
Patoa- En (Pas Ps Oller, 


MN-ml H Jn—m(kp 
< CN! (=r N- iE a Palo. Dor 
> A )Jm(kp) 


where Jm(kp) £0 with p E [Tmin, Tmax], Tmax = max plp, Tmin = min p|r, R > rmax 
and C is a constant independent of N, m and n. 


(9.2.15) 


For the Helmholtz equation (9.2.1), the corresponding Dirichlet-Laplace’s 
eigenvalue problem is given by 


Au+i4u=0in S, w=OonTl. (9.2.16) 


Assume that k? is not an eigenvalue of (9.2.16), but k? may be very close to one 
eigenvalue /;, called degeneracy. Denote the gap 


; t = an : 
ô = min, ———— > = min 
ve he ve 


The case of ô = 0 responds to the exact eigenvalues: Ap = k?. When k? is not an 
eigenvalue of (9.2.16), the unique solutions can be expressed by (9.2.9). Then the 
unique solutions by the MFS can also be obtained from (9.2.13) with the coefficients 
(9.2.14). Therefore, no spurious eigenvalues exist. We write this important conclu- 
sion as a remark. 


>0. (9.2.17) 


Remark 9. a For the 2D bounded simply-connected domains, the MFS using the 
complex HO (kr) as FS is free from spurious eigenvalues. This is distinct from the 
exterior mrima in Chapter 8 suffering from spurious eigenvalues. 

For disk domains with Ø = rmin = Tmax = p, we have Jm(kp) = Jm(kp) #0 
because the case of Jm(kp) = 0 corresponds to the exact eigenvalue: k? = 2m = 


j p 2 . . . . 
(=) . For the non-disk domains with fmin < fmax, since the roots of Ja(x) = 0 are 


simple and denumerable, there must exist a p € (fmin, Tmax) Such that Jm(kø) 4 0, 
Ym. Such a p is selected in our analysis. However, the value of | J,(kp)| may be very 


-A2 
close to zero; this is also degeneracy. Let k? ~ Ay» = (s) , where jp p is the k*th 


zero of J,(a). Similarly to (9.2.17), denote the other gap for x = kp by 


E 


When T © jpg but £ Æ jng, then 0<d° < 1 from (9.2.18). Below, we consider this 
degeneracy with k? ~ J, in analysis. 


= 


1 
ni )? 


(9.2.18) 


(kp)? - ga _ 
rne) 
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To explain more about the degeneracy, let us cite some numerical results in 
Plagianakos et al. [201, p.552] as follows. Consider a bounded k, and denote 
Unsoer1 Une} = UZ {tj}, where root 2;(=j,,¢) is the th positive zero of J,(x) 
and x;<2j+ 1. Then root 2; — oo as j — oo. They computed 1,054,942 zeros for 
n < 2000 and 0 < x; < 3000, to find the minimal and the maximal gaps, 


dy = min(zj+1ı — 2) = 1.36(—9), dj = max(2;41— zj) = 1.43. (9.2.19) 
j j 


There exists the limit limj..(#)+1— zj) =0 in [79, p.75]. We assume that k is 
bounded in the analysis. Then there must exist a p (= p)|r € (fmin, Tmax) with 
0<ô* <1 in (9.2.18) such that 


d di 
eee 9.2.20 
krmax E z Armin ( ) 
In fact, there exists the lower bound, 
tees ha Faas iy TPE + 
min line p| = min |kp zj| = |kp Tj > 1 |z +1 Tj | > 1 do > 0, Vn, l. 
ne lin.e| j Tj Tj 2 Tj" 2 kr max 


Since kp ~ x, we have from (9.2.18) 


4 ~\2 is æ = 
on Une — (KP) | I(B)? = (27)°l _ Ik- arl Bt srl 


o = mil 5 = 5 
ne line (x;*) Xj Tj 
|kp — x; dy 
z2 >0 
Tj T krmax 


This is the lower bound of (9.2.20); the proof for the upper bound of (9.2.20) is 
similar. 


For the MFS using Bessel functions, the value A+ = k? at Jm(kR)=0 is a 
spurious eigenvalue (see [177]). For the MFS using Hankel functions, a specific p is 
selected by J,(kp) Æ 0,Vn, k, so that no spurious eigenvalues exist. However, since 
ô* = O(10~°) from (9.2.19) and (9.2.20), the degeneracy must be considered in the 
analysis. We summarize the above exploration as a remark. 


Remark 9.2.2. Although the Bessel functions J,(kp) with fmin < P < Tmax appear in 
the denominator in the error bounds (9.2.15), since the p may be selected deliberately, 
no spurious eigenvalues exist, but the degeneracy 0<6* <1 is inevitable. 


By following Chapters 7 and 8, we can prove the following theorems. 


Theorem 9.2.1. Letu € C(S) hold. For bounded k and 0<6* <1, when N © 2n) 
is large, there exists the bound, 


1 q Tmax\ N—2" f Tmax í 
| Pa(0,0) = En(Pri p, Olar < CE NA(S)” (N 1P Dor (0221) 


min 


where R> Tmax and C is a constant independent of N and n. 
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Theorem 9.2.2. Suppose that u € H?(T) (p > 1) and the conditions of Theorem 9.2.1 
hold. The solution uy in (9.2.5) by the MFS using Hankel functions has the optimal 
polynomial convergence rates, 


1 1 
le- uxor = O() lar = OCs) lala (9.2.22) 


provided that the N (> 2n) satisfies 
In(}-) | n n(x) | (p4 5)Inn 


In (4) 


9.3 Bounded Multiply-Connected Domains 


N>2n+ 


(9.2.23) 


9.3.1 Algorithms 


Denote an annular domain by S$, = $,\S2, where Sı and S are two bounded 
simply-connected domains with Sy C S1. Consider the Dirichlet problem in Sa, 


Autku=O0in Sa, U= Jout ON Fout, U= gin On Tn, (9.3.1) 


where Iou and Iin are the exterior and the interior boundaries without any overlaps 
Fout Tin = Ø. For analysis, let two boundaries Fow and Fin be smooth and 
star-shaped. Suppose that k? is not an eigenvalue 2 of Laplace’s operator: 


Aut+tdu=0in Sa, u=OonlT ot Ulin. (9.3.2) 


The PS in Sa are given by 


u = u(p, 0; 9,0) = u1(p, 0) + u2(p, 0), (9.3.3) 

where 
ui(p, 0) = Jo(kp) ao + 5 Ji(kp){a; cos(i0) + bi sin(i0)}, (9.3.4) 
us(5, 0) = HP (kp) a + ` H” (kp){a; cos(ið) + b; sin(i0)}, (9.3.5) 


i=1 


where a;, bi, @; and bi are complex coefficients. Two systems of polar coordinates are 
denoted by (p,0) and (p,@); they may have different origins. Denote nodes 
P(p,0) € Sa. For the exterior source nodes Q(R, 0) outside Fout, choose the FS as in 


Section 9.2, 


W(P) = HY ar Q= 7=1,2,..N, (9.3.6) 
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where h=% and R> fmax = max p|per,„ For the interior source nodes Q(R, 0) 


inside I'in, eee the FS as ¥,(P) cause spurious eigenvalues (see Sections 8.2 and 
8.3). Therefore, we choose the new modified FS, 


— ə . -e A a 
P;(P) = DHO (k|PQ,|) = (sari) HY (KPO), Q; = (R, jh), j =1,2,..., L, 


aR 
(9.3.7) 


where operator D = (& + ik), h= 2B and R<?min = min Placry, (see Section 8.4). 


For the annular domain Sa, the combined FS are given by 


L 
UN-L = -X oY (P) + X GPP), (9.3.8) 


j=l 
where c; and cj are the unknown complex coefficients. 


Define the boundary norm, 


1 
lvlloas, = lOlloran ute = {llr + Hellas, Y (9.3.9) 


Denote by Vy_z the set of (9.3.8). The unknown coefficients cj and ¢; can be 
sought by 


|| wav z — Ulor dTa inf „llv = ullo,r pOT 


out ve ou 


We may also employ the collocation equations directly to satisfy the Dirichlet 
conditions (9.3.1), 


Vhun- i(P i) = Vhol P i) P; € Pout; Vhun_1/ il = Vha (P: ), P; E Ta, (9.3.10) 


where P; = (p;,0;) and P; = (/;,0;). The equations (9.3.10) are called the MFS for 
annular domains. 


Remark 9.3.1. Note that for non-circular Ti, and Tp, the new FS in (9.3.7) remains 
the same, and the new algorithms are simple compared with the modified BEM in 
[29, 46, 77]. In the BEM, the complicated combined operators for the Lipsichitz 
boundaries are proposed in [29, 77]. Spurious eigenvalues occur at special shapes of 
pseudo-boundaries by the MFS, not at those of Tin by the BEM. Since the interior 
pseudo-boundary may be chosen to be smooth, it greatly simplifies the MFS algo- 
rithms. The remarkable advantage of the modified MFS in Chapter 8 and this chapter 
is to bypass easily all spurious eigenvalues. 


9.3.2 Error Analysis 


Denote finite terms of PS in Sı and S2 by 
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P= P,»(p, 0) = Jo(kp) ao + 3 Ji(kp){a; cos(i0) + b; sin(i@)}, (p,0) € S1, (9.3.11) 


i=1 


P, = P,(p,0) = HO (kp)ao + ya? (kp){a; cos(i0) + b; sin(i0)}, (p,0) € So. 
(9.3.12) 


The interior source nodes Q(R, $) are chosen inside Iin with R< Tmin = min p Ira For 


the PS, P;(, 0) in (9.3.12), we can find an approximation from (8.5.4) and (8.5.5) in 
Chapter 8, 


L 
Po = Pr(p,0)) = DG Y;(p, 0) = oi = EaP), (9.3.13) 


j=l 


where ¥;(p, 0) are given in (9.3.7), and the coefficients are 


= 1 ao 1 7 _ SSE B 
i =L DNE) DJ (R l” “8 h) + bm h ; 9.3.14 
Cj He + 2 DI (ER (Gm cos(mph) + sin(mj y} ( ) 


where h = = and 


L 
3 


|DJn(kR)| = G + ik) Jn( kB) Š E ee am) rezan). 


OR OR 


We cite a lemma from Theorem 8.5.1 of Chapter 8. 


Lemma 9.3.1. Let the Helmholtz solutions u € C(S,) hold, and choose Py in 
(9.8.12) and D; in (9.3.13). For bounded k and large L(& 20), there exists the error 


bound, 
R L—-2é T V4 B E 
lPi- Alon, < CVE i (; ) ®&) Vip Allan: (9-3-18) 


Tmin Tmin 
where R<Tmin; and Tmax aNd Tmin are the maximal and the minimal radii of Tin, 
respectively. 


Error bounds for annular domains can be easily obtained by the decomposition 
techniques used in Section 4.3. Denote the error functions, 


E=(P,+ Pi) — (uy + 04) = Ei + Bo, (9.3.16) 
where 


N L 
Ei = P, — uy = Palp, 0) -XC GYP), Bo = Py — 05, = Pelp, 0) — X EYP). 
i=1 


i=l 
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Theorem 9.3.1. Suppose that the Helmholtz solutions satisfy u € C(S,). For large 
N and L, there exist the error bounds between FS and PS, 


(Pn + Pe) — (uy + Tllor ur. (9.3.17) 


L-2 /_ 4 
n/r N-2n (rr Tis 
cof (=) (=) halora +E a (==) lor 
Tmin Tmin 


where Pn is given in (9.3.11), Pe in (9.3.12), us in (9.2.13) and ©; in (9.3.18). 
Proof. We have 


(Pa + Pe) = (ty + llor uur, < IPn = Uvllor ur, +l Pe - Fllorauta: (9-3-18) 


out 


The distance from the interior source nodes Q; to the interior boundary T; is closer 
than that to the exterior boundary Tout. From (9.3.15) in Lemma 9.3.1, the errors 
(P;- v,) on Iin are dominant, 


Pe — %llor UD; < Cl| Pe — Fillor, (9.3.19) 


out in 


Similarly, from (9.2.21) in Theorem 9.2.1, the errors (Py — wy) on Tout are 
dominant, 


[Pn = tillo Tou urn < CllPa = Ywllor (9.3.20) 


in out 


Then we have from (9.3.18)-(9.3.20) 
(Pat Po — (we + Dllargure S C{IPa— tilon + Pe Fillor} (83:21) 


The desired result (9.3.17) follows from Theorem 9.2.1 and Lemma 9.3.1. x 


Theorem 9.3.2. Suppose that the Helmholtz solutions satisfy u € C(Sa) u € 
H? (Tout) (p > 1) and u € H%(Tin) (q > 1). When the large N satisfies (9.2.23) and 
the large L satisfies (9.3.25) below, there exists the error bound for the annular 
domain by the MFS, 


lu ux-illor ur, S C{N Pulp r +2 Maller, Y (9.3.22) 


in 


Proof. Denote R,-~ = Ra + Re, where the residuals R, = uj — P, and Ry = w — P; 
satisfy 


in 


1 
Balloon S Co Mller Il Rello.r, < CF llullery (9.3.23) 


Then we have from (9.3.23) 


[| Rn—elloroUrin £ IlRallo raura + ll Bellotti (9.3.24) 


1 1 
< O{ Malar: + [Ballra} SCL llr, + gellar Y 
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Choose the uy with coefficients c} in (9.2.14) to approximate P,,, and the v} with 


coefficients ¢; in (9.3.14) to approximate Pı. Then we have from (9.3.24) and 
Theorem 9.3.1 


lu = un-rllo raura Slt = Uy—clloroa urn 


oul 


< ||Rn-ello T ua Ulin J || Pn—« _ Uy—clloron Ulin 


1 1 yn Tmax\ N-27 / Tmo me 
< Cf Hl rant pi lelara + “5 ( =) (==) lloras 


Tmin 
= L-24 7_ 
R Tina 
+vi(; ) (==) alan 
Tmin Tmin 


To reach the optimal convergence rates in (9.3.22), we choose the N satisfying 
(9.2.23) and the L satisfying (8.5.69) in Chapter 8. 


(q+ 4)Iné4 €1n( =) 


Tmin 


L>24+ 


R< Tmin- (9.3.25) 


Then we have 
1 1 
lu = uw-rloruura $ C4 lll + za lluellan, f (9.3.26) 


From (9.2.23) and (9.3.25), we may choose N < Cn and L< C£. Moreover, we have 
lull ra X llyr and [lull r,, = llvellar,,- The notation “a = b” means that there 
exist two constants co (> 0) and C independent of N and L such that cob<a< 
Ch (b > 0). Hence, the desired result (9.3.22) follows from (9.3.26). E 


9.4 Stability Analysis for Ring Domains 


Consider a ring domain, S° = {(p,0)|ļa< p< b, 0 < 0< 2r}, as in [46, 47, 228]. Denote 
by Tọ and T% two circles with radii a and b, respectively. The equation (9.3.1) is 
simplified as 


Au+k’u=0in 8, u= ga 0n T9, u= gn on T°. (9.4.1) 
Under N = L, the combined FS in (9.3.8) lead to 
N 
a. cae 
UN-N = 3 GHP (HPQ) + Ya (= $ ik) HW) (KP Q\l). (9.4.2) 
j=l 
where Qj = (R, jh), Q; = (R, jh), h=7% and R<a<b<R. Then the collocation 


equations (9.3.10) are o as 


un-n(Pi) = Jout (Pi), P; € T5; uv—n(Pi) — Gin( Pa), P; € ee (9.4.3) 
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where P; = (b, ih), P; =(a,ih) and h =%. The equation (9.4.3) is denoted by 
Ax = b, where the unknown vector x = {¢1,..., Cv, C1, u, CN} € C? and b € C2”, 
The matrix A € C?%*2% is decomposed as 


Au Ap 
A= : 9.4.4 
be na ee) 


The entries of submatrices, A11, ..., A22, are given by 


(Au); = Hy” (ey +b? — 2Rb cos(i — Jh), 


(Aa), = DH” Gia + 0? — 2Rb cos(i— ih), 


(Aoi) = HP GG + a — 2Ra cos(i — ih), 


(A22); = DH) Gig + a? — 2Ra cos(i — ih). 


To follow the proof more easily, let us address the outlines. The matrix A is a 
circulant-block matrix [71, p.181], and the eigenvalues may be sought by seeking 
2x 2 matrices. The challenging work is to explore the Cond involving a gap to 
eigenvalues; we first prove Lemma 9.4.1. Then the eigenvalues of all 2 x 2 matrices 
can be found in Lemmas 9.4.2 and 9.4.3. Finally, the bounds of the Cond are derived 
in Theorem 9.4.1. For the MFS in annular domains, stability analysis is more 
important than error analysis because Theorem 9.4.1 also provides a theoretical 
basis for the Dirichlet—Laplace eigenvalue problems. See Remark 9.4.2. 


The submatrices, A11, ..., A22, are circulant. Denote the Fourier matrix (see Davis 
[71, p.32]) 


1 1 1 
1 1 w eee wr! 
Fet N an a a » Ws 9.4.5 
Esz (9.4.5) 
1 qo"! Qe w 


where œ = e/"N — cos(27/ N) +i sin(27/N) with i= v—1. Based on [71] we have 


Ay = F’AuF, Aj = F*A F, Ag) = F* Ap) F, Ao = F* AF, (9.4.6) 


where F is unitary with FF* = F*F =I, and I is the identity matrix. In (9.4.6) the 
matrices, 


Ap = diag AP”, AP, ..., 22), 1<p,q<2, (9.4.7) 
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are diagonal. The diagonal entries of Ay; and Aj) are given by 
AMY) ~ NH" (kR) Jo(kb), (9.4.8) 
AOD ~ N{ HP (kR) Jo(kb) + HY (kR)Jnelkb)}, €=1,2,..,N—1, (9.4.9) 

and 

I?) ~ NHP (kbyDJo(kR), (9.4.10) 
A) ~ NHP (KO) DJ (kR) + HO ,(kb)DIn—(kR)], €=1,2,...,N—1. (9.4.11) 
Also the diagonal entries of Aj; and Ago are given from Lemma 8.6.1 of Chapter 8, 
ACY ~ NH (KR) Jo(ka), (9.4.12) 


IP) we N{ HP (kR) Je(ka) + HY (kR)In—c(ka)}, €=1,2,...,N—1, (9.4.13) 


and 


> 


1) ~ NH (ka)DJo(kR), (9.4.14) 


A) ~ NH (ka)DJ (kR) + HY) ,(ka)DJy_c(kR)], €=1,2,....N—1. (9.4.15) 


By using matrix F* in (9.4.5) we obtain from (9.4.6) 


— {An Ap} {FX O}} Ay Apy}|F O 
a= [50 lca ibs. ile at (9.4.16) 


Since the eigenvalues of similar matrices are the same, the eigenvalues of A are just 
those of matrix A, denoted by 


. (11) «7 9(12) 
ase x2] = diag; |) diag(t, a) . (9.4.17) 
Agi Ag» diag(A”) — diag(A; 


By a permutation transformation P we have 


ag) 4) 


Aen 4) o 
PTAP = E . (9.4.18) 
o Aye, Aoa 
yen 22) 


N-1 N-1 
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Hence the eigenvalues (= 2; ) of A can be found from the zero determinants, 


( (12) 


yen 902) 5) =O FH 0121 (9.4.19) 


The Dirichlet—Laplace eigenvalue problem of the ring domain S* is defined by 
Au+/7°u=0in S, w=O0onT,Ur%. (9.4.20) 


Similarly to (9.2.17), define the gap 


T — 39° 
se = miaf E, (9.4.21) 


n 


where 2, is an eigenvalue of (9.4.20). We will discuss the case of 0<6° < 1. In this 
chapter assume that k is bounded. The eigenfunctions are given from (9.3.3): 


ue(p, 0) = Je(kp){ ap cos(€0) + by sin(€0)} + H (kp) {ae cos(£0) + by sin(£0)}. 
(9.4.22) 
From u(a,0) = u(b, 0) = 0, we find the eigenvalues 2° (= k°) satisfying 


HP (ka) Jo(kb) — Jo(ka)H\? (kb) =0, €=0,1,.... (9.4.23) 
Since 
H (ka) Jo(kb) — Je(ka) HP (kb) = i{ Yelka) Jo(kb) — Jelka) ¥ o(kb)} =0, (9.4.24) 
the equation (9.4.23) is also consistent with that in [41, 47, Table 1]. The zeros of 
(9.4.24) are also discussed in [1, p.374]. Define the functions via k by 
gk) = HP (ka) Jo(kb) — HS (kb) Jo(ka) = if Ye(ka) Je(kb) — Je(ka) Ye(kb)}. (9.4.25) 


Hence the functions g,(k) = 0 at k = ,/2° for (9.4.23). Below, we use the notation 
ax O(b), which means that there exist two constants co (> 0) and C independent 
of £ and k such that cob < a< Cb(b> 0). 


By the method of separation of variables, the equation (9.4.20) leads to the 
Bessel differential equation [223, p.480], 


d du(p)\ | A E = E 
(> T ) ra u(p) =Apu(p), u(a)=0, u(b) =0, (9.4.26) 


where 0<a<p<b. The equation (9.4.26) is a regular Sturm-Liouville problem. 
Based on the Sturm-Liouville theory in Courant and Hilbert [70, p.293], the 
eigenvalues for (9.4.26) are real, simple and denumerable, 


O< Aai < e< +++ < Aem Aem <. (9.4.27) 
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Then for functions (9.4.25), when g(k) =0 at k = \/dem (= W4,), we have |g/(k)| 
>0 from (9.4.27). Below, we will confirm |g/(k)|>co >0 (ie., |g/(k)| = O(1)). 
First, we give a preliminary lemma. 


Lemma 9.4.1. For bounded k, when gi(k) =0 at k = yA, we have |g/(k)| = O(1). 


Proof. Consider the Dirichlet and the Neumann conditions on I? and T4, denoted 
by D-D, D-N, N-D and N-N, where the letters D- and N- before the hyphen denote 
the Dirichlet and the Neumann conditions on I~, respectively, and the letters -D and 
-N after the hyphen denote the Dirichlet and the Neumann conditions on IT}, 
respectively. We rewrite (9.4.25) as 


J¢(kb) J (ka) « D=D 
(k) = :=ig; (k), 
gel ) H\ (kb) H” (ka) Ie ( ) 
and obtain the derivatives 
d d 
a” (kb) Je(ka) Je(kb) = Jiu( ka) 
gk) = o A esti i (9.4.28) 
Su (ko) HP(ka)| | HP (kb) ie ko) 
J,(kb) J ¢(ka) J¢(kb) J (ka) 


a| Jel kb) +iY o(kb) Ji(ka)+iY'(ka) 


= i{bg?-" (k) + agh?(k)}, 


| J (kb) +iY;(kb) Je(ka) + iY ¢(ka) 
= ia Ji( ka) a Ji(kb) — Ji(ka) 
| Y(kb) Yo(ka) Y¢(kb) Y'(ka) 


where 
gp? (k) = Yelka) Jo(kb) — Y2(kb) J¢(ka), (9.4.29) 
oP (k) = Yelka) J,(kb) — Y;(kb) Je(ka), (9.4.30) 
g}' ?(k) = Y, (ka) Jo(kb) — Yo(kb) Ji (ka), (9.4.31) 
g (k) = Yo(ka) (kb) — Y4( kb) Jy(ka) (9.4.32) 


The eigenvalues for the D-N, the N-D and the N-N conditions are given by 4° (= k’) 
satisfying g?-“ (k) = 0, gh’ ?(k) = 0 and g7" (k) = 0, respectively. For bounded k, 
we have from (9.4.28) 


ICK) = |blog? (k)| — alge’? (k)|] > 0, (9.4.33) 
| 9(k)| < lg? -*(k)| + alge’ ?(k)| < C. (9.4.34) 


Next, from the formula of cross-product in [1, 9.1.34, p.361], we have 


: E E 4 
gP PK) (K) — gP (k) gp? (k) = — (9.4.35) 
nk’ ab 


206 The Method of Fundamental Solutions: Theory and Applications 


When the function g/(k) =ig?-?(k) = 0, the equation (9.4.35) leads to 


4 

D-N/1.) „N-D 

k k) = -——, 
I ( )9% (k) nab 
to give g? ‘(k) #0 and g]? (k) #0. The eigenvalues of the D-N and the N-D 
conditions must be distinct from those of the D-D condition; see [1, Table 9.7]. 
Moreover, two functions are bounded from (9.4.29)-(9.4.32): |gP-(k)| < 
|Y (ka) J (kb)| + |Je(ka) ¥,(kb)|< C and |g}7?(k)|< C. Hence we have from 
(9.4.36) 


(9.4.36) 


4 
> c&>0. 


V-D ——————— 
se S R TO 


Similarly, we have |g?-%(k)| > co > 0. Since b|gP=™(k)| > co > 0, alg) P (k)| > co 
>0 and |g/(k)| > 0, we conclude |g(k)|> co >0 and then |g,(k)| = O(1) from 
(9.4.33). This completes the proof of Lemma 9.4.1. E 


Under bounded k we only consider the bounded A? (= dem) © k’. First, we seek 


the leading eigenvalues io of To given by 


an (12) Q) (1) R 


=] jen ae?) HO (KR) Jolka) HP (ka)DJo(kR) 
where the entries are given from (9.4.19) and (9.4.8)—(9.4.15). 


Lemma 9.4.2. Let0<0° < 1 and the matrix To in (9.4.37) be given. There exist the 
bounds, 


Jag |< CN, [Ag | > cod°N. (9.4.38) 


Proof. Denote 1° (~ k’) and e= |k — \/2°|. For bounded k and 2°, we have from 


(9.4.21) 


n? 


— 2° k ae 
gp alk z nl | 2 nl x lk- ya] = o. (9.4.39) 
From the assumption 0< ° < 1, there exist the bounds, 
0<e&« 1, ex O(6°). (9.4.40) 


From calculus we have 


ae) © ge) + 9h(/22) (4 R) = a(R) (E-a) 0.4.41) 


Based on Lemma 9.4.1 and (9.4.40), 


ZORIA UANO 


X 
Q 
a 
a 
fe} 
WV 
es, 
o 
D 
A 
N 
© 
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For (9.4.37) we have the key determinant, 


(9.4.43) 
= HP (kR)DJo(kR) go(k). 


Since |HP (kR)DJo(kR)| = Mo(kR)|D.Jo(kR)| = O(1) from Lemma 8.5.5 in Chapter 
8, we have from (9.4.43) and (9.4.42) 


[to] = Mo(KR)|DJo(kR)| x |go(k)| = O(8°). (9.4.44) 
Then we obtain from (9.4.37) and (9.4.44) 
|Det(To)| = N?|to| x N?O(6°). (9.4.45) 


Consider the quadratic equation z? + br+c=0, where c= Det(To). We have 
| 1{-b+ vb? — 4c} and then z* <|b|+ 4/|c|. See Section 10.4. Hence, we 


obtain two eigenvalues 2, of matrix To, 


|20 |< NMo(kR)|DJo(KR)|(Mo(ka) + | Jo(kb)|) + /[Det(To)| < C(N + NVS?) < CN, 
|Det(To)| 


Ag |= A > ð N. 
This completes the proof of Lemma 9.4.2. E 
Next, consider the following submatrices from (9.4.19) and (9.4.8)—(9.4.15), 
= p a (9.4.46) 
a9 40?) 
P P Ji(kb) + HY? (kR) Jy_i(kb) HO (kODJ (kR) + HY? (kb) DJ y_i( kR) 
HO (kR) Ji(ka) + HY (kR)Jy_(ka) HP (ka)DI;(kR) + HY) ,(ka)DIy_i(kR) 


Lemma 9.4.3. Let0<6° < 1 and bounded k. Consider the eigenvalues A; of matrix 
T; in (9.4.46) with i= 1,2,..., N — 1. For small i there exist the bounds, 


IA I< ON, |A; | > cod°N. (9.4.47) 


For large i< y, 


= 1/b\' (R\' ae fi bN} (R\' 
zA je = J> zq Zj A, 
A; |< ae G) (3) \ fi] > omin (3) (3) (9.4.48) 
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Proof. For large n, since R< a<b<R, there exist the bounds, 


1 avn 
(1) = x— (=< AA 
|HP (KR) Jn(ka)| = My (KR)] J, (ka)] = — (5) , (9.4.49) 
1 bN” 
|HP (kR) J (kb)| ~ = (3) > |HP (kR) Jn(ka)|. (9.4.50) 
Also for large n, we have from (8.5.53) in Chapter 8 

(1) 1 R n 

|HP (kb)DJ,(kR)| = M, (kb) |DJ (kR)| ~ Al (9.4.51) 
(1 py) wi (2) > | R 

HG (ka)DJa(kR)| ~ — = > |HP (kb)DI,(kR)|. (9.4.52) 


For small i, there may exist the eigenvalues 2° (~ Vk) of (9.4.20), where k is 
bounded. From (9.4.46) and (9.4.49)—(9.4.52), we have 


) (kb)DI;(KR) (9.4.53) 


; B )Ji(kb) HYP (KO)DJ:(KR) 

| |HP(ER)Ji(ka) HO (k eh (kh 

= HO (kR)DJ,(kR) F(R) HCH) = H” (kR)DJ;(kR)9,(k), 
J;(ka) ( (ka) 


where the functions g;(k) are given in (9.4.25). Moreover, we have 
| (KRYDI(kR)| = M,(kR)|DJ;(kR)| = O(1) 


from Lemma 8.5.5 of Chapter 8. By following the arguments of Lemma 9.4.2, we also 
have from (9.4.42) 


la |< oN, |A;|>e06°N, for small i. (9.4.54) 


This is the first result (9.4.47). 


Next for large i, the bounded k? is not close to any eigenvalue, and then 
6° > co > 0. We obtain from (9.4.46) and (9.4.49)—(9.4.52), 


yon ce ( J ( 

T;= t 7 xN a t 
a9 ae HO (kR)Ji(ka) H” (ka) D 

ai H” (KR) J;(kb) 0 
0 H” (ka)DJi(kR) 
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Then we only consider ¿< Ẹ, and obtain the following eigenvalues from (9.4.55) and 
(9.4.49)-(9.4.52), 


a> Nmin{ |HP (ER) J,(K0)], |HP ka) DIR} > Ning Cr © } 


a 
a 1/b\' (R\' 
Le |S = = ; 
|A; |< ovina (3) (2) | 


This gives the second result (9.4.48) and completes the proof of Lemma 9.4.3. E 


Similarly, we have 


Theorem 9.4.1. Let 0<6° <1 and matrix A in (9.4.4) be given. For bounded k 
there exists the bound, 


. P 
1 /R\? 2 
Cond(A) < cnn vj) (3) \ (9.4.56) 
Proof. From Lemmas 9.4.2 and 9.4.3, we have 
Omax = max|/, | < CJA |< ON, (9.4.57) 


min = min|Z; | > min{ col | [2g 
: 


\> oii (4) op (9.4.58) 


Combining (9.4.57) and (9.4.58) gives’ 


a 1 2 aN? 
Conca A legis = N(F) (a l (9.4.59) 
min,|/; | ô b R 


When k’ is not close to any eigenvalue 4% (i.e., 6° > co > 0), we have from 


(9.4.56) 
Cond(A) < C maf 8 () (3) y (9.4.60) 


By following [163, 222], the stability analysis above can be extended to annular 
domains, provided that the source nodes are located on two concentric circles 
(ie, Q; = (R, jh), Q; = (R, jh), h=% and R<min p|, <max p|g, <R). For the 


‘The condition number in spectral norm is used in (9.4.59), and the related discussions are given in 
Remarks 10.4.1 and 10.4.2 in Chapter 10. 
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bounded and fixed N, once an eigenvalue occurs (i.e., 6° =0), there occurs 
Cond = oo from Theorem 9.4.1. This gives a basic approach to seeking eigenvalues; 
see Remark 9.4.2 below. In Chen et al. [41, 44, 46, 47], numerical eigenvalues were 
reported for ring domains by the MFS and the boundary element method (BEM), 
and the exact (and spurious) eigenvalues were found based on Gmin % 0. 


Remark 9.4.1. Note that the MFS-QR in Antunes [8, 9] is irrelevant to the MFS, 
because it is only a variant of the MPS (see Section 14.3). For simplicity, we only 
discuss the bounded simply-connected domains in Section 9.2. The conclusions for the 
bounded multiply-connected domains remain the same. Based on Section 14.3, we can 
prove that the following particular solutions are used in the MF'S-QR algorithms in [9], 


pMFs— OR, 0) 


a n 2 > | (9.4.61) 
= +, Jol kp) + 5. Jm(kp) (yie cos(m0) + TET saro), 


m=1 


where N = 2n+1. Note that the functions (9.4.61) are the very PS in (9.2.10) with 


the scale factors, tA and +4. For disk domains, the Cond = O(1) can be proved 


to display an excellent stability. The MFS-QR in Antunes [9] is a variant of the MPS 
in Li [149] but not a variant of the MFS in Section 9.2. Hence, the stability analysis in 
this chapter is important and indispensable for the MFS. 


Remark 9.4.2. For the bounded multiply-connected domains, the MFS algorithms 
without spurious eigenvalues in this chapter are also useful for solving the Dirichlet- 
Laplace eigenvalue problems. The MFS offers a unique solution with the optimal 
convergence rates provided that k? # A. Otherwise, the unique solutions cannot be 
found due to the matrix singularity with Omin(F) = 0 even for small N; see Theorem 
9.4.1. For the eigenvalue problem, the discrete matrix F is the same as the Helmholtz 
equation. Hence the matrix F is singular, if and only if an eigenvalue as 2 (= k*) 
occurs. By following [148, 172] and [169, Chapter 9], eigenvalues and eigenfunctions 
can be obtained. For the eigenvalue problem in the bounded multiply-connected 
domains, however, we strongly recommend the combined algorithms (9.3.8) and 
(9.3.10), to eliminate all spurious eigenvalues. Hence, the study in this chapter is also 
important to the Dirichlet-Laplace eigenvalue problems. 


9.5 Numerical Experiments 


Denote by Sholes a bounded domain with four interior holes, where the exterior 
boundary Tout is defined as in Chapter 8, 


Tout = {(2, y)|% = p(0)cosd, y = p(0)sin0, 0< 0 < 27}, 


where p(0) = (a+ b)? +1 —2(a+b)cos(a0/b) with two constants a and b. In 
computation, choose a = 3 and b = 1 with p € [3,5]. There are four interior circular 
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holes $, with the same radius ri) = 0.5. The centers of these four circles are given by 


(x,y) = (0,0), (—2.5,0) and (1.25,+1.25\/3) (see Figure 9.1). The equation (9.3.1) 
is modified as 


Mut keu = 0 in Sholes, U= f on Fouw, u= ge on rÉ, L= 1,2,3,4. (9.5.1) 


Fic. 9.1 — The bounded domain Sholes with four interior holes. 


Let the interior boundary Ilin = UI! = U88, then Shoes = Pout UP in. Denote 


by (p', 0’) four local polar coordinates and choose their origins at the centers of Sy. 
For the exterior source nodes Q(R, 0) outside Fout, we choose (9.3.6) as the FS with 


. For the interior source nodes QR, 0") inside T! 


in? 


R > Tmax = Max P| er a choose 


the modified FS in (9.3.7), 


= =0 ð . ~ 
(P) = DHW (PG) ted (= +ik) HQ (Pail), 
Gg), NA 


where h = 2n/L, R= R <T. =7" =0.5, and the operator D = (2 +ik) in 
computation. The combined FS for the domain Sholes are given by 
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4 L 
UN- = -X cj; (P) + 25 P (P). (9.5.2) 


We employ the collocation equations directly from the Dirichlet conditions (9.5.1), 


Vhun- (P i) = vh h f(P i); P; G Tout; (9.5.3) 
Vhuy_1(P) = Vh gP), Pieri, €=1,2,3,4, (9.5.4) 


where P; = (p;, 0i) and (pt, g! Y: 


Choose the complex solution u(x, y) = 4{exp(—ikr) + exp(—iky)}, where i= 
v —l1. Define the boundary and the domain errors by 


1 
2 
2 
lelas = 2h lelos =A Melodia =S f Pas}, 


where the complex errors e = u — uy and |e|? = e€. Denote by N and M the numbers of 
the source and the collocation nodes, respectively. For simplicity, we fix 160 exterior 
collocation equations on Pout and 40 interior collocation equations on each T A with 
£= 1,2,3,4. The total number of collocation equations is M = 160 + 4 x 40 = 320. 
The results are given in Tables 9.1 and 9.2 for k = 2. From Table 9.1, we can see the 
asymptotes, 


lell asx = 20-69%), llelo asp = 20-69%),  Ilello.s un = O(0-68"), (9.5.5) 
Cond = O(1.41"), Cond_eff = O(1.41™). (9.5.6) 


The exponential convergence/growth rates are observed. 


; ; : os Tmax — 5 R_ 
For Sholes in Figure 9.1, there exist the ratios: “oe = = 0.74 and == 


225 = 0.5. The dominant errors are given from Theorems 9.3.1 and 9.3.2 by 


max{ O(0.74%), O(0.5%)} = O(0.74"). (9.5.7) 


TAB. 9.1 — The errors and the condition numbers by the combined MFS in Sholes at k = 2 with 
R=5+ v3 and R= 0.25. 


N ` lell 0,0Sere llell oc So Cond Cond_eff ||xl| Omin 

20 5.66(3)  3.08(2) 3.27 8.40(-3) 
30 1.37(5)  7.12(3) 2.79 3.47(-4) 
40 6.39(6)  3.27(5) 246 7.44(-6) 
50 1.49(8)  7.61(6) 2.19  3.20(-7) 
60 6.76(9)  3.46(8) 2.00 7.04(-9) 
70 1.56(11) 7.98(9) 1.85 3.05(-10) 
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The numerical errors in (9.5.5) are coincident with (9.5.7). ~ for Sholes in 


Figure 9.1, there exist the ratios: 4 / = ,/2ty 5+ v3 = 1.498 and ve x 5 = =V2= 


1.414. The theoretical estimate for Cond is given from (9.4.60), 


Cond = max{ O(N x 1.498%), 0(1.414%)} = O(N x 1.498%). (9.5.8) 


TAB. 9.2 — The errors and the condition numbers by the combined MFS in Shots at k = 2 with 
R= 0.25, N = 40 and L = 20. 


lello asa lello asa lello as w| Cond Cond eff |x| Gmin 
6.39(6) 3.73(5) 2.15 7.44(-6 
6.39(6) 3.27(5) 2.46 7.44(-6 
6.39(6) 2.49(5) 3.23 7.44(-6 
6.39(6) 1.88(5) 4.26 7.44(-6 
6.55(6) 1.84(5) 4.47 7.26(-6 
7.75(6) 1.94(5) 5.01 6.13(-6 
8.70(6) 1.99(5) 5.48 5.46(-6 


The numerical growth rates of Cond in (9.5.6) are also coincident with (9.5.8). From 
Table 9.2, the larger R is, the smaller the errors are. However, the condition numbers 
vary insignificantly as R<13. When the interior pseudo-boundaries with radius 
R(= R3) = 0.25 is given, the obvious effects of R on Cond can be found when R> 14. 
The reason is that the interior pseudo-boundaries play a dominant role in 
stability; see (9.5.6) and (9.5.8). For k= 4 the numerical results are given in 
Table 9.3. From Table 9.3, we can see the asymptotes, 


lello asa = O(0-67"), — lello.as,... = O(0-66%),  Ilella.s = O(0-72"), (9.5.9) 


Cond = O(1.62"), Cond_eff = O(1.52™), «= 1.16. (9.5.10) 


For different k, the results are given in Table 9.4. When k increases, the errors 
enlarge and the Cond declines; but the enlarging rates of the errors are much higher 
than the declining rates of the Cond. Such conclusions are reasonable because the 
derivatives become larger (also see [254]). 


TAB. 9.3 — The errors and the condition numbers for Sholes at k = 4 with R = 9 and R = 0.25. 


N Ilello.a Sior lell. Sipe. Cond Cond _eff \|x|| Omin 

20 3.45(3)  L.77(1) 2.88(1) _1.67(—2) 
30 1.08(5)  2.78(2)  4.67(1)  5.33(-4) 
40 5.78(6)  3.67(4) 1.64(1) 9.96(-6) 
50 1.42(8)  2.58(6) 5.12 4.06(-7) 
60 6.76(9) 1.16(8) 4.95  8.52(-9) 
70 1.60(11) 2.64(9) 4.75 3.61(-10) 
80 1.57(16) 1.68(12) 6.82(2) 3.69(-15) 
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TAB. 9.4 — The errors and the condition numbers for Sholes at different k with R= 9, 
R=0.25, N = 70 and L= 35. 


Donk onela 


lello ðs Mello ðs Mello, Sro Cond_eff |ixll Gmin 
4.66(-15) 1.67(-14) 4.66(—15) 1.46(12) 1.26  2.51(—12) 
1.42(-14) 4.10(-14) 8.83(-15) | 3. 1.36(11) 2.45 1.36(-11) 
9.54(-12) 1.94(-11) 5.01(-12) | 1. 4.23(9) 3.65  3.08(—10) 
1.20(-8)  3.72(-8) _7.79(-9) 2.64(9) 4.75 3.61(-10) 
2.73(-5)  9.86(—6) 2.08(9) 5.58 4.10(-10) 
4.14(-3)  2.35(-3) 2.43(8)  4.00(1) 4.79(—10) 
7.56(-1) _7.76(-1) 4.79(4)  1.32(5) 7.19(—10) 
1.17 1.99 4.14(3)  8.99(5)  1.24(-9) 
2.08 1.29 . 2.07(1) 2.13(7) 1.06(-8) 


9.6 Concluding Remarks 


To 
1. 


close this chapter, let us address its novelties. 


For the Helmholtz equation in 2D bounded simply-connected domains, the 
complex MFS using the Hankel functions (9.2.4) is first studied. The error 
bounds involving degeneracy are derived in Theorem 9.2.1, and the optimal 
polynomial convergence rates can be achieved in Theorem 9.2.2. The MFS using 
Hankel functions is free from spurious eigenvalues for 2D bounded simply- 
connected domains; see Section 9.2.2. 

In Section 9.3, the combined algorithms of the MFS are proposed for annular 
domains, where the Hankel functions and the modified Hankel functions in 
Chapter 8 are chosen for the exterior FS and the interior FS, respectively. The 
remarkable advantage is free from spurious eigenvalues. The error bounds are 
derived in Theorems 9.3.1 and 9.3.2, and the optimal polynomial convergence 
rates can also be achieved. Numerical experiments are carried out in this section 
to support the theoretical analysis made. 

The bounds of Cond are derived in Theorem 9.4.1 for a ring domain to give 


Cond(A) < C rs n(?). gl 


where gap 6° is defined in (9.4.21). For not large N, the huge Cond (i.e., the 
infinitesimal Gmin) indicates an exact eigenvalue occurring. Note that the 
MFS-QR in Antunes [8, 9] is irrelevant to the stability of the MFS (see 
Remark 9.4.1). Hence Theorem 9.4.1 is important to the MFS for the Helmholtz 
equation and the Dirichlet—Laplace eigenvalue problems in bounded multiply- 
connected domains. 

In summary, the error and stability analysis in this chapter is new and essential. 
This chapter and Chapters 7 and 8 provide a solid theoretical basis for the MFS 
for the Helmholtz equation in exterior and interior problems in 2D. 


Chapter 10 
Biharmonic Equations 


The error and stability analysis of the method of fundamental solutions (MFS) is 
explored for biharmonic equations in this chapter. The bounds of errors are derived 
for the fundamental solutions (FS) using r?Inr in the bounded simply-connected 
domains, and polynomial convergence rates are obtained for certain smooth solu- 
tions. The bounds of condition numbers are also derived to show the exponential 
growth rates for disk domains. Numerical experiments are carried out to support the 
analysis made. The materials of this chapter are adapted from [73, 166]. 


10.1 Introduction 


Consider the biharmonic equation with the clamped boundary conditions, 


A’u=0, in S, (10.1.1) 
u= f, oT, (10.1.2) 
o 
uy = S =y, on I, (10.1.3) 
where A= ee + Z, S is the bounded simply-connected domain, I its smooth 


boundary, u, the exterior normal derivative to I, and f and g are the given functions 
with certain smoothness. Denote r=|PQ|, P= pe’, Q= Rt, and i= V—1. 
The FS of biharmonic equations in 2D are well-known as 


®(p,0) =r? Inr, r= [PQ] = y R +p? — 2Rp cos(0 — 4), (10.1.4) 


where Q is the source node outside S. Denote two kinds of FS at Q; = Re'#i by 
®,(p,0) = r lnr; Pap, @) = lnr;, 


where rj = |PQ;| = ye + p? — 2Rp cos(0— ;). Hence we choose the linear 


combination, 


DOI: 10.1051/978-2-7598-3171-5.c010 
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N 
uv = X _{c®;(p, 0) + 4;¥;(p, 0)}, (10.1.5) 


j=l 


where {c;} and {dj} are the unknown coefficients to be determined by the boundary 
conditions (10.1.2) and (10.1.3). Denote by Vy the set of (10.1.5). We may solicit 
the Trefftz method (TM) in [169]: to seek the numerical solution uy by 


I(uy) = minI(v),  I(v) = fo— +e f a-a, (10.1.6) 


ve Vw 


where w is the weight, which may be chosen as w = + (see [169]). 


Almansi’s FS for biharmonic equations are obtained directly from the general 
particular solutions u(p, 0) = p?v+ z, where v and z are harmonic functions, to give 
®4(p, 0) = p’lnr. We may choose the other linear combination 


N 
uy = > {cj} (p, 0) + dj¥j(0, 0)}, (10.1.7) 
j=l 


to replace (10.1.5), where (p, 0) = p*Inr;, and the coefficients c; and dj are also 
obtained from (10.1.6). The equation (10.1.6) with (10.1.7) is called the MFS using 
Almansi’s FS: p? Inr. For the biharmonic equation, the MFS using p? lnr was 
introduced in Karageorghis and Fairweather [80, 117, 118]. The analysis of the MFS 
for Laplace’s equations is given in Part I. A preliminary analysis of error and sta- 
bility was given in [166] for the MFS using p° lnr. Note that the analysis for the 
MFS using r°lnr in this chapter is more important and challenging. 


Let us summarize the important theoretical results in this chapter. The error and 
stability analysis is explored for biharmonic equations by the MFS using r° lnr. The 
error bounds are derived as 


1 
le- uxla = O( 3) Ilys 


to show the polynomial convergence rates, where the norm |||], = {f (0 + w? w)P. 
This chapter is the advanced study of [166], where a preliminary analysis was made for 
the MFS using simple FS: p? Inr. For circular domains, the condition number grows 


exponentially, as 
M? 
Cond x of x (*) ) 


For the bounded simply-connected domains and under other boundary conditions, 
similar bounds of condition number can also be derived by following [163] and 
Chapter 3. 


This chapter is organized as follows. In Sections 10.2 and 10.3, preliminary 
lemmas and the main theorems are derived for error bounds, respectively. In 
Section 10.4, the bounds of condition numbers are derived for circular domains. 
In the last section, numerical experiments are reported to illustrate our results. 
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10.2 Preliminary Lemmas 


The general biharmonic solutions are given by u(p,0) = p?°v + w, where v and w are 
harmonic functions, 


i=l =1 


n a ay x if * . Kote ag < ifn. r ani 
u(p, 0) =p f + Xp (ažcosið + isin} + 2 + Sp (a; cosið + b; sini), 


where až, bj, a; and b; are the exact coefficients. Denote two kinds of harmonic 
polynomials of degree n, 
P#(p,0) = a + So (ažcosi0 + bžsini0), P*(p, 0) = S + 2 p'(a; cosið + b; sinið), 


i=1 


and their residuals, 


R” (p,0) = 5 p'(a* cosið + b* sini), R (p, 0) = 5 p'(a; cosið + b; sinið). 
i=n+1 i=n+1 
Then we have 
up(p,0) = PË + RË, (10.2.1) 


where 


PR = PR(p, 0) = pP} (p, 0) + Pr(p, 0), 
(10.2.2) 


Ri = Ri (p, 0) = p? R3 (p, 0) + RCo, 0). 


Suppose that the solution satisfies u€¢H’(S) with o> 5. Then there exist the 
bounds of the residuals in [33], 
REC Oll s < C= palles 


IRE C, Olles» Eal Olr s < C> lulls: (10.2.3) 


where ||u||, g are the Sobolev norms. We give the addition theorem (i.e., the series 
expansions). 


Lemma 10.2.1 (Addition Theorem). For p< R, there exists the series expansion for 
the FS of biharmonic equation in (10.1.4), 


©(p, 0) = R°nR+ p2(1+nR) my fa (E ) "eosm(0 — $) 
m i a (10.2.4) 
2 P ái m 0— l 
p Born! (È) cosm(0 — #) 


where p, = —(1+2 InR) and f,, =—,(m>2). 
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Proof. From addition theorem for lnr in Lemma I.3 in Part I, there exists the 
expansion of the FS of Laplace’s equation, 


Inr=InR— > —(=) cosn(O—¢), p<R. (10.2.5) 
2 n a 


For biharmonic equations, the traditional FS using r°lnr is expressed by 
®(p,0) = (R + p? — 2Rp cos(0 — ¢)) pfu- 3 A cosn(0 — oh (10.2.6) 


From the trigonometric formula, 2cos@ cosn@ = cos(n + 1)@ + cos(n — 1)0, we have 


a. Z (£)"(cos(n + 1)(0 — &) + cos(n — 1)(0 — ¢)) (10.2.7) 


E 2 = 1 (a " cosm(0 —o)+ eee (5) hae — >), 


where we have used transformation n+ 1 = m. Hence we obtain from (10.2.6) 


: (2) "cosn(0 — oS 


() “cosn(0 —) 


(p, 0) = (R + p? — 2Rp cos(0 — 6)){ nk — 3 


= (RÈ + p? — 2Rp cosl — 6))InR— (R +9 F 


+2Rp cos(0 — ¢) aE (5) "cosn(0 — ¢) 


= [R° +p? — 2Rp cos(0 — ¢)|InR 
+R 5 (= — ~) (£) "cosm(0 p) -R (5) cos(0 — ¢) 


mo\m-—-1 m/\R 
oo 1 i p m p 
eg EEA 9— P 
p 2 = =) (5) cosm(0 — p) + Rp(F) 
-R 2(1 4 2 S Bm (P\" z 
= R'nR+ p C lnR)+ R = (5) cosm(0 — ġ) 


p? 3 Gi = (5) "cosm(0 — o). 


m=1 MM 


This is the desired result (10.2.4). E 


Lemma 10.2.2. For R> p and RF i, there exist the integration formulas, 


1 2n 2n 
a Inrd -ef Inrd 10.2.8 
k zol Murag p di ( ) 
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m+2 ie s _ R”(m(m+1)) 2 ar( re) 
p ( {| ] do 


sinmô T sinmo 


2m z 
+ Bit | inr (rr) ao}. m>1, 
0 sinmd 


where r= |PQ|, P= pé®, Q= Ré? and i= V-1. 


(10.2.9) 


Proof. By using the orthogonality of trigonometric functions, we have from (10.2.4) 


20 2n 
f r’Inrdo = f ©(p, 0)dh = 2n(R’InR+ p?(1+InR)) 
0 0 (10.2.10) 


2m 
= rf lInrdo + 27p°(1 +1InR), 
0 


where we have used the equality: 2nlnR = f “urd from (10.2.5). This gives the 
first result (10.2.8). 


Next, from (10.2.5) there exists the equality for m> 1, 
27 
cosmo = a 2) mf cosmé 
f inr (ng ) dp =—= (£ eo (10.2.11) 


From (10.2.4) and (10.2.11) for m> 1, we have 


— 


2 m m S 
= bma R (6) Gee so 1 (2 pa 
m \R sinm0 m(m+1)\R sinm0 


2n cosmo 1 p\ ™ ( cosm0 
= -B R f l d f ( ), 
Bm 0 ar( sinmd ) aa m(m+ 1) (a sinmé 


po ( a) =a R™m(m Eg 1) { [rn ( mae do 
sinm0 T 0 sinmo 
27 
+ Bit | inr (re) ao} 
0 sinmd 


This is the second result (10.2.9) and completes the proof of Lemma 10.2.2. a 


to give 


Based on Lemma 10.2.2, we seek (10.1.5) with some special coefficients ¢; 
and d;, to approximate the major term p?P/ of u in (10.2.1). Choose the source 
nodes Q; located uniformly on the circle {(p,0)|p = R,O<0< 27}, where Q; = 
(R cos(jh), R sin(jh)) with h = 24. By the trapezoidal rule, we have the approxi- 
mation from (10.2.8), 
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h N N 
Di ey 2 __ R2 . 
P AR R Sinn 


j=l 


h x N 
=n +n) > ®;(p, 0) — wy weoh 


j=l 


(10.2.12) 


where ®,(p,0) = rjInrj, Yj(p,0) =Inr;, rj; =|PQ,| and P= (p cos0, p sin@). 
Similarly, we have from (10.2.9) 


(She) =e Sonal eh 


Has (10.2.13) 
cos(mj 
+B, RN Y;(p, 0 l >1. 
Bn 3 ip lees )} me 
From (10.2.2), (10.2.12) and (10.2.13), we have 
p?P#(p,0) = 3 p+ S-p™* fa", cos(mé) + br, sin(m)} 
m=1 
z (10.2.14) 
~ X ADCP, 0) + di Pe(p, 0)}, 
k=1 
where the coefficients are given by 
i h >; R™m(m+1){a*, cos(mkh) + b*, sin(mkh)}, (10.2.15) 
Cc, = (m m. sin m. odes 
mOrA n m i 
Œ p Rh * 
r= = Fink) 
(10.2.16) 


2) BmR™m(m+ 1){a,, cos(mhk) + b, sin(mkh)}, RA. 
From Chapter 2 we find an approximation, 


n N 
P*(p,6) = S + X p™{an, cos(m0) + bm sin(m0)} ~ X> dl, (7,0), (10.2.17) 


m=1 k=1 
where 
d? = a ao — LS mR" { am cos(mkh) + bm sin(mkh)}, RA. (10.2.18) 
k AnlnR ti l , 


Hence from (10.2.14)—(10.2.18), when R Æ + and R #1, we have found an approxi- 
mation for PË. in (10.2.2), 
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N N 


i=l i=l 
where d; = d? + dž, and d? and dj are the coefficients in (10.2.18) and (10.2.16), 
respectively. 


Based on Basic Lemmas A and B in Part I, the errors of the trapezoidal rule can 
be found for four terms: p™*? cos(m0), p™*? sin(m0), p™ cos(m0) (m> 1) and 
p™ sin(m0) (m> 1). Since the errors of harmonic polynomials p™ cos(m0) and 
p™ sin(m@) are given from Chapter 2, we derive the bounds of the following errors, 


p? PE (p, 0) — Enl p? PË; p, 8) 


= `a ‘+2 cosið — Ey (p+? cosið; p, 0 
3 e Pig a (10.2.20) 


+ YO bf {p'*? sinið — Zy(p'*? sinib; p, 0)}. 
i=1 


We will derive the error bounds only for the first term in (10.2.20) because those for 
the second term are the same. 


From (10.2.13) we have 


Lv(p™*? cosm; p, 0) (10.2.21) 


— R”m(m+1)h 
T 


N N 
> cos(mjh)®;(p,0) — R? > Pmeos(mjh)Y;(p, J m>1. 


j=l j=l 
Denote the errors 


B(p"*? cos(mb)) = p™*? cos(m0) —Ex(p"*? cos(mé); p,@), (10.2.22) 


where Èy is also the discrete approximation from the trapezoidal rule. Below, we 
estimate the bounds of (10.2.22) by the Fourier series. For the circle T, = {(r, 0)|r = 
p,0<0<2zn}, we have 


E(p™*? cos(mO)) = = + {ak m cos(k0) + brm sin(k0)}, (10.2.23) 
k=1 
where 
1 ‘a m+2 
rm == | E(p™*? cos(m)) cos(k0)d0, k= 0, 1,..., (10.2.24) 
0 


21 
bkm = zf E(p™*? cos(m0)) sin(k0)d0, k=1, 2,.... (10.2.25) 
m= I 
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From Basic Lemma A in Part I, we have 


bkm = 0, Wk, m. 


To estimate the bounds of aj, we have the following lemma. 


(10.2.26) 


Lemma 10.2.3. For the Fourier expansion (10.2.23), the coefficients are given by 


arm (m>1) = 4 Bini a)" (g (Bm + By) — ween): ifk=+m+vN, 


0, ifkAtzm+vN, 


where v=1,2,..., Bi =—-(1+2InR), Pm =- (m>2), and 


m—1 


O (PAH): ween): if k= vN,v=1, 2,. 
ako = 4 (+InR) k UES , z = o 


0, otherwise. 


Proof. First, for m> 1 we have from (10.2.13) 


TIe aaa 1f R”m(m+1)h 
"m= f p cos( m0) cos(k0)d0 -{ = 


N 2m 
x par cos(jmh)®;(p, 0) cos(k0)d0 


= ey fb, cos(jmh)'P;(p, 0) cos(k0) 0] } 


= Tı = Tə. 


(10.2.27) 


(10.2.28) 


(10.2.29) 


In (10.2.29) the second term Tə is just an approximation of the first term 


20 
mal | p™*2 cos(m0) cos(k0) d0, 
T JO 


by the trapezoidal rule. We may express Tı (m> 1) as 


27 27 
T= 1 Rom(m+ yf J r?°lnr cos(k0) d0 
T 0 0 


20 
+ Blt | lnr cos(k0) ad beos(m) do 
0 


(10.2.30) 


= = R"m(m- y(t ) Sg, - E + Bin E, f costmg) cos(ko)do, 


k(k+1) 


where we have used (10.2.4) and (10.2.5). Hence, from Basic Lemma B we obtain 
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akm = Ti — To 
n — {E+ Bu) Gees} an cos(md)cos(td), 


where Aw(g) = = Sg o g(2) da and Ty is the trapezoidal rule. Then we have for 
=tm+vN 


akm = R™m(m+ 1)(4) JE (Bm + By) = ELAR 5} 


otherwise aj, = 0. This is the result (10.2.27). 
Next, for m = 0 there exists the equality from (10.2.8): 


1 2n 2n 
ano= 7 f p? cos(k0)d0 z [So p,0)— eyy, ooy beostiojas 


i=1 
= i Ta (10.2.31) 


For Tı we have, similarly from (10.2.5) and (10.2.4), 


27 
Tı = -| p° cos(k0) do 
T JO 
1 27 27 4 5 2n 
= > — l k0)d0 >d 
T h a r“Inr cos(k0)d0 ef nr cos(k0) \ o 


Hence we obtain 


ako = 


7 E p l 


and from Basic Lemma A for k> 1, 


R fi 7 ` pe ,— 
akg = TT (5) ‘(4 (1+ f,) afin): ifk=vN,v=1, 2,..., (10.2.32) 
ako = 0, otherwise. 
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to give 
ago = p’An(1) = 0. (10.2.33) 


Combining (10.2.32) and (10.2.33) gives the third desired results (10.2.28). This 
completes the proof of Lemma 10.2.3. | 


Lemma 10.2.4. Let N >2n and n>m. The Fourier coefficients in (10.2.27) and 
(10.2.28) have the bounds, 


lakm| < CR” oF, (10.2.34) 


where k= +m+vN, v=1,2,..., and C is a constant independent of N. 


Proof. From Lemma 10.2.3, we have 


oanl ORo (m+ DBL + H Rh maL (10.2.38) 


Firstly, let k = vN — m for v > 1. Since k = vN — m> N — m> m, it is easy to see 
that the constants in the brackets of (10.2.35) are bounded by noting fı = 
—(1+2InR) and fm =—4(m2> 2). Detailed proof is given in [152]. Secondly, let 
k=vN+m. Since vN+m >vN — m, the equation (10.2.34) also holds. This 
completes the proof of Lemma 10.2.4. | 


10.3 Error Bounds 


We are ready to give the main theorems. 


Theorem 10.3.1. Let u € C(S) hold. For large N there exists the bound for q>0, 
2 
Ip? P# (p ,0) — Xn(p °P#(p, 0); p Dlr, 
RNPN fp (10.3.1) 
cont ( 2) (E) Pre Ohr 


Tmax Tmin 


where Tmax = MaXsT, Tmin is the maximal radius of disk Sp (CS), and C is a constant 
independent of N. 


Proof. From (10.2.23), (10.2.26) and Lemmas 10.2.3 and 10.2.4, we have for large N 


[E(p” +? cos(mO)) ir, < CYO af pk? 
= (10.3.2) 


o0 2(m—N) 
5 RH) p% ks < CN?! (7) R”, 
p 


k=tm+vN 
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Similarly, we have 
4 R (m—N) 5 

|E(p™*? sin(m8))|| or < CN” (=) R” =k cos(m))|| 7 , mati. 
“ p p tp 


For 0< pọ < Ď < p, from (10.2.20) and the Schwarz inequality, 


l0? PË (p, 0) — En(p? PE (p, 0); p, lar, (10.3.3) 
2 
= |Ë go J+ 5 { a, El E(p™*? cos(mO)) + bt, B(p™*? sin(mo)) } 
m=1 ql p 
<col (2 OESO J} S aha |E costo 
m=1 m=0 se 


From (10.2.14) and the continuity extension in Remark 2.3.1 in Chapter 2, we have 


eX 2 o0 
~ a ~2m * * 2 2 
ot (2) +5 kata] = IP PË Co, Olr, < CIPE Co, Olr 


m=1 
(10.3.4) 
and from (10.3.2) 
n 1 4(m—N) p 2m 
2 garal E(t? cos(m0)) Mer, <obowe(? *) (5) 
ae (10.3.5) 


4n—2N 2n 4n—2N 2n 
< on(# P) <on2a( £ ca 
7 P p 7 Tmax Tmin 


The desired result (10.3.1) follows from (10.3.3)—(10.3.5), and this completes the 
proof of Theorem 10.3.1. a 


Theorem 10.3.2. Let u€ C(S) and PË = p? PË + P} in (10.2.1) hold. Then there 
exists the bound, 


R oon Tmax 
IPR- E(P llr, SON") (2S) Phar 0030 


Tmax Tmin 


Proof. From Chapter 2 we have 


i R 2n-N Tmax 2n 
Ph = En (Pip, Olar, < CN ( ) (==) IPH llor (10.3.7) 


Tmax Tmin 
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Hence we have from (10.3.3) and (10.3.7) 


R 2n—N r n ż 3 i 
max H h i 
) (22) (leptin ite} 


IPE — Ey (P2:p, Oller, < one( 


Tmax 
R 2n—N Tmax 2n 
<o Z) (28) Pr 
This is the desired result (10.3.6). E 


We need the error bounds of solution derivatives. Define the norm 


2 oo 
lol = oS mensa tN q>0, (10.3.8) 
me m=1 


where f(0) = 4% + 3° p'{a; cos(i0) + bi sin(i0)}. From the arguments in Theorems 
10.3.1 and 10.3.2, we have the following theorem. 


Theorem 10.3.3. Let u € C(S). There exists the bound for q>0, 


p R 2n-N Tmax n 3 


|Z e? - znt”: p.o) 


a.) Tmax Tmin 


Denote 


[u, v| y = f w+ uP f io, (10.3.10) 
T T 


where the norm ||v|| 7, = y[u, v] y. The MFS for (10.1.1)-(10.1.3) reads: to seek the 
solution uy such that 


lu — uxn||y = min ||u — vl| y- (10.3.11) 
ve Vn 


Since there exists the orthogonality [u — uy, v| y = 0, we have 
[un, U7 = [fer w fo vw, Vue Vy. (10.3.12) 
r r 


Theorem 10.3.4. Suppose that u € H?(S) (p> ž), and the N is chosen such that 


2n-N n 
1 
( =) (===) TE (10.3.13) 
Tmax Tmin nts 


When w= + there exists the error bound, 


1 
le- rll = O(a) Ilys (10.3.14) 
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Proof. For the residuals in (10.2.1), there exist the bounds, 


1 OR? 1 
Fellas < CT lulls | al Saar ltly.s: (10.3.15) 
Choose u(€ Vy) = Zy(P2; p, 0). From (10.3.11) we have 
lu- uylla <lu- tlla < ||P- En Pi P Olly + Ralla (10.3.16) 
From (10.3.15) and w = 4, 
RB 
Rll SR llor (|S C—Sllulp.s- (10.3.17) 


Denote z = P? — Xy(P2®; p, 0). From the embedding theorem [15, 91, 195], 
k,q20, 


l< Oll a448» 


we have 


n 


olde 


Oz 
IPE — EPR 9.) = llr < {lilo + 4] 5 


S<llzlls + wllalls.s < llel s 


Smax Smax? 


where Smax = {(r, O)| r < max, 0< 0< 27}. 


For Az = 0 with the Dirichlet condition u = f on I (or the Neumann condition 
uy = g on T), there exist the bounds (Oden [195] and Babuska and Aziz [15]), 


llls osaa S Cll gsm (OT lelit osa S CU lg1.05yu.)> 220. 


Also for (10.1.1)—(10.1.3), there exists the bound (see Grisvard [91]), 


Vly aac © Cllae t lE 95...) 20 (10.3.18) 


) \ 
0,0 Snax 


z + w| Ilzi i | - 
w Zil ¢ 
-1,0 Smax DOSu || y 


Oz 
Əv IlO, Imax J 


From Theorems 10.3.2 and 10.3.3, when w = 4 we have for q = 0, 1 


R 2n—N r 
) (“= ) WP Flor (10.3.19) 


max Tmin 


| &% 
ZIR 


Izla < Cf logs + 


Oz 
ee + wll asa +| | 
= {I ABB, Fellas |e Maga 


Izla < on(- 
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Since 
|| Pillor < Cllullor < Cllull, s. (10.3.20) 
we have from (10.3.19) and (10.3.20) 
R 2n—N r 
IPE- ENP ply (E) (2) las (10.3.21) 


Combining (10.3.16), (10.3.17) and (10.3.21) gives 


-ursol (2 (ha (10.3.22) 
an a Tmax Tmin nP-2 7 piar ~ 
Hence from (10.3.13) we have 
1+2 
le- uxla = O(s) = (lels). (10.3.23) 
where we have used N < Cn. This completes the proof of Theorem 10.3.4. E 


10.4 Stability Analysis for Circular Domains 


10.4.1 Approaches for Seeking Eigenvalues 


Consider only the circular domains. For the non-circular domains, stability analysis 
may follow Chapter 3. Denote the circular domain by S° = {(0,0)|0<0<p, 
0<0<2z}. From (10.1.5) we have 


uy = ux(o, 0) = Yta8 (0, 0) + d;¥i(2, 0)}, (10.4.1) 


where cj and dj are the unknown coefficients. Then we have 2N collocation 
equations on 0S: 


N N 


un(p, 9x) = X. cj;(p, 92) + D> dj¥j(p, Ox) = F(p, 9), k=1,2,...,N, (10.4.2) 


j=l j=l 


ie ain Haug a pia a a Ox) 
a = op" ne = nee (10.4.3) 
aN, 


= wg(p, Ox), k=1,2 
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where 0; = kh, h=% and w= +. Hence the 2N coefficients cj and dj can be 
obtained by (10.4.2) and (10.4.3) if the system of linear algebraic equations is 
nonsingular. Denote (10.4.2) and (10.4.3) by Ax=b, where the vectors x = 


T T 
{c1, €2,..-, ew, di, do,..., dy} and b= { f1, fo,..., fN, W91, W92,---, Wow} , and the 
matrix A € R?%*2% is decomposed into 


Ai (®) Ajo (Y) 


In (10.4.4) the matrices A11 (®), A12(¥), A21 (DO), Ayo(D¥) € RY*” are given by 


®,(0;) > Oy(41) 
Aii(®) = ak : , 
Di(On) > ®y(Ow) 
Wi(01) «++ Py (01) 
Ap(Y) = 
Yi (On) Ywv(On) 
§®, (01) ne £O@y(01) (10.4.5) 
A» (D®) = : En : i 
EDON) = DxO) 
& Y(0) & Un(1) 
Ao (DY) = 
EYON) = Æ Yxn) 


The matrices A12(¥) and A22(D¥) result from the Dirichlet and the Neumann 
problems of Laplace’s equations in circular domains, which are given in Chapters 2 
and 3, respectively. All four sub-matrices A11 (®), A12(¥), A2ı(D®) and A» (D¥) 
are circulant. Denote the Fourier matrix (see Davis [71, p.32]) 


1 1 er 1 
141 @ = oœ"! 
rec") ele a A ls (10.4.6) 
1 a”! eae Oo 


where œ = @™/N = cos(22) +i sin(#4) with i= v—1. Based on Davis [71] we have 


Ay (®) = F*Ay, (®)F, Aqo(V) = F*Ai2(Y)F, 


10.4.7 
Ao (DO) = F* Aoi (DO)F, A»2(DP) = F* Ao9(DYW)F, ( ) 


where F is unitary with FF* = F*F =I, and I is the identity matrix. In (10.4.7) the 
matrices 
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Ai (®) = diag(Ao(®), A1(®), essy An-1(®)), 
ACY) = diag(2 (Y), 4 CP), -- An- (P)), 

Az (DO) = diag(A9(D®), (DO), ET An-1(D®)), and 
( 


MEES +G@ +739)" ): k=1, Dc 4, 


(10.4.8) 
ee a 10.4.8 
Ay( DP) > (G ' G! k=1, 2.. N—1 


The new eigenvalues 44(®) and 44( DO) will be sought in the next subsection. 
By using matrix F* in (10.4.6), we obtain from (10.4.7) 
| Aii(®) Aio(P) 
wÅ» (DO) wÅ» (DY) 


[o relleno uono Pl 


(10.4.9) 


Since the eigenvalues of similar matrices are the same, the eigenvalues of A are just 
those of matrix A, denoted by 


_| An(®) ACP) |_| diag(Ai(®)) diag(4:C¥)) 
By a permutation transformation P, we have 


Ao(®) AC) 


(0) 
T = 
PTAP = a n) a) (10.4.10) 
wi;(D®) w4;( DY) 
Hence the eigenvalues 47 of A can be found from the zero determinants, 
Fr y amy ACY) =0, i=0,1,2,...,.N—1. (10.4.11) 
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10.4.2 Eigenvalues 4;,(®) and 4,(D®) 
Firstly, consider the matrix in (10.4.5) 
O:(0:) +++ @y(O1) 
An@=| 2 6: 
(Ov) -> Ov(Oy) 
Since ®;(0;) = ®;(p, 0;), the matrix Aj;(®) is circulant, denoted by 
A (®) = circulant(bo, by, e.. by-1), 


where the entries are 


b= r Inr; = (R° + p? — 2Rp cos(jh))Iny/ R? + p? — 2Rp cos(jh). 


Based on Circulant Lemma in Part I, the eigenvalues of A1; (®) are given by 


N-1 
dy = S~ bj cos(kjh), k=0,1,...,N-1. (10.4.12) 
j=0 


Lemma 10.4.1. When p< R, there exist the approximations of 1,(®) for large N, 


WO) = N(R 1 (141 Ca es a 4.1 
o(®) ~ N(R? mMR+ p?( +Ink)) + (4) aor fa): (10.4.13) 
N 2 

y(®) & —> (+2 InR) R? + 5) (5) 
: (10.4.14) 
aan -F 
O(N — 1) VB N=2 N)’ 
MORERA a 4 (10.4.15) 
R ENR (k1 k+l = 
N p\N-k R? p 
k=2,3,.. N- 1. 
Fow Gan N—k+1)’ pare 
Proof. Firstly for 49(®), we have from (10.4.12) 
N-1 1 N 
Ao(®) = bj => h Inr;, (10.4.16) 
j=0 j=l 


where r; = ye + p? — 2Rp cos(jh). Also from (10.2.4) there exists the expansion, 
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(R +p — 2Rp cosz)Iny/ R? +p? — 2Rp cosx (10.4.17) 
= R nR+ p?(1+InR) — (1+2 InR)Rp cosx 


+R ee (5) "cos(m ea mined (2 PY cos(ma). 


Then, from Basic Lemma A in Part I we have 


1 27 
2o(®) = a (R +p — 2Rp cosa)Iny/R? +p? —2Rp cosx dx + Adp(®) 


1 
= pom InR+ p?(1+InR)) + AAp(®), (10.4.18) 


where the increments are obtained directly from (10.4.17) and Basic Lemma A, 


aao r D E (2 j” 5 Laa EE (£ n") (10.4.19) 


m=vN 
~Maqren O ~Pxaren (a) O a 


Combining (10.4.18) and (10.4.19) gives 


N/ R 2 
a (GEG wei): 


This is the first result (10.4.13). 
Next for 2,(®), we have from Basic Lemma A, (10.4.12) and (10.4.17) 


-5 bj cos(jh) = D cos(jh) = > hri lnr; cos(jh) 


1 2n 

= E (R? + p* — 2Rp cosz) ye +p? — 2Rp cosz x cosx dz + A2,(®) 
0 

=z ironio- Vrani 

=a sk ak -R a 


_ "i (a +2 InR)R? + e) (5) +44 (0). (10.4.20) 


Also the increments are given directly from Basic Lemma B in Part I and (10.4.17), 
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moie D aoh- Sm} 


=+1+vN m=+£1+vN 
a ew “tac l 
~ aN T) a LE 2 =}. (10.4.21) 


Combining (10.4.20) and (10.4.21) gives the second result (10.4.14). 
Finally, for 2,(®) (k = 2,..., N — 1), we have similarly 


I 
Ay(®) = 7 X hb; cos(kjh) 
j=l 


1 21 
= if (R? + p? — 2Rp cosz) ye + p? — 2Rp cosg cos( kz) dz + AA;,(®) 


h 0 
Aaa a o alo 
-a G E) PAARA (10.4.22) 


where A/;(®) is obtained from Basic Lemma B and (10.4.17), 


TET O O 


=tk+vN tk+vN 
2 N-k 2 N-k 
“ota ees G CE 5 \ 
= Te k) a i (z s -1 N n i): oe) 


Combining (10.4.22) and (10.4.23) gives the desired result (10.4.15) and completes 
the proof of Lemma 10.4.1. x 


We need the expansions of the normal derivatives %(r'lnr). The following 
lemma follows from (10.4.17). 


Lemma 10.4.2. For p< R there exists the expansion, 


ð 
dp G + p? — 2Rp cosz) ye +p? —2Rp cose) 


2g 1 m—1 
= 2p(1 +lnR) — (1+2 InR)R cost + RY) —— (2) cos(mz) (10.4.24) 
m=2 


R 
>» nee (2 ) "cos(ma). 
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The matrix in (10.4.5) is expressed by 


Pil) + OnO) 
Aoi (D®) = : E : , 
DOn) --- ZOv(On) 
which is also circulant: A2, (DỌ) = circulant(do, di,..., dy-1), where 
dj = ape +p? —2Rp cos (jh) )lny/ R? +p? — 2Rp eos(jh) }- (10.4.25) 


Based on Circulant Lemma in Part I, the eigenvalues of A2ı( DỌ) are given by 


N-1 
Ay = S¢ dj cos(kjh), &=0,1,...,.N-1. (10.4.26) 
j=0 
Lemma 10.4.3. When p< R, there exist the approximations of 44(D®) for large N, 


2o(D®) ~ 2Np(1+InkR)4 A i o sfr y J ph, (10.4.27) 


N 
A,(D®) = -4 0+2 nR) R? + se 


tay ee al 
mea (2) a a) 


N p\N-F11(_. (N—k+2)(N—k+1) > 
tan an a (N—k(N—R+1) \ 


k=2,3,.. ae (10.4.29) 
Proof. Firstly for A)(D®), we have from (10.4.24) similarly 


Ly a 
= Í (R +p — 2Rp cosz) ye +p? — 2Rp coss} dz + Adg(D®) 
0 


= E21 +mR) + Ado(D®) = 2Np(1 + mR) + A2( D0), (10.4.30) 


Biharmonic Equations 235 


where 
pele 7 7 ie rom O e 2 wwe) ) (5) ‘| 
= wf (8) ote ()"} ana 
N-1 = 
a a? aa p 


Combining (10.4.30) and (10.4.31) gives the first result (10.4.27). 
Next for 2ı( DO), we have from Basic Lemma B in Part I, (10.4.25) and (10.4.26) 


2 dj cosjh = 2 hd; cosjh 


j=0 


jl 27 
F = {+ p’ — 2Rp cosx) jy R +p? —2Rp cose cose dz + A4 (DO) 
0 
T 3 /p 
=F {-a+2 MRR- p3 ($) } + a200), (10.4.32) 


where A/,(D®) is obtained from Basic Lemma B in Part I and (10.4.24), 


aa Ea a a] 


t1+v. yy ™ m=+t1+vN 


“ea ee] 


N pn 2 (N+1)(N-2) , 
= ; 10.4.33 
2(N — 2) (a ae N(N-1 ° te 88) 
Combining (10.4.32) and (10.4.33) gives the second result (10.4.28). 
Finally, for 2,(D®) (k = 2, 3,..., N — 1), we have similarly 
A,(D®) = a2 hd; cos(kjh) (10.4.34) 


2n 
= =f > G + p? —2Rp cose) / R? +p? —2Rp cons + AA;( DO) 
0 P 


KERO Peni) (4) } + Adg(D®) 


N p\*1f a (k+2)(K-1) 9) , E 
E fr k(k+1) P} t AAy(D®), k= 2, 3,...,N—1, 
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{= AOT E TO} os 
-Sraa on aA) 

N py N-+-11 f (N-k+2(N-k-1) , 
EEEE E (N—k)(N—k+1) \ 


Combining (10.4.34) and (10.4.35) gives the last result (10.4.29), and this completes 
the proof of Lemma 10.4.3. x 


10.4.3 Bounds of Condition Number 


The notation a x O(b) denotes that there exist two constants C (> 0) and C2 such 
that Cı1b< |a| < Cob with b > 0. Since the eigenvalues 4;(¥), 1;(®), 2;(DW) and 
4;(D®) are provided in (10.4.8) and Lemmas 10.4.1 and 10.4.3, we can derive the 
approximate eigenvalues of the MFS. 


Lemma 10.4.4. Let p<R and w= 7. When R#1 and R#}, there exist the 
asymptotes of the leading eigenvalues: Ay =< O(N) and %3 x O(1). 


Proof. From (10.4.10), the Aj result from the eigenvalues of the 2 x 2 matrix 


wF) — Ag(®) J-l M AERE PRAT agaaa 


-1(8)" 2o(1+InR) 


One entry has —1(4)" ~0 for p<R and large N. When R41 and R¥}?, the 


eigenvalues of AJ, are given by 4f ~ NInR and J) © 2p(1+InR). a 


Lemma 10.4.5. Let p< Rand w= ¥ For even N there exist asymptotes, 
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Proof. From (10.4.8) and Lemmas 10.4.1 and 10.4.3, we have the matrix for 27, 


ay f AC?) 2 (®) 
apa cee ee 


1 (1+2nR)R?+ G 
No Np ((1+2 mR)R? + 3p?) 


| = cNB”, 


2 
BO = i a = 1, a = (1+2 mR) R? + a 
a (10.4.40) 
1 1 


Np“ No 


3 
a3 = {a 2 Ink) + Set. 


Firstly, the determinant of B® is given by 
det(B®) = aj a4 — @203 


Ta (1+2InR)R+2 — (142 In) +2 =2 >0 
Np 2? 2 


Denote by 4* the eigenvalues of B® in (10.4.40). We have 


t= ; (o +a) + Via — a) + toes) . (10.4.41) 


When N is large, we have a; = 1, |ay| < C 4, and |azaz3| < C $ to give a > |a4| and 
4|a2a3| < (a, — a4)”. We conclude that 4} > A; > 0, to obtain from (10.4.41) 


_ det(BY 1 
Af S00), 4 = a = 0(5): 


This is the first result (10.4.37). 


Next, we examine the matrix 


Ap =| AY) A(®) |: k=2,3,....N—1. (10.4.42) 


The entries of A in (10.4.42) are given from (10.4.8) and Lemmas 10.4.1 and 
10.4.3, 
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N p k R? p? N p N-k R? p 
z(®) A. a k+1 mo. N=kh-1 N-k+1 
N p k R? p? 
Sk (7) (a kal)’ (10.4.45) 


wD) a(R) Rea 
N-k-1 = os 
(N ST 1 a Ri i obey’ 
k-1 = 
TE T) a {æ CS yh, 


ta 


X Ak 


(10.4.46) 


where a, = 1 for k Æ x and a, = 2 for k= x. For even N there exist equalities, 


N-k k N 
AGH) = AW, EE 
and Ay_, =A, for k= 1, 2,.. nZ 1. 
Denote the matrix 
(4) + (4) » p- [5 È 
AP =s xB, BY= oa) (10.4.47) 
where the entries are given from (10.4.42)—(10.4.46), 
1 1 k-1 
ae a= R? P), 
: k? ? a] k+1 (10.4.48) 
s l pe 1 Ife (b+2MK=I) o A 
35O Np “T N(k—Dp kKk+h lS 


Since ye <1, the bracket of aj in (10.4.48) is positive for p< R, to give 


k+2)\(k-1) > 


2 _ ( es 
= k(k+1) EN 


Hence we conclude aj <0, a, > 0, ał<0 and aj > 0. The determinant of AW is 
given by 


det(B*) = aja, — a,a; 
a ee o (k+2(k-1) 5) 1 1 4 Kets 
= wir? Web J maD Red 


2 1 
=; x O(a) (10.4.49) 
NE (k+ 1) Nk 
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Next, we obtain the eigenvalues of B* from (10.4.48): 


AE = (ak + aj) + Vla — a3) +4až a} 
= off) +0( 4) fE R Ga) 


Similarly, we have 
1 _  det(B*) 1 


Then from (10.4.47) and (10.4.50), the eigenvalues of AW) have the asymptotes 


N /p\* _ 1 py 
Po P : £ 
Ay = (7 (2) ), A, = o(} (4) ). 
The desired results (10.4.38) follow. This completes the proof of Lemma 10.4.5. I 


Theorem 10.4.1. Suppose that p< R, w= + and even N(>1). When R#1 and 
RF i, there exists the asymptote 


Cond = ow 5) (10.4.51) 


Proof. From Lemmas 10.4.4 and 10.4.5, we obtain 


re $ _ 1 sp\N/2 
Hi = tj . a | Cs n| =~ Za | = 
Arnal At | = [ag |< O(N), ArninlA*| = [ag of ) ), 


to give 


4 + N/2 
Cond l - OC) _ of ys (2) 
Amin Jaz] [Ax | 


This is the desired result (10.4.51) and completes the proof of Theorem 10.4.1. W 


When N is odd, we can prove Cond = O(N?(R/p) LW/ aly, where |z] is the largest 
integer less than (or equal to) x. Note that the Cond in (10.4.51) is similar to 


N 


Cond = o(w (2) ‘) for Laplace’s equation in Chapter 2. By following [163] and 


Chapter 3, the bounds of Cond can be derived for the simply-connected domains, 
and extended for other boundary conditions, such as the simply supported boundary 
condition and the mixed type of different boundary conditions. Details are omitted. 
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Remark 10.4.1. The traditional condition number of the matrix A in 2-norm is given 
by Cond2(A) = mla, For symmetric (or circulant) matrices, we have 
i Ài A $ 
Conia I) s A (10.4.52) 
min; |/;(A)| 


The Cond*(A) is called the condition number in spectral radius since the spectral 
radius p(A) = max; |A;(A)|. For the matriz (10.4.9) of circulant blocks, sub-matrices 
Aii(®) 4 wAg(DW), and the eigenvalues from (10.4.10) are not the singular values 
of matrix A. See Davis [71, Theorem 5.7.3]. Since the singular values of A and A are 
the same, we may find 


cil A) = o;(A) = y 4AA). (10.4.53) 
There exists the bound in Atkinson [13, p.489], 
p(A) <All, (10.4.54) 
where ||A|| is any matriz norm. We have p(A~') <||A7'|| and then give 
Cond*(A) = p(A)p(A~') <||Al|||A7|]| = Cond(A). (10.4.55) 


However, for a square matrix A, if € >Q is given, there exists a matrix norm ||A||; 


such that (also see [13, p.489]) 
All < p(A) +e. (10.4.56) 
Then we have similarly 
Cond,(A) = ||Al|,||A7' ||, < Cond*(A) + ô, (10.4.57) 
where 6 (> 0) — 0 as € — 0. From the norm equivalence, there exist the bounds, 
coCond* (A) < Conds(A) < C1Cond* (A), (10.4.58) 
where the constants co = N” and Cı = N” with ila v (œ 0). Note that the key part 


of Cond in (10.4.51) is the exponential growth O ( (£) ‘) ; while the polynomial growth 


O(N?*") is less important. Therefore, we may simply use Cond*(A) in (10.4.52) for 
stability analysis. 

Remark 10.4.2. Let us consider the matrix in (10.4.10), which consists of diagonal 
sub-matrices with R2*?. We will prove that the constant C, = O(1) with v=0 in 
(10.4.58). We first derive the singular values based on (10.4.53). The matrix AW) in 
(10.4.42) and (10.4.47) is denoted by 


(st) | ARC) Al) JOO MNANE, 
a= wA,(D¥)  w;,(D®) = 5 (5) x BY, k= 2,3,...,N—1, (10.4.59) 
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where the matrix 
B*= (i “2 ), (10.4.60) 
a, ay 


and the entries are expressed by 


els Ofl), al Ol |e lag] = Ol =], [eal Ol} —— |: (10.4.61) 
k k N Nk 


In (10.4.61), the notation ax O(b) means that there exist two constants cp (> 0) 
and C independent of N and k suchas cob<a< Cb. Denote by 2* and o™ the 
eigenvalues and the singular values of matrix B*, respectively. From (10.4.49) we 
have 


1 
to = |A*||A-| = |det(B*)| = (aa): 10.4.62 
ata” = A*I] = |det(B")| = O( (10.4.62) 
Also we have 
+) Tp (at)” + (a5)? aj a3 + 03.04 
(B*) B* = ne a NG (10.4.63) 
ajaz + 03a, (a3) + (a4) 
and give 
(o*) + (07)? = (ai) + (a3) + (a3) + (ai) 
1 1 1 en | (10.4.64) 
x PIH M pe x O1VG+ aa]: 
Then we find one singular value 
1 1 1 1 k+N 
+2 + 
= = + = -+ —] x ——}. 10.4. 
(ot = O(a + a2), ot x0(Z+5) E (10.4.65) 
The other singular value is found from (10.4.62) and (10.4.65) 
_  |det(B*)| ( 1 kN ) ( 1 ) 
= xO - x O| =]. 10.4.66 
at NK k+ N k(k+N) ( ) 
Hence, we have two singular values from (10.4.59), (10.4.65) and (10.4.66) 
+., NPN + 
c= a> (F) xo", (10.4.67) 
to give 
k py 7 N pvk 
r —— |— -x O| =~ (= i 10.4.68 
Ik (en (4) ), °K (oF (9 ) ( ) 


Neat for matrix A‘, in (10.4.86), we have for R#1 and R #1 


arm [toe wade] ha g= (10.4.69) 
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where the entries are 


lal= O(N), lal= O(N), a3] x o((4)"). la| = O(1). (10.4.70) 


By following the above approaches, we have 
a, x O(N), œ x 01). (10.4.71) 


The bound of the traditional Condg is obtained by 


i a + N/2 
Gordy = Se a of (=) ) (10.4.72) 


mn o Oy 
2 


where a, x O(N) and ox from (10.4.68) 


oy = (a (2) ia) (10.4.73) 


Note that the bound of Condz in (10.4.72) are the same as that in (10.4.51) in 
Theorem 10.4.1. In Chapter 9, we have also used the Cond*(A) in (10.4.52); we may 
prove that the bound of Cond, is the same as that in Theorem 9.4.1. 


10.5 Numerical Experiments 


Consider the biharmonic equation (10.1.1) in square domain S = {(2,y)|—1< 
x<1,—-1<y<1}, and choose the following exact solution: 


u(x, y) = exp(x) cosy + (x? + y”)exp(y) cosz. (10.5.1) 
Consider the mixed type of the clamped and the simply supported boundary con- 
ditions on T, then the boundary condition (10.1.3) is replaced by 
u=gonl), w= g onto, (10.5.2) 
where TUI =r and TyNIl2=@. The admissible functions (10.1.5) are 
expressed as 


N N 
T See. aie Cet E 
j=l 


j=l j=1 


where cj and dj are the unknown coefficients, and rj = |PQ,|. Choose the uniform 


source nodes Q; = (R, p;), where p; = “I, The energy I(v) in (10.1.6) is replaced by 


r= fo-pt+w f (w= 9 + (wi? Í (w=, (10.5.3) 
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where weights w = $ and wł} = zz as in [169]. Next, we formulate the collocation 


equations directly from (10.1.2) and (10.5.2), and obtain the collocation equations 
at nodes (p;,0;) E T for the mixed type of boundary conditions, 


n(Pp; Ox) = Stoo (Pr Ox) pa; (Pr On)} = f(x, 9x), (Px, Ox) = T, (10.5.4) 


o o 
Uje N (Pr Ox) = wd faxe (Pics Or) + dY} (10.5.5) 


= wg( Pp, 9x), (Pr 9x) eri 


2 8 N 8 a 
w a UN (Ph Ox) = PL o olon 0) + dj 5 iPr a} 


ra (10.5.6) 


= w g* (Pr Or), (Pr, Ox) € I>, 


where v is the normal of I; and I>, and w= + For the collocation equations 
(10.5.4)—(10.5.6), the number of collocation nodes is often chosen to be larger than 
that of source nodes. Then we obtain an overdetermined system of linear algebraic 
equations 

Fx =b, (10.5.7) 


where matrix F € R™*” (m> n), and vectors x € R” and b € R”. The boundary 
errors are given by |lel| , = |u — unl|g = vI(un) or yT (un), where I(v) and J*(v) 
are defined in (10.1.6) and (10.5.3), respectively. 


When T = Ø, the mixed type is reduced to the purely clamped boundary 
conditions. For the clamped boundary conditions, the errors and condition numbers 
are listed in Table 10.1, where M denotes the number of uniform collocation nodes 
along each edge of ôS. Then n = 2N and m= 8M in (10.5.7). From Table 10.1, we 
can see the asymptotes for R = 2, 


llellp = O(0.65%), ellos = O(0.66%), ellis = O(0.61%), (10.5.8) 
Cond = 0(1.4%), Cond_eff = 0(1.3%), (10.5.9) 
and for R= 5, 
lella = 0(0.37"), ellos = O(0.37"), Ilellı s = O(0.35%), (10.5.10) 
Cond = 0(2.3%), Cond_eff = 0(2.2%). (10.5.11) 


The errors decrease exponentially via the number of FS used; the exponential 
convergence rates result from the highly smooth solution (10.5.1). On the other 


hand, the condition numbers grow also exponentially. By noting y R/rmin = VR= 
V2 (or v5), the Cond in (10.5.9) and (10.5.11) coincides with (10.4.51) very well. 
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Let us scrutinize (10.4.51) more carefully. Choose R = 5, and find the numerical 
growth of Cond between N = 31 and Nə = 11 from Table 10.1, 


Cond] y,-3, _ 4.41(14) 
Cond|y,-1:  2.27(7) 


L= = 1.94(7). 


On the other hand, the theoretical growth of Cond is evaluated from (10.4.51) by 


3 S 3 
ma (M1) y pee (2) e 28 x 5! = 2.19(7). 
No 11 


The relative error of Tı is given by 


|Ti — Tə| _ |1.94(7) — 2.19(7)| 


= =115 
ie 2.19(7) k 


to show a remarkable consistency of stability between theory and computation. The 

effective condition number is a better criterion for stability in numerical partial 

differential equations (PDE); see [162]. We obtain the ratio from Table 10.1 at R = 5 
and N = 31, 

Cond 4.41(14) 

Cond_eff 1.79(9) 


= 2.46(5), 


to show that the effective condition number is much smaller than the traditional 
condition number. The bounds of the effective condition may be derived by following 
[162]; details are omitted. 


Next, we still choose the exact solution (10.5.1), but use the mixed type of the 
clamped and the simply supported boundary conditions, 


u=f, w=g, on t= +l], 
u=f, Uy = 9, on y= +1, 


where v is the exterior normal of 0S. The errors and the condition numbers of the 
MFS are listed in Table 10.2. The asymptotes of errors and conditions are similar to 


TAB. 10.1 — The errors and the condition numbers for the biharmonic equation with the 
clamped boundary condition by the MFS, where e = u— uy. 


Iele lelos lds | Cond Cond_eft[ |x| 
C1) : = 


27.3 
23.6 
19.6 
16.6 


2.33(3) 
3.14(3) 
4.41(14) 2.59(3) 
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TAB. 10.2 — The errors and the condition numbers for the biharmonic equation with the 
mixed type of the clamped and simply supported boundary conditions by the MFS, where 
€=u-— uN. 


4.72(14) 


(10.5.8)—(10.5.11). In summary, numerical experimenters are carried out for the 
simply supported boundary conditions and the mixed type of boundary conditions 
to coincide with the analysis made in this chapter. 


Chapter 11 


Elastic Problems 


11.1 Introduction 


In this chapter, we will apply the basic analysis in Part I to linear elastostatics in 2D 
satisfying the Cauchy—Navier equation. The mixed types of displacement and the 
traction boundary conditions are dealt with, and both the direct collocation tech- 
niques and the Lagrange multiplier are used to couple the boundary conditions. The 
method of fundamental solutions (MFS) and the method of particular solutions 
(MPS) are used for the direct collocation techniques, and the hybrid Trefftz method 
(HTM) in Jirousek [109-111] for the Lagrange multiplier. We explore the error 
analysis of the MFS and the HTM using fundamental solutions (FS) to achieve 
optimal convergence rates. The MFS algorithms are introduced in Wang and Qin 
(237, Chapter 6], and the strict error analysis is given in this chapter. 


This chapter is organized as follows. In Section 11.2, some basic mathematics for 
elastostatics problems in 2D is introduced, and then the fundamental solutions are 
provided. In Section 11.3, the collocation Trefftz method (CTM) and the HTM are 
described. In Section 11.4, the errors between FS and PS are derived, and in 
Section 11.5, the error estimates of the MFS and the HTM using FS are obtained. In 
Section 11.6, numerical experiments are reported, and in Appendix 11.7, new 
addition theorems for linear elastostatics are derived. The materials of this chapter 
are adapted from [159, 164]. 


11.2 Linear Elastostatics Problems in 2D 


11.2.1 Basic Theory 


Consider the linear elastostatics problem in 2D. Denote the displacements by 
© = w = (w(x), w2(x))* = (u(x, y), v(x, y))", wherex = (21, £2) = (x, y). The linear 
strain tensor is given by 


DOI: 10.1051/978-2-7598-3171-5.c011 
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a) =5{ a ony f 1<i,j<2. (11.2.1) 


Let oj (1<%,7<2) denote the stress tensor at x. For an isotropic homogeneous 
Hookean solid, there exist the stress-strain relations 


oj = A(V W)dj+2ney, 1<ij<2, (11.2.2) 


where “V-” is the divergence operator, 64 are the Kronecker delta, and 2 and u are 
the Lamé constants. When there exists a body force f, we have 


A+ (4+ u)V(V -Ñ)+f=0 in S. (11.2.3) 
When f= 0, we obtain the homogeneous equation, called the Cauchy—Navier 
equation of linear elastostatics for the isotropic body. 
For linear elastostatics in 2D, define the Sobolev norm 


Ma- >. f (22) ax S fds 
1,Q ö Oz; AH a s 


i j=1 


For v = (v1, v2)”, norm ||vl]? o = lull? a+ lvli o: We cite the Korn inequality from 
[28, 51]. 


Lemma 11.2.1 (Korn Inequality). For a bounded open domain Q in 2D (or 3D) with 
the regular boundary OQ, there exist two constants co ( > 0) and C independent of v 
such that 


2 2 
ol live < Y 1 e(a So n dx < C0 Wllvl2 9, 
i=l 


ij=l 


where eyv) =+ {gu + seh. 
Let M(x) denote the space of a rigid motion, e.g., translation and rotation, given 


by W(x) = (dı — ay, d2 + ax)", where dı, d2 and a are constants. Define the quotient 
space H* = (H'(Q))’/M(x) equipped with the norm 


wi = ink Iv + also 


We have the following theorem [28, 51, 192]. 


Theorem 11.2.1. There exist two constants Cy = Cy(A,p) and Cy = Co(A, u) such 
that 


C1 A(, 8) < (wI)? < Cp A(4, d), 


where 


roe O x en a LS Ow; | Ow; ðvi Ov; 
aaa) [Auv ao 2 | u) (z | se) Jax (11.2.4) 
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The strain energy of an elastostatic solid satisfying (11.2.3) is given by 
1 2 H 2 (dw; ðw? 
w) == |l AV- 4 dx. 
e(ù) sff DiD Ge oe x 


Theorem 11.2.2. There exist the Gauss—Green formulas, 


A(t, D- [Att A+ VT ay) tex = | E0) to (11.2.5) 


[twats CLOT aH Rae Ao ae 
Q (11.2.6) 


where the traction vector T(Ñ)(x) = (t1(x),t2(x))’ with r(x) = 57_,04(x) ni(x), 
j=1,2, and nj(x) = cos(ñ, x;) with i=1,2, where ñ is the normal vector. 


Theorem 11.2.3 ((51, 104, 210, 246]). The general solutions of the linear elastostatic 
equations (11.2.3) in 2D and 8D are given by 


DÈ = AD) — KV [E+ A(Z) + q(Z)], (11.2.7) 


where h(Z) is the harmonic vector, q(Z) a harmonic function, and the constant 


(11.2.8) 


The PS and the FS of the Cauchy—Navier equation can be obtained from (11.2.7) 
and given in Sections 11.2.3 and 11.2.4. The general solutions of (11.2.7) are 
important to the study of algorithms and error bounds of MFS for linear elasto- 
statics. The analysis in this chapter is more advanced than Part I because the linear 
elastostatics is more complicated and because new addition theorems of the FS are 
explored in Section 11.7. 


11.2.2 Traction Boundary Conditions 


Denote ù = (u, v)” and Z = (x, y)”. The Cauchy—Navier equation is obtained from 
(11.2.3) with f =0, and it is given explicitly as 


` Ou Ov ; 
u^Au+ (A a wi + an =0in 5, (11.2.9) 


2 2 
mavt woe a c) =O in §, (11.2.10) 
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or 
1 Pu Ov 
Au+ =0i 11.2.11 
j TRA TEN, ( ) 
1 Pu Pv 
Av + =0i 11.2.12 
° alata a ( ) 
where S is the solution domain in 2D, and v is the Poisson ratio given by 
v= A O0<v< z 
~ (A+ p)’ 2° 


The traction on OS is given by 


Z(O) (x) = (t1(u, v), t2(u, v))”, (11.2.13) 
where 
ðu Ov ðu ðv ðu 
tilu, v) =A (= + 2) nı + 2u Dy tHe (= a), (11.2.14) 
,(Ou ðv Ov ðv Ou 
Talu, v) = (2 -e =) n2 T 2u ðv uniI (= a), (11.2.15) 


and nı = cos(ñ, x) and ng = cos(ñ, y). 


11.2.3 Fundamental Solutions 


The FS in 2D can be derived from (11.2.7), and they are given in [51, p.520] (also 
refer to [39, 87, 133, 202, 209]) by 


A+ 3u 


A+p 1 
E(x, y) = — rr {tert : 


2 + 3u ee 


T 
= aD l=- y)(x-y) I} (11.2.16) 
where rxy = |x — y| and Tə is the identity matrix. The FS in (11.2.16) satisfy 
HAE3(x,y) + (A+ W)VxlVx + E2(x,y)] = —ô(x — y) Io. 


Choose the source nodes y; = (é;,7;) to be uniformly located on a larger circle 
outside the 2D domain S, and denote the collocation points by x = P(x, y), where 


g= r cosh, y= r sind, 
č; = R cosġo m= Resno, i=1,2,...,N, 


where R > maxsr, r= y2 +y, R= /é& +n? and 6; = i. Then the distance 


between two points x and y; is given by 


ee ye +r? — 2Rr cos(0 — ¢ġ;). 
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Denote vectors ti; = (uj, vi) T and d; = (ai, bi) with two constants a; and b;. We have 
the FS: ŭ; = E2(x,y;) di, where 


2 
Ui = afd in BEE + pp EUn), 


i 


2 
n= ap ETEM y l Anr; + BETA \ 


ri ri 


ES +20) From Theorem 11.2.3, by adding 


the other FS: V(Inr) = (4,4) yy we obtain the general linear combination of FS, 


and the constants A = and B 


=m z y 


un = un(2, y) (11.2.17) 
N 2 
_ faf mr p-é ) „apez , ea) 
i=1 Ti rs r 
vn = oala) (11.2.18) 


=| E4- saf pns DUS) U50, 


é 


where a;, b; and c; are the coefficients, and the constant 
B î+u 1 k 


D=- = = 11.2.19 
A A+3u 3-4v l-K’ ( ) 
and x is given in (11.2.8). For the plane stress problem, 
1 1+? Î 
D= = — ` : 11.2.2 
3-4) 3-0’ "TIF ue) 


11.2.4 Particular Solutions 


From Jirousek and Wroblewski [111] and Qin [203], the smooth PS from (11.2.7) are 
given by 


L 
ur = X_ p"{ar[-sin(k0) + Dk sin(k — 2)6] 


2 (11.2.21) 
+ b;[cos(k0) — Dk cos(k — 2)0] + c; sin(k0) — dy cos(k0)} — do, 
L 
i= > p™{arlcos(k0) + Dk cos(k — 2)0] (11.2.22) 


+ b;[sin(k0) + Dk sin(k — 2)0] + c cos(k0) + dy sin(k0)} + co, 


where D is given in (11.2.19) or (11.2.20), and az, bk, Ck and d; are the coefficients. 
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11.3 HTM, MFS and MPS 


11.3.1 Algorithms of HTM 


We discuss three methods: (1) The hybrid Trefftz method (HTM), (2) The method 
of fundamental solution (MFS), and (3) The method of particular solution (MPS). 
The error analysis of the HTM using FS and the MFS is the goal of this chapter 
(see Section 11.5); the analysis for the HTM using PS and the MPS was provided 
in [153] already. Consider the mixed type of displacement-traction conditions, 


(x) = f(x) on Tp, (11.3.1) 
XT) = J(x) on Ty, (11.3.2) 


where OQ=TpUTy, TpNTy = Ø, and the traction vector T(t) is given in 
(11.2.13). For simplicity in exposition, let Tp 4 Ø. Then the solution ù of (11.2.9), 
(11.2.10), (11.3.1) and (11.3.2) exists uniquely, and a rigid motion is included in the 
solution ù. Also, assume that the solution ù is smooth enough so that the FS in 
Section 11.2 can be used directly. For corner singularity, the singular solutions and 
their numerical algorithms are explored in [138, 156]. Hence the admissible functions 
satisfy the Cauchy—Navier equations exactly. Based on the minimum principle of 
complementary strain energy [62, 98, 209], when the traction condition (11.3.2) is 
satisfied, the displacement condition (11.3.1) is a natural consequence. Hence we 
may use the Lagrange multiplier Č to deal with (11.3.2). In fact, the exact value of č 
is just the solution ù on T y (see [153]). We choose the FS in (11.2.17) and (11.2.18). 
Hence the admissible functions % also satisfy equations (11.2.9) and (11.2.10). 
Denote its space by Vy C (H'(Q))’. Also, choose the piecewise polynomial of order 


p for the Lagrange multiplier Zon T N, and denote its space by T, = T,(T x). Then 
3 3 
the HTM reads: to seek ùy € Vy and €, E€ T, C (Tx) such that 


A(@y, Ù) — -20o f T(t -J -ñdo- | 20) -E,d0 =0, 
(ww, v) wf (3) mi w) — gl- Ree p (11.3.3) 


Vue Vu GF ETy, 
where A(t, #) is given in (11.2.4). The HTM was first proposed in Jirousek [109] 
and then discussed in [83, 110, 111, 203]. The error analysis of the HTM using 


PS is provided in [153], and the analysis of the HTM using FS will be made in 
Section 11.5.2. 


11.3.2 Algorithms of MFS and MPS 


Since the Lagrange multiplier in HTM is an extra variable in computation, we may 
replace it by using direct collocation techniques. The collocation Trefftz method is 
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described as follows. Let f = (fı, fa)” im (11.3.1) and J=(g,,9)" in (11.3.2). 
Define the boundary energy 


iu) = | -A+ Plte | ao) = g)? lu o) ~ g) 
l (11.3.4) 


where œ is a weight to balance two terms in (11.3.4), and tı(u, v) and t2(u, v) are 
given in (11.2.14) and (11.2.15). Denote by Vy the set of all linear combinations in 
(11.2.17) and (11.2.18). In computation, we may choose œ = +. The CTM reads: to 
seek (uy, vy) € Vw such that 

I(un, vn) = min I(u,v). (11.3.5) 


(u,v)E Vn 


When the integrals in (11.3.4) involve a numerical approximation, we have 


Tu) f e- +(e- fo] +0? flue) - 9) + (alu, = g)” 
D N 

(11.3.6) 
where T is a numerical approximation of f by some quadrature rules, such as the 


central or the Gaussian rule. The equation (11.3.5) leads to 


a 


I(uy, vy) = min T(u, v). (11.3.7) 


(u,v)E Vy 


We may establish the collocation equations directly from the boundary condi- 
tions (11.3.1) and (11.3.2), 


un(P;) = f,(P3),  un( Pj) = fa(P;i), Pi € To, 
t1(un(P;), uw(Pj)) = g(P;), t2(un(P;), uw(Pi)) = go(P;), Pi € Tw. 


Let Ip and Iy be divided into small sections AT; with the meshspacings Ah;. We 
obtain from (11.3.1) and (11.3.2) with suitable weights 


y Ah; un(P = y Ahj if y Ahj uy(P = y Ah; of ), P;eTp, (11.3.8) 
Ahjti(un(P;), on(P;)) = oy Ahjg (Pi), P; € Ty, (11.3.9) 
Ah; j72(un(P; ), un(P; )) =O Ahj9o(P)), P; Ee Ty. (11.3.10) 


If choosing the middle nodes of AT; as the boundary collocation nodes P;, the 
equations (11.3.8)—(11.3.10) are just the equation (11.3.7) with the central rule (see 
[169]). When the number M of collocation nodes is equal to (or larger than) N, we 
obtain an overdetermined system, 


Fz = b, (11.3.11) 
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where F € R2“*?"(M > N) and z = (..., aj, bj,...)’. We may use the singular value 
decomposition (SVD) or the QR decomposition to solve (11.3.11). The CTM 
(11.3.7) using the FS is called the MFS. When the FS in (11.2.17) and (11.2.18) 
are replaced by the PS in (11.2.21) and (11.2.22), the equation (11.3.7) (or 
(11.3.8)—(11.3.10)) is called the method of particular solutions (MPS). In the 
MPS, the number of unknown coefficients in (11.2.21) and (11.2.22) is (4L+4 2), 
1 


and the weight w = z. 


11.4 Errors Between FS and PS 


11.4.1 Preliminary Lemmas 


Our error analysis is also related to Laplace’s equation in Chapter 2. Consider 
Laplace’s equation with the Dirichlet boundary condition, 


Pu Ou 


a= et ge n S, u=fonT, (11.4.1) 
where S is a bounded simply-connected domain with the boundary 0S = I. Denote 
Tmax = max rig and rnin = : ae r, where Sin is a disk inside S. A circle sur- 

in (Sin€ 


rounding S is given by 
lr = {(r,0)|r = R,0 <0 <27}, R> Tmax: 


Let the source (charge) nodes Q be located outside S, then the FS 


o(r,0) = n|PQ|, Pesuas, 


are harmonic functions, where P = { (x, y)|% = r cos0, y = r sinf}. The source nodes 
Q; = {(x, y)|£ = R cos(ih), y = R sin(ih)} may be located uniformly on Zp, where 
R> fmax and h = 3%. We obtain the FS 


Pi(P) = In|PQ||, i= 1,2,...,.N, 


and the numerical solutions are found by a linear combination 
N 


UN = cip(P), 
1 


i= 


where c; are the unknown coefficients to be determined. Since uy satisfies Laplace’s 
equation in S already, the coefficients c; can be determined by enforcing the 
boundary condition in (11.4.1) only. We may use the MFS or the HTM. 


Denote the harmonic polynomials 


P,,(p,0) =a + X. p* {ax cos(k0) + by sin(k0)}, (11.4.2) 
k=1 
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where @;, and b are the coefficients. For error bounds between FS and PS, since the 
continuity extension in Remark 2.3.1 in Chapter 2 is needed, we always assume the 
solution u € H?(S) (p > 1), which may not be written in some lemmas and theo- 
rems. We have two lemmas from Chapter 2. 


Lemma 11.4.1 (Addition Theorem). There exists the series expansion for p< R, 


o0 


— 2_ = 2 = Py = 
lnr = Iny/p 2pR cos(0 — ġ) + R = InR (2) cosn(0 — œ). 


1 
n= 
Lemma 11.4.2. For R>pand R#1, there exist the equalities 
ag 


Palo, oh 2r InR 


[ lnr dọ — 2 kR" [ (a, cos(kp) + br sin(k)) Inr dọ, 


where r? = R + p? —2pR cos( — 0). 
For the periodical functions f(#+2z) = f(x), the trapezoidal rule is given by 
ye = 


“Hades [fade =n S~ FH), 


0 i=0 


where h = 2%. Then the harmonic polynomials P,,(p,0) in (11.4.2) can be approx- 
imated by ln r; 


where r? = R? + p? — 2pR cos(0 — ¢,), Pi = i, and the constants 


h 


i hens _ 
onak x {ae ) + by, sin(k,)}. 11.4. 
%i = Sa mR! B KR {ax cos(ko;) + br sin(k@;) } ( 3) 


Denote this specific FS of lnr; by 
En(Pn, lnr; p, 0) = 


Ob; Inr;. 


Me 


ll 
ne 


t: 


Lemma 11.4.3. For large N (> 2n), there exist the bounds, 


RA P R aN Tmax 
|Pa(9,8) = Zn Priano Olar ON (E) (ES) PeO (114) 


Tmax 


o 


ov or 


q+1 R aH Tmax 
< CN a r "IB, (p, lor; 


Tmax min 


(Palp, 0) — En(Pn, lnr; p, 0)) 


(11.4.5) 
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where v is the normal of IT = ðS, and C is a constant independent of n and N. 


Proof. The first result (11.4.4) is cited from Chapter 2. Denote the Fourier expan- 
sion for v, 


2 S + XO ph {ay cos(k0) + br sin(kO)}, 
k=1 


where a; and 0; are the Fourier coefficients. The Sobolev norms are given by 


l 
oe” n 2 
| age = of pelat m) (a2 + w) , m=0,1,.... (11.4.6) 
gI k=1 
By using (11.4.6), the second result (11.4.5) can be proved similarly. E 


Below, we discuss linear elastostatics and derive the errors of the MFS. To this 
end, we need the series expansions of the FS. For the simple FS and the principal FS 
with p< R, we cite two lemmas from addition theorems of FS in elastic problems in 
Appendix 11.7. 


Lemma 11.4.4 (Addition Theorem A‘). Let p<R and r?=R’+p?—2pRx 
cos(¢ — 0). There exist the series expansions of the simple FS by Vlnr = (SS y s) T 


Eae a E 


Lemma 11.4.5 (Addition Theorem Bê). Let p< R, a= £ and r? = R +p? — 2pR x 
cos(¢ — 0). There exist the series expansions of the principal FS in (11.2.16), 


Tu Ti 
E X, = 2 
(xy) ( Tiz Tə 
where the entries 


Tii = (1 f 


Tn =(1 oj mr- Xo+ (2 )"cosn(0 é) 
+D)5 + Scos(+9) -+ Ty (A) extn n(0 — 0-2] 
Tiz = (1—x)D|—Ssin(0+ 6) “5° (2) sin(a- 6) - 20) 
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11.4.2 Polynomials VP, Approximated by (3) and (%") 
First, consider the simple FS of linear elastostatics. Denote the harmonic polyno- 
mials in (11.2.21) and (11.2.22) by 
Palp, 0) = do + X. p*{cx sin(kO) + dy, cos(kO)}, (11.4.7) 
k=1 


where c, and d; are the coefficients. Denote the simple FS by 


5 r— č y— p 
® = Vinr = ( = 1) ; (11.4.8) 
T 


T 
ð ð —([(3 ð 
where V = (2 j g) = (2 ; Sr) . Also we have 


AP,(p,0) OP,(p,0)\* 
VPa(p, 0) = ( e L ne ) l 
where 
OP, (pey S x. 
OP alo.) = >, kp™™!{ cp sin(k — 1)0 + dx cos(k — 1)6}, 
a = S~ kp {cr cos(k — 1)0 — dp sin(k — 1)0}. 
Y k=1 


From Lemma 11.4.2, we have 


VP.(p, 0) = 7 oof Vinr do 
(11.4.9) 


_ 2 f” (Vinr)(c;, sin(kb) + d; cos(kġ))do. 


In (11.4.9), the first term on the right-hand side is zero, 


— do = fs —" ab = 0, 


based on Lemma 11.4.4. By the trapezoidal rule we have 


do 


27 
l 
27 InR Jo ving 


VP(p, 0) & 


Br 


— F unt | Tiea sin(kp) + d; cos(ko))do 


Trz 0 i=l 


II 
& 
S 
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where ®; is given in (11.4.8), and the constants are given from (11.4.3) 


h 
2n man. 


Qi = 


=> KR"{ cy sin(k,) + dy cos(ko,)}. (11.4.10) 


We also have 


Denote the special FS by 


N N 
En(VPa ®; p, 0) = S_4&:®;, Ly(Pa,lnr;p,0) = X & lnr; 


i=l él 


Theorem 11.4.1. There exists the bound for N > 2n, 


Tmax Tmin 


2n—N 
IV Pa(9,0) = EnV Pap Dhr ON (A) (22) eD 
(11.4.11) 
where C is a constant independent of n and N. 
Proof. We have 
VP n(p,9) — Ev(VPn, ©; p, 0) = V(Pn(p, 0) — En(Pn, Inri; p, 9)). 


Since V = ne + 32, where ñ and 3 are the normal and the tangent directions of T, 


5 


respectively, we have from Lemma 11.4.3 
[V Pr(p, 9) — Zn(V Pn, ®; P, Ollar 


(Palp 0) = Un(Pn, Inr; P, 0)) 


ov 


i R 2n—N r 
max 
< ON (=) (= ) Palo. lor 
Tmax Tmin 


11.4.3 Other Proof for Theorem 11.4.1 


Take the functions p”sin(m@) in (11.4.7) for example. We derive the errors 
approximated by FS in (11.4.8). Using the orthogonality, we have from Lemma 11.4.4 


O 
< of irao ~En(Pr Inr; p, )llq-eur + ls 


[fs 2 $ in(ng)do = = — (2) aat — 1)0, 


tr sin(nd)dd = (2) gence — 1)0. 
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Then we obtain 


1 27 ats . 
= -imr f ( > inna (11.4.12) 


Also from Lemma 11.4.4, 


20 t— 
a z m 


27n 0 


> (£ A {cos(n — 1)0 cos(n@) +sin(n — 1)0 sinnd}sin(md)d¢. 


By the trigonometric formulas, 


cos(n@) sin(md) = 5 (sin(m + n)b — sin(m — nj), 
sin(nd) sin(md) = 5 (—cos(m+ n)p+cos(m— n)¢), 


we have from Basic Lemma A in Part I 


( i = ie 7S sin(mg) da 


=-3{-_ 5 O aem So 


n=m+vN 


Co 


=X ayn Sin(n” — 1)0— Say, sin(n* — 18, (11.4.13) 


v=1 v=1 


where the integers and the coefficients are given by 


n =—mt+vN-1, nt =m+vN-1, 


E m P —m+vN-1 JF oT P m+vN-1 
Qy m,n = R R ? vmn R R ig 


Then we obtain from (11.4.12) and (11.4.13) 
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1 Pree. 
ES1n(p, 0) = |V p” sin(mé) — f-ing f z snide] 
0 ar 
2n po 
< CmR” (/ = i = sin(md)dd 
qv 


< mref S -mN (amn) + X (m+vN) (afn, r} 


y=] y=1 


l 
o0 


< Ea O Vim DO 


v=1 
< Omk” Ne (E) > v4 (F) ge CmN¢R™ (5) i (11.4.14) 


Similarly, we have 


a -G =" sin(mg) dd 


(11.4.15) 
Sa p n—1 ad p n-1 
= cos(n — 1)0 — =)  cos(n— no}, 
2R a, (7) n day (7) 
to give 
Lm Pyne 
ES2,(p, 0) = ||/mp™cos(m0) — - mn" | z sin(md) dd 

1 o * ar (11.4.16) 


N-m 


< CmNIR” (2) 


For 0<p<p, by the Schwarz inequality we have from (11.4.7), (11.4.12) and 
(11.4.14)-(11.4.16) 


NVa F Xn(VPr, ®; p, Nar 


Y {len BSI P, O)ligr + |dmlll 252mn(0; Ol gar} 


j [BSI (0,9) |Lq, -m WES2m(p, 9)|| 
SI [Eml o” an (ldm ner 


p” 


1 1 
*ZS1m(0,9)llar SS o -om Ss E82, Ollar l? 
pm f ! > InP : » pr =p 


m=1 m=1 


IA 


(š Ge 


m=1 m=1 
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From (11.4.14) there exist the bounds, 
r ESaC, Olr 


yet < ON 


m=1 P 


—2N n o R” a 
m ~Im \ a 
P 


T 
reo 
ie 


Similarly, 


n "= " 
Eee Dn < one (B) (0 


~2m 
m=1 P P 


Hence we have 


R 4n—2N Jn 
IVP(p, 6) — Ex VP oO p, Ole < on (Z) (8) De (e, +) 


m=1 


4n—2N 2n 
< on (Z) (2) Palla 
p p 


We obtain for 2n< N 


= R 2n-N Tmax 
|VPa(p,0) = EnV Pap Dr (E) (22) eD 


Tmax 


This is the desired bound (11.4.11) in Theorem 11.4.1. E 


11.4.4 The Polynomials LP, Approzimated by Principal FS 


Denote the principal FS vectors by Y= (Pii, Yia)” and Py = (P21, P22)", 
where the components are given by 


=m yp, E780 


r2 i r 


mo) 
Yii = —lnr + (z 8) » Poo = —lnr4 
r 


Let the source nodes (¢;,n;) = (R cos@;, R sing;) with ġ; = 41, and denote 
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where 
2 2 
wO = tor, +! = YË =r, + & au l 
i i (z = é (y ~ Ni) 
vi, = vg 2 = nd) 


and r? = R? + p? — 2pR cos(@; — 0). Denote the harmonic solutions by ŭ” = (ù, v) A 
When q(ž)=0, the solutions of the Cauchy—Navier equation are given from 


Theorem 11.2.3, 
rs a r +y% 
ù= Lü =(1=1)(4) +8 ou a. ae (11.4.17) 


where the operator is 

L=(1-xk)h+kt. V. (11.4.18) 
For the harmonic solutions ŭ”, the derivatives satisfy 

ðu ôv ðv Ou 


= = ‘ 11.4.1 
Ox Oy Ox Oy ( Á 


Let the harmonic polynomials of & and y be chosen as in (11.2.21) and (11.2.22), 


L 
a= Ê, = b+ X > rk{—ax sin(kO) + br cos(k0)}, (11.4.20) 
k=1 
L 
T= Â, =a + X` r"{ar cos(kO) + by sin(kO)}. (11.4.21) 
k=1 


For (11.4.20), denote the special combinations of FS by 


B, Inri, (11.4.22) 


s 


N 
Un(LPn, Pr; p, 0) =o p”, Èy (Ên, lnr; P, Ma 
i=1 


where the coefficients f, are also provided from (11.4.3), 


a h 


Bi= snp” = kR'{—ax, sin(k;) + br cos(kd;) }- (11.4.23) 


Theorem 11.4.2. For large N (> 2n), there exists the bound, 


qt1 R ae Tmax 
< CN == WPr (p, Alor 


Tmax Tmin 


| Gc — En(LÊn, Fr p, 0) 


qv 


where C is a constant independent of n and N. 
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Proof. The proof follows from that in Theorem 11.4.1. We have from Lemma 11.4.2 


oe = wo Linr dọ — > vat f (Llnr){— ap sin(kp) + by cos(kp)}do 


bo 
27 InR 


~ 
wy 


[ Llnr dd — 2 vant f (Llnr){— ap sin(kd) + by cos(ko)}do 
X 5 gd i 
= 2 By = En(LÊn, Žr; p, 0). 


Then by noting the operator £ in (11.4.18), 


| ey — Eyl P15 9,8) 


< |e = Xy(P,,, lnr; p, 0)) 
v 


= LÊ, = Ew(Pn;lnr; p, 9)|| 7 
qv 


T Ên a Ly(Pn, lnr; p, Dls} 
gr 


q+1 R RA Tmax 
< CN en Vee: A)llor- 


Tmax Tmin 


Next for Q,, in (11.4.21), denote 


N 
a os 0) $ 
Uv(LQ,, Yr; p, 0) = pes Xw(Q,, nr; p, 0) = 


i=1 


~ 


ll 
= 


9, Inri, 


where 


h 


h n i 
San 22 kR*{ a; cos(k;) + by sin(k,)}. (11.4.24) 


Similarly, we have the following theorem. 
Theorem 11.4.3. For large N (> 2n), there exists the bound, 


R ies max 
<o (E) (= ) 19.0; Olor- 


Tmax Tmin 


0 x > 
| (24, | 7 Xn(LQ,, Yy; P, 0) 


qr 
Combining Theorems 11.4.2 and 11.4.3 gives the following theorem. 
Theorem 11.4.4. For large N (> 2n), there exists the bound, 


i R 2n—N r n a n 
max 
sonà Z) (2) (MPalor+ Gall) 
Tmax Tmin 


( LP, — En(LÊn, Pi; p, 0) ) 
LÂ, = Xv( (LQ, Žr: p, 8) 


qr 
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We may also use Lemma 11.4.5 to derive the error bounds as done in Section 11.4.3; 
details are omitted. 


11.5 Error Bounds for MFS and HTM 


11.5.1 The MFS 


We will derive the error bounds of the CTM using FS in (11.3.5) without integration 
approximation, and those of the MFS with integration approximation may follow 
[169] to obtain similar error bounds. 


The harmonic solutions are given by (u, v”)" and q” in (11.2.7), and in gen- 
eral, two kinds of FS are also needed. The solutions are denoted by 


ova we Ê, 2 
w=Ll oll =L( a )+VP,+£LRrat+VRn, 


n 


where the operator £ is given in (11.4.18), and the residual terms are given by 


: ; 5 PE sin(k0) + bx cos(k0)} 
R =n + 


3 p* {ax cos(k0) + by sin(k0)} ' 


k=n+1 
oo 


Rn= X. p*{ cy sin(k0) + dy cos(k0)}. 


k=n+1 


Assume that for harmonic solutions, there exist the regularities, 


u”, v”, q” € H'*'(S) (> 3): (11.5.1) 


Then there exist the bounds of the residuals, 
z 1 
l£Êallks < Coy (lels +o”) 
1 
IV Rallk,s < Cp la leis 


In the MFS, choose the general FS in (11.2.17) and (11.2.18) as 
Nv = (i) = (i) = 
iby = BY) +P + a8}, (11.5.2) 
i=1 


where «;, P; and y; are constants. Denote by Vy the set of all FS in (11.5.2), anda 
specific FS by 
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N 
Èy = Zy(Pn, Qn Pi; Vr, Yn Q; P, 0) = DTAS +ĵ: Yy +ĉ&i®;}, (11.5.3) 


where the coefficients ĝÎ;, }; and ĉ; are given in (11.4.23), (11.4.24) and (11.4.10), 

respectively. Evidently, we have Ly C Vy. Denote ù = (u, v)”, Ùy = (uy, vy)” and 
2 2 2 

löllor = lullor + lello- 


Theorem 11.5.1. Let (11.5.1) hold. For large N (> 2n), the solutions ù by the MFS 
have the error bound, 


es 1 R NPY Tmas)” 
lö- ùnllor < C4- +N ; (11.5.4) 
i n 2 Tmax Tmin 


where C is a constant independent of n and N. 


Proof. From the MFS using FS in (11.3.5) we have 


|| — Wnllor < C inf lè- Bllor- 
vEeVy 
We choose the specific admissible functions 3 = Xy, and obtain 


|| @ E Wyllor < Cù = Eyllor (11.5.5) 
< aleh, — Ly (LPp; Pr; P, O)llor T LQ, = Ln(LOn; Pn p, Olor 


+|[VPn — En (V Pn; ®; p, O)llo, r + lLÊnllor + IV Rallo r} 


By the embedding theorem 


ll4llor < Cllel s < Cy Iello,sllellhi,s 


we obtain the bound from the assumption (11.5.1), 


1 


ICRallor +Y Rallor < C= {lu lsrs + lollis lahs} 


1 
2 


nt 


Since the other terms in (11.5.5) are the errors between FS and PS, which are 
obtained from Theorems 11.4.1 and 11.4.4 by noting ||Pn(p, ®)|lor, |Pn(p, A) lor 


| Q,,(p. O)llor < C. The desired bound (11.5.4) is obtained. x 


Corollary 11.5.1. Let the conditions in Theorem 11.5.1 hold. Choose N = O(n) such 


( ) j ( ) l ( ) 
max min n t 3 
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Then there exists the bound, 


1 
|u — un|lor + lv- vyllor < BTE. 


Proof. Choose 


R 2n-N Tmax n 7 1 
Tmax Tmin 7 nits f 
R max 1 
(2n— N)In( ) +n in(Z ) = (1+ ) mn 
Tmax Tmin 2 
1 max 1 
N=2n+ fn m (2) + (1+ 5) an} < Gn 
In(, R ) Tmin 2 


Hence we have 


We have 


to give 


2n—N n 
max 1 
i) 1a) 
Tmax Tmin ni-3 
This completes the proof of Corollary 11.5.1 by noting + < C4. E 


11.5.2 The HTM Using FS 


Consider a 2D solution domain S, and denote its boundary by T (= 0S). By fol- 
lowing [153], we will derive the error bounds of the HTM using FS for the mixed 
boundary conditions with Tp # Ø. For the pure traction condition (i.e., I = Ty), 
the analysis is similar (see [153]). For the HTM (11.3.3), we assume that the 
following three conditions hold. 


(A1) For A(w, 3) in (11.2.4), there exist the bounds, 
ola SAGB, [AG DIS Clöl sll s VEE Vw. 


(A2) For Sryt@) - Ñ, where 7(0) is the traction given in (11.2.14) and (11.2.15), the 
Ladyzhenskaya-Babuska-Brezzi (LBB) condition holds: Vij, € Tp, Jön € Vy, ty Æ 
0 such that 


> collin sll ry 


| 7(ty) -pdo 
ry 


(A3) Also the following bound holds, 


i 2(8) - Edo 
Tw 


SCWlyr, llli 7E Vw. 
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In (A1), (A2) and (A3), co and C are positive constants independent of N and p. 
We cite a theorem from Li et al. [153]. 
Theorem 11.5.2. Let (A1)-(A3) and Tp 4 © hold. There exists the error bound, 


I~ that IE Sar, < CÈ int I~ a+ jn E- Flyes b- 


Below, we will derive the explicit error bounds from Theorem 11.5.2. Choose 
j= E, € T,, where i, is the interpolation polynomial of order p. When the 


1 


assumptions (11.5.1) hold, we have Č (= #) € H*(T y). Then there exists the bound, 


29 


zZ 2 1 iz 
é — Collir, < Cel Welly: 
Also let Ey = Zy(Pp, Ôn, Pn; Ýr, Pz, ©) in (11.5.3). We have from Theorem 11.5.2 


lö- dvlha+ lË- Ellyry < C(I- Enlia +l- Alyy, } 


< Of LP n— En (EPn Pri p, Ollas +L Qn — ENL Ân Piri p, Ollas 
z3 2 1 
+ IVP, —Em(VPxi Gp, P) s + WFalh + IVRall, s+ O( es) b 
When the equations (11.5.1) hold, there also exist the bounds, 


2 1 1 
Balls < C= (Iss +lees) UW RalhsS Colla leas: 


Lemma 11.5.1. Let Tp 4 Ø and ù satisfy (11.2.9) and (11.2.10). There exists the 


bound, 
o,r | l 


Proof. For Ip # Ø, the norms |ö|; 5 and ||ö||ı 5 are equivalent to each other ([195]). 


Since U satisfies the governing equations (11.2.9) and (11.2.10), we have from 
Theorem 11.2.1 and (11.2.5) 
a 


by noting (11.2.14) and (11.2.15). This completes the proof of Lemma 11.5.1. EW 


o 
2 5 = 3 
Ials < Clare le 


[öls < CAG.) = © |20) -tdo 


r — 5 4 ð, 
< Clllor Il lo < Cllr he lz 
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We may prove the following lemma similarly. 


Lemma 11.5.2. For large N (> 2n), there exist the bounds, 


p ( LÊ, = Ey (CP, Fi 0,8) 
ov LÂ, — Un(LQn, En; p, 9) qT 


ae R 2n—N Tmax 
sone Z) (1) (iPr tiiir) 


R 2n—N 
canet?(E (BS) Palla 
qv m Tmax Tmin 


Based on Lemmas 11.5.1, 11.5.2 and Theorems 11.4.1, 11.4.4, we have 


ð > 
aba — 2n(V Pan, ®; p, 0)} 


| ( LP, — Ly(LPn, Pr; p, 9) 
LÂ, = Zn( (LO, Ýrr; p, 0) as 


jas R 2n-N Tmax : . 
< ont} Fines) "(Pallor + l1Qallor) 
Tmax Tmin 


_ 3 R 2n—N Tmax n 
[V Pa — En(V Pn, ©; p, Olly s S owe) (==) ll Pallor- 


Tmin 


Hence we have the following theorem. 


Theorem 11.5.3. Let (11.5.1) hold. For large N (> 2n), the solutions wy and A by 
the HTM have the error bound, 


CE Ole BOS sae E a a 
j nai f Á uty ni! prt Tmax Tmin , 


where C is a constant independent of n and N. 


Corollary 11.5.2. Let the conditions in Theorem 11.5.3 hold. Choose p= O(n) and 
2n—N 
N such that ( R ) (=) = = of- Z z): Then there exists the error bound, 


Tmax Tmin 


a 2 z b 
lē- nlli s +l- Solar, = o( ==): 


11.6 Numerical Experiments 


In the unit square domain S = {(2, y)|0<2<1,0<y<1}, choose the following exact 
solutions of (11.2.9) and (11.2.10), 
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(Ja) 
xe” + ye*sin —r sin(zx)cosh(z 
- «| ( cosy + y y+ s co a 


—ze”siny + ye*cosy n cos(mx)sinh(zy) 


(11.6.1) 


Consider the mixed type of the displacement and the traction boundary conditions 
in Figure 11.1, 


u=t, v=von ABU CDU DA, 


Ti = T1, T2 = T2 ON BC, 


A 


D(0,0) 


w= fa 


Fic. 11.1 — The solution domain S. 


where the traction conditions in (11.2.14) and (11.2.15) are simplified as 
T = u(uy + Vr), T2 = us + (At 2H) dy, (11.6.2) 
and ņ, v, T; and Tz are given directly from (11.6.1). 


In computation, let 1 = u = 1 and D = 0.5. Choose the general fundamental 
solutions in (11.2.17) and (11.2.18), where R = 1.2, and a;, b; and c; are unknown 
coefficients to be sought. Let m denote the number of collocation nodes of each edge 
of ðS, and choose m = 50. We obtain the over-determined system (11.3.11). Denote 


the errors e = Ù — ty = {(u— uy) + (v — vn} P, and 


alos = { ff cash as={ ff etapa, 


where £, = [us — (un), }? + [v2 — (vnN),] and by? = [Uy — (un), l +[v, — (vn) l. 
Denote the maximal boundary errors on T, 


1 
lello r = max{(u — uy)’ +(v— ow) P, 
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hole 


IZ — Eller = max{ [te — (te) wl + [ty — (ty) n P, 


where I = 0S = ABU BC U CDU DA. 


The errors and the condition numbers by the MFS are given in Table 11.1. All 
computations are performed by using 50 decimal working digits. From Table 11.1 we 
can see 
lell r = 0(0.83"), llel = O(0.81°™), [ely s = 0(0.83""), 


. ; 11.6.3 
lt — tyllo zo = 0(0.85°%), Cond = O(1.25°%), Cond_eff = O(1.223). ( ) 


Tas. 11.1 — The errors and the condition numbers for the mixed type of displacement and 
traction conditions by the MFS using FS in (11.2.17) and (11.2.18). 


N  (lélloor llello,s leli s Iz- zlo zo Cond Cond_eff |iyll 
6 1.57 0.573 5.44 13.3 78.9 4.84 87.5 
10 0.200 4.70(-2) 0.781 2.05 1.30 (3) 66.5 59.2 
14 6.97 (-2) 6.51 (-3) 0.139 0.955 1.95 (4) 177 244 
18 4.58 (—3) 1.82 (—4) 5.72 (-3) 0.157 3.22 (5) 3.50 (3) 167 
22 4.82(-4) 5.33(-6) 212(-4) 161(-2) 5.11(6) 5.46 (4) 148 
26 3.83(-5) 140(-7) 7.99(-6)  1.27(-3)  6.54(7) 7.29 (5) 127 
30 3.41 (-6) 5.40(-9) 3.26(-7) 1.19(-4) 7.75 (8) 7.51 (6) 134 


Next, we try to choose a; and b; only (i.e., c; = 0) in (11.2.17) and (11.2.18), 
and the numerical results by the MFS are listed in Table 11.2. We can also see 
from Table 11.2 


lello r = O(0.76""), — |lellp,g = O(0.747"), leli g = O(0.76""), (11.6.4) 
lt- tyllo zo = O(0.78°%), Cond = O(1.21?%), Cond_eff = O(1.207%). 


TAB. 11.2 — The errors and the condition numbers for the mixed type of displacement and 
traction conditions by the MFS using FS in (11.2.17) and (11.2.18) with c; = 0. 


Ns [lélloor llello,s lels I? — zll zo Cond Cond_eff |iyll 
9 3.67 0.989 8.23 41.4 88.0 4.67 112 
15 0.353 7.71 (-2) 0.769 6.38 751 44.2 62.8 
21 1.22 (-2) 2.05 (-3) 3.58 (-2) 0.312 8.68 (3) 378 66.0 
27 1.72 (-4) 2.30(-5) 6.68 (-4) 1.57(-2) 7.70 (4) 3.04 (3) 61.8 
33 9.54 (-6) 9.28(-7) 2.91(-5) 8.22(-4) 8.16 (5) 3.17 (4) 55.7 
39 3.34(-7) 2.58(-8) 1.04(-6) 3.35 (-5) 8.54 (6) 3.27 (5) 51.2 
45 1.13 (-8) 7.06(-10) 3.11 (8) 1.01(-6) 8.25 (7) 3.14 (6) 47.7 


Comparing (11.6.4) with (11.6.3), we conclude that using two coefficients a; and b; 
yields better accuracy and stability. Hence we may simply choose a; and b; only. 
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Third, we choose the MPS using the PS in (11.2.21) and (11.2.22), where ax, bk, 
cą and dz are the unknown coefficients to be sought. The numerical results are listed 
in Table 11.3. We can see from Table 11.3 
lell r = 000.65"), llello.g = 0(0.64"), Jeli, = 0(0.66"), 


11.6.5 
lt- tzl go = O(0.66*"), Cond = O(1.15**), Cond_eff = (1.13%). ( 


TAB. 11.3 — The errors and the condition numbers for the mixed type of displacement and 
traction conditions by the CTM using (11.2.21) and (11.2.22). 


L s{lélloor lléllo,s lels Iz- trlo zo Cond Cond eff |iyll 
3 3.33 0.965 8.86 30.9 5.57 3.14 23.8 
5 0.486 0.109 1.29 2.38 16.6 5.92 24.3 
7 176(-2) 3.65 (-3) 6.99 (-2) 0.317 51.8 14.7 23.8 
9 8.75(-4) 1.29(-4) 3.01 (-3) 5.50 (-3) 159 38.7 23.7 
11 1.41 (5) 2.53 (-6) 7.05 (-5) 4.19 (-4) 482 106 23.7 
13 4.11 (-7) 4.12 (-8) 1.40(-6) 2.97 (-6) 1.45 (3) 296 23.7 
15 3.50 (—9) 5.20(-10) 1.88(-8) 1.34 (-7) 4.37 (3) 851 23.7 


Comparing (11.6.5) with (11.6.4), the MPS offers a better numerical performance in 
both accuracy and stability. The numerical results (11.6.3)-(11.6.5) support the 
analysis made in this chapter. The numerical results of the HTM are reported in [153]. 
For the corner and crack singularity, the leading singular solutions are added in the 
basic FS, and the combined methods of the MFS and the MPS are designed. The 
numerical experiments are given in [138]. 


In summary, in this chapter, we provide strict error analysis of the MFS and the 
HTM using FS and PS. Optimal convergence rates can be achieved. Numerical 
experiments are coincident with the error analysis made. Moreover, additional 
theorems of FS in linear elastostatics are derived in appendix below. 


11.7 Appendix: Addition Theorems of FS in Linear 
Elastostatics 


Series expansions of fundamental solutions (called addition theorems) are essential to 
algorithms and analysis of the MFS. For linear elastostatics, new addition theorems 
of FS are derived directly from integration. The new expansions of the FS are simpler 
than those in Chen et al. [43]. The materials of this appendix are adapted from [164]. 


11.7.1 Preliminary Lemmas 


Denote two nodes by P(x, y) and Q(é,7) with z = p cos0, y = p sin), č = R cosd, and 
n = R sing. Then p = (#2 +¥,R= VE +n and r = |PQ| = JP — 2pR cos(0 — p) + PR. 
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From (11.2.16)—(11.2.18), the simple FS is KV (lnr) = «{4,4} T and the principal FS 
in (11.2.16) is expressed in the matrix form 
2 


Inr(1 — «) Je a 
E(x, y) = x i f 2 
= Inr(1 — K) 4 A 
4 P 4 (11.7.1) 
—lnr+ De De 
: r r 
=(1-k) i F 
De Inr4 Dz 


Addition theorem for lnr is given in Lemma 1.3 in Part I. The main work is to derive 


N ; 2 Pe 3 y ; : 
the new expansions for 4, 4, 4, 4 and +. First, let us derive the basic series 


r23) r2) r2) r2 


expansions of 4. 


Lemma 11.7.1. There exist the integrals, 


27a" 2 
z Cosng Teg > 1, 
f dy = h (11.7.2) 
o 1+4? -— 2a cost 2ra” 2 
, a >l, 
a? — 1 
r a N (11.7.3) 
o 1t+@—2acosz “ 


Proof. From Gradsheyan and Ryzhik [90, p.366], 


cosnx ie sh 
i Se pe t (11.7.4) 
o L+a?—2acosz ma" > 
,a >l, 
a — 1 


we have 


em COSng % cosnz 
o 1+a?-— 2a cost _n L+ a? — 2a cosg 
9 r COSng 
“(C+ Dede 
T o / 1+ a° — 2a cosx 
Letting x = —t and dx = —dt, we have 
4 cosnx ° cosnz 
1+a?-—2 s os ae ee 
ae a a COsx m (11.7.6) 


T 
cosng 
= >a a are 
o 1+a*—2acosz 


(11.7.5) 
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Combining (11.7.4)—(11.7.6) gives 


on cosna 7 cosna 1— a2’ 
aza 3 et ee s o ir 5 
o il+a*—2acosz o L+a* —2acosz 27a 


This is the first desired result (11.7.2). 


Next we have 


f an sinnx z=( f - X f sinnx F 
E = 
o 1+ -— 2a cost aa 1+ a — 2a cosg 


since the following equality holds, 


D sinnz 4 sinng 
3 dz = J dz = 
_, L+ a° — 2a cosg o 1+ a? -— 2a cosx 
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This is the second desired result (11.7.3) and completes the proof of Lemma 11.7.1. I 


Lemma 11.7.2. For a? <1, there exist the Fourier expansions, 


1 1 
1+ a? — 2a cosz -l + È acosnz), 


n=1 


For a > 1, 


1 2 1 GQ. 
etme Fal} E osne) 


Proof. Denote the Fourier series 


i ao a š 
mo- ma + > (as coska + by sink), 
=1 


where the Fourier coefficients ag and b are obtained: 


2n 7 
a=) cooky dx, k=0,1,2,..., 
o l4 


| a? — 2a cosg 


A i sinkr 
b. = d k=l, 2a 
i | 1+ a? —2a coss o? 


Then from Lemma 11.7.1 we obtain for a? <1 


2 nat 2a¥ 
nl- a2 1—@’ 


by = 0, ho 152.3 ox 


ak = 


(11.7.7) 


(11.7.8) 


(11.7.9) 
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Substituting the coefficients a, and bp into (11.7.9) gives the first desired result 
(11.7.7) with a? <1. Similarly, the equation (11.7.8) with a? > 1 also holds. E 


Lemma 11.7.3. There exist the Fourier expansions, 


1 2 1 2 P n 
72 Ep {3 2 (2) cosn(p — ot p<R, (11.7.10) 
1 2 1 oe) R n 
re ph Re t + >- (=) cosn(p — a), p> R, (11.7.11) 


where r? = R + p? -—2pRcos(h — 0), x= (x,y) = (pcos0,psin0) and y = (é,n) 
= (Roos ¢, Rsin œ). 

Proof. Since r? = R?(1 + a? — 2a cos(ġ — 0)) with a = 4, we obtain (11.7.10) from 
Lemma 11.7.2 by noting z = ġ — 0. The equation (11.7.11) follows from (11.7.10) by 
the symmetry between p and R. E 


Lemma 11.7.4. Let p<R, a and r? = R +p? — 2pR cos(¢ — 0). There exist 


the Fourier expansions, 


= 2 
R 


n=1 R 
(11.7.12) 


= |1 n—1 
= 2 5 is Bos (5) {sin(n — 1)0 cosn¢ — cos(n — 1)0 sinnd} 
g (11.7.13) 


where the superscripts “e” and “i” denote the cases of p< R and p > R, respectively. 


Proof. We have the Fourier expansion, 


Ses mae 
r2 = 2 F D a ka oe Ja (11.7.14) 
where 
1 on 1 2n 
an== | fcosnddd, Pa=-=]) f sinnddd. (11.7.15) 
TJO T Jo 


The explicit coefficients «, and f,, in (11.7.15) can be obtained from direct inte- 
gration based on Lemma 11.7.3. There exist the equalities, 
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(a — €)cosn@ = (p cosh — R cosf)cosnd 


= p cosh cosnd — 5 (cos(n — 1)ġ + cos(n + 1)¢). 


From Lemma 11.7.3 and the orthogonality of trigonometric functions, we have 


27 
| —S ere 
0 


2 R 

= ar f, cosĝa”cosn — 3 (a"~!cos(n — 1)0 + a"*!cos(n+ Do} 
2 n 

“Faw fe (ae p= eae iat) 


— F(a" tcos(n — 1)604+ a"**cos(n+ Do} 


2T n—1 pa R y 
“Raa” (5 > Jeos(n— 10. 


Since : 
pa R È R 1,5 p Ro 
L — — 1 
7z 3 aR a R” lze- 
we obtain 
2n n E n—1 
f “5 ê cosnddd = -5 (2) cos(n — 1)0. (11.7.16) 


Similarly, we have 


ny E mae m/p n-1 
I 2 dd = 0, f 2 sinnddd = -R (5) sin(n — 1)0. (11.7.17) 


From (11.7.15), (11.7.16) and (11.7.17), we obtain the first expansions of the 
right-hand side in (11.7.12). Letting n — 1 = k, we obtain 


= ¢ = 2 (2) Ber cos(k+ 1) +sink0 sin(k+ 1)¢} 
I E 
za (2) cos(k(O — $) — 4). 


The proof for (11.7.13) is similar and this completes the proof of Lemma 11.7.4. E 


Next for the principal FS with pọ< R, we have their expansions by direct 
integration. 


Lemma 11.7.5. Let p<R, a= 
the Fourier expansions, 


£ and r? = R+ p° —2pR cos(p — 0). There exist 


276 The Method of Fundamental Solutions: Theory and Applications 


-8 - Z cos(0+ #) 1 23 (£) E E E ET 
; 50050 + $) ! F i 2 "cos(n(0 — ¢) — 2¢), (11.7.18) 
(y = E + Scos(0-+ 4) - — o (£)""{cos(n — 2)0 cosng +sin(n — 2)0 sinng} 
= 3 + Scos(0+ 4) -7 Zi 2 (7) “cos(n(0— $) ~ 24), (11.7.19) 
(z — Sy =n) 
= —=sin(0+ p) + mi > 9 m sin(n — 2)0 cosn@ + cos(n — 2)0 sinnd} 
=- Ssin(0+ 4) -= 1 > (2) ‘sin(n(0 — $) — 24). (11.7.20) 


Proof. There exist the equalities of trigonometric functions, 


(x — €)° = (p cosh — R cos)? = p?cos?0 + R?cos? — 2pR cos cos 


1 326 1 2 (11.7.21) 
a R PoR 2pR cosl coso, 


2 2 
and 
1 s20 1 2 
(Cie €)’cosn =p (=) cosn + R? (=) cosnd — 2p R cosh cosh cosnd 
2 p 29 2 
a +r cosno + p” (= ) cos “ {cos(n + 2) + cos(n — 2)p} 
— pR cos0{cos(n+1)¢ + cos(n — 1) do}. (11.7.22) 


Letting f = ce we can derive the Fourier expansions from (11.7.14) and (11.7.15). 
From Lemma 11.7.3 and the orthogonality of trigonometric functions, we have the 


integral for n> 2, 


20 = 2 2 2 
I & 2 cosnddd = a 2) P ki a"cosn0 + p° (=) a”cosn0 
0 = 


2 
+7 [a” t ’cos(n + 2)0+ a” *cos(n — 2)6] 


— pR cos0[a"* 'cos(n + 1)0 + a" *cos(n — na 
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2 24K , a 
= 4 fe = a"cosn@ + P- a"[cos(n-+ 2)0-+ cos(n — 2)6] 


R?(1 — a?) 2 
R? 
F [a” t’ cos(n + 2)0 + a” *cos(n — 2)6] (11.7.23) 


= oe a” *"Teos(n + 2)0 + cosn6] — on a""Tcosn@ + cos(n — 2)6] | ; 


Note that in (11.7.23), the final coefficients in front of cosn@ and cos(n + 2)0 are just 
zero. Then we obtain 


on = 2 n-2 4 
T É = cosnpdgd = mae G + -= a 29°) cos(n — 2)0.  (11.7.24) 
0 Ge 


There exists the equality, 


[Ai pP 
R+ go =R -+o (23- 1) 
(11.7.25) 
2 
p 2 22 
=(#~9)(1-5) =a), 
Combining (11.7.24) and (11.7.25) gives 
27 _ £2 n—2 
I E 2 cosnodo = 5 (1 = e) (£) cos(n—2)0, n>2. (11.7.26) 
Similarly we have 
27 — €) n—2 
i G m sinn@do = Sa = e) (£) sin(n— 2)0, n>2. (11.7.27) 
Moreover, we have the integrations 
27 (x z E? 
1 2 dd = 1, (11.7.28) 


r2 


27 a 2 Qn _ £2 
i C cosoddd = -5a cos0, f G 2 sin@dd = 5a sin. (11.7.29) 
0 0 


The first expansion (11.7.18) for f = coe is obtained from (11.7.26)—(11.7.29). The 


proof for expansions (11.7.19) and (11.7.20) is similar; details are given in [164]. This 
completes the proof of Lemma 11.7.5. | 


11.7.2 Addition Theorems 


Based on the preliminary lemmas above, we provide new series expansions of the FS 
for linear elastostatics in 2D. For the simple FS with p< R, we have their series 
expansions from Lemma 11.7.4. 
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Theorem 11.7.1 (Addition Theorem A‘). Let p< Rand r? = R +p? — 2pR cos( — 0). 
There exist the series expansions of the simple FS, 


cos(n(0 — $) — $) 
da :)= 2 J e (n(0— ġ)-— ġ) 
Next for the principal FS with p< R, we have their series expansions from 


Lemmas 11.7.5 and 11.4.1. 


Theorem 11.7.2 (Addition Theorem B°). Let p<R,a= and r = R +p- 
2pR cos(@ — 0). There exist the series expansions of the principal FS, 


E T? Te 
Boel ): 


Ink D 1 (5 "cosn(0 — é) 


n=1 


where the entries 


Py = (Ux) 


L- Scos(0+ 4) + ZEY (E) "cos(a - 6) - >) \ 


For p > R we have the following theorem. 


Theorem 11.7.3 (Addition Theorem A’). Let p> R and r? = R?+p?—2pR x 
cos(¢ — 0). There exist the series expansions of the simple FS, 


a8 Ke (R\"( cos(n(¢ — 0) — 0) ) 
K| Ern] =- = : ; 11.7.30 
(2) FG) (Sane = en 
Proof. We will use Theorem 11.7.1 via symmetry. When p > R, we have 
oe p cos0 — R coso = R cos¢ — p cosd (11.7.31) 


r? R24 p2—22pRcos(p— 0)  R?+p-—?2pR cos(0— p) 


If switching (p, 0) and (R, #), from Theorem 11.7.1 and (11.7.31), we obtain the first 
component of the vector in (11.7.30): 


t—-E K/R\" PET A) — 
kK -5 (5) cos(n(@ — 0) — 0). (11.7.32) 
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The proof for the second component of the vector in (11.7.30) is similar. E 


Similarly, we have the following series expansions from Theorem 11.7.2 via 
symmetry. 


Theorem 11.7.4 (Addition Theorem B’). Let p> R, a= and r? = R +p- 


2pR cos(@ — 0). There exist the series expansions of the principal FS, 


nen=(m rt) 


where the entries are given by 


5+ Sp cos(0+ 6) - =) contd —0)- 20} 


Ti, =(1—x)D 
12 = ( ) F 


-T sin(0+ je -5 2 (=) ee J , 


Chapter 12 


Cauchy Problems 


12.1 Introduction 


The systematic analysis of the MFS has been completed for the classic 2D problems 
in previous chapters; they may be applied to more complicated problems. In this 
chapter, we consider Cauchy problems of Laplace’s equation, which are highly 
ill-posed with severe instability. We use the method of particular solutions (MPS) 
and the method of fundamental solutions (MFS), but focus on the analysis of the 
MFS. The basic analysis of errors and stability in Chapter 2 can be applied to the 
Cauchy data. The regularization may also be adopted as in [255, 259]. There exist 
many reports on numerical Cauchy problems [58, 119]; most of them are of com- 
putational aspects. The strict analysis of this chapter may, to a certain degree, fill up 
the existing gap between the theory and the computation of Cauchy problems by the 
MFS and the MPS. 


This chapter is organized as follows. In the next section, the MPS and the MFS 
are introduced. In Section 12.3, the existence and uniqueness is discussed for 
Cauchy problems, and the ill-posedness is defined. In Section 12.4, the error and 
stability analysis is made for the MFS. In Section 12.5, the basic analysis is applied 
to Cauchy data. In the last section, numerical experiments are reported, and a few 
concluding remarks are made. The materials of this chapter are adapted from [255], 
where more numerical experiments and comparisons are provided. 


12.2 Algorithms of Collocation Trefftz Methods 


Consider the Cauchy problem of Laplace’s equation in [58, 94, 119, 240, 248], 


Pu Fu 
= =i 12.2.1 
Au PE + Dy? Oin S, ( ) 
u=fonl, (12.2.2) 
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ou =gonl", (12.2.3) 
where S' = (0, a) is a square domain, where a = 1 in computation, v the exterior 
normal, and a partial boundary I* C ôS. For the non-square domains, the algorithms 
and analysis are similar. The algorithms and analysis of this chapter can be developed 
for the problems with some over-specified boundary conditions in Chen and Chen [40], 
where the Cauchy conditions (12.2.2) and (12.2.3) are enforced on I*, while the 
Dirichlet and Neumann conditions are still given on a portion of the remaining 
boundary 05\I*. See the problem (12.3.3)—(12.3.5) in the next section. 


Below, consider a unit square § = (0, iy The exact solution for the Cauchy 
problem is chosen as 


1 
Un(2, y) = pa Sin(na)cosh(ny), k>0. (12.2.4) 


The simple Cauchy data in (12.2.2) and (12.2.3) at the bottom edge y = 0 are given 
by both the Dirichlet and the Neumman boundary conditions 
1 o 
f =—sin(na), “= g=0 aty=0, (12.2.5) 
n Oy 
and the remaining three edges are free, i.e., no boundary conditions are given at the 


top, the left and the right edges. In this chapter, we also consider three-edge Cauchy 
data: the condition (12.2.5) plus 


Ou 1 
= — = -_ = — = 2: 
f=0, Jz IS cosh(ny) at x = 0, (12.2.6) 
1, Ou 1 
f= _Fsin(n)cosh( ny), ane Fat Co8(n)cosh(ny) atz=1, (12.2.7) 


and only the top edge is free. The Cauchy conditions in (12.2.5) and (12.2.5)- 
(12.2.7) are called Cauchy Models I and II in this chapter, respectively. See 
Figure 12.1. 


Cauchy Model I Cauchy Model II 


Fic. 12.1 — The Cauchy data in Cauchy Models I and II on 08. 
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In the Cauchy problem, we assume that the boundary conditions in (12.2.2) and 
(12.2.3) are given to guarantee the existence and uniqueness of the solution. 
Otherwise, the solution space is enlarged or enforced (see Kirsch [124]), so that a 
unique solution can be found. Note that by the MFS, there always exists a numerical 
solution. When the equations (12.2.2) and (12.2.3) are inconsistent, the least-squares 
solutions exist, although the exact solutions may not exist (see Section 12.3.1). 
Hence, the set of fundamental solutions (FS) is regarded as a modified space in which 
a unique solution exists. 


Let S be a bounded simply-connected domain with the boundary 0S, and I* be 


part of 0S, i.e., I* C ƏS. Denote rmax = maxgr and fmin = 4 cae r, where Sin is an 
in (Sin€ 
inscribed disk of S. Let the source (charge) nodes Q be located outside S. The FS 
(r, 0) =In|PQ|, Pe Suds, (12.2.8) 


are harmonic, where P = {(z, y)|x = r cos0, y = r sinf}. A circle surrounding S is 
given by £r = {(r, 0)|r = R,0<0< 27} with R > rmax. The source nodes Q; may be 
simply located uniformly on £g: 


Q; = {(2, y)|x = R cos(th), y = R sin(ih)}, (12.2.9) 
where R > rmax and h = a We obtain the fundamental solutions 
o,(P) =In|PQ,|, i=1, 2,...,N, (12.2.10) 
and the numerical solution as the linear combination 
N 
uv =X cib,(P), (12.2.11) 


i=l 


where c; are the unknown coefficients to be determined. Since uy satisfies Laplace’s 
equation in § already, the coefficients c; can be sought by satisfying the Cauchy 
boundary conditions (12.2.2) and (12.2.3) only. We will follow the Trefftz method 
(TM) to seek uy (i.e., ci). Denote the energy 


I(v) = [ {o-nevwe(Z-0) f (12.2.12) 


where the weight w = + in computation (see [169]). Also denote by Vy the set of 
(12.2.11). Then the numerical solution uy can be obtained by 


I(un) = minI(v). (12.2.13) 
ve Vn 
When the integrals in (12.2.12) involve approximation, denote 


T(v) = [Yonntew (j-2) } (12.2.14) 


where fe is a numerical approximation of fp» by some quadrature rules, such as the 
central or the Gaussian rule. Hence, the numerical solution wy € Vy is obtained by 
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~) 


(ŭn) = min T(v). (12.2.15) 


vE Vy 


We may establish the collocation equations directly from (12.2.2) and (12.2.3), to yield 


N 
N ugpi(P) =(P), Pjer, (12.2.16) 


l 
Y ð 
L ciz GP) = 9(Pi), Pjer. (12.2.17) 


Let I* be divided into small sections r; with the meshspacings Ahj, then I* = 
UJ, r4. We obtain from (12.2.16) and (12.2.17) with weights /h; 


j= 


N 
VAh Y aiil Pi) = VAh E(P), Pier, j=1,2,.., M, (12.2.18) 
i=1 


N 
a 
wah) caig b( Pi) = w Ah; g(P), Pjer, j=1,2,..., M, (12.2.19) 
i=1 


where for simplicity, P; are located at the midpoints of T}. Following [169], the 
equations (12.2.18) and (12.2.19) are just equivalent to (12.2.15), where the central 


a 


rule is chosen for f r- In computation, we may choose the number of collocation 
nodes to be equal to (or larger than) that of source nodes, i.e., 2M > N. When the 
Gaussian rule is chosen, the following collocation equations are obtained, 


N 
BY ci (Pj) = P; F(P;), PjeT*, (12.2.20) 
i=1 
N ə 
bjw) cig OA P;) = Bw (P), Pjer, (12.2.21) 
i=1 


where P; are the Gaussian nodes, weights B; = O(VAh) and Ah = max;Ah;. 


12.3 Characteristics 


12.3.1 Existence and Uniqueness 


First, we discuss the existence and uniqueness of the solutions to Cauchy prob- 
lems. In John [112, Chapter 3], the Cauchy boundary conditions are discussed for 
partial differential equations (PDE). Based on the systems of quasi-linear equa- 
tions of the first order and their characteristic lines, the existence and the 
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uniqueness of solutions are proved, which are sufficient and complete for the 
hyperbolic and parabolic equations, but not for the Cauchy conditions of elliptic 
equations. We may, however, draw from [112] some useful conclusions of existence 
and uniqueness. Based on the Cauchy-Kowalevski Theorem in [112, pp.61—77], for 
the Cauchy conditions on a smooth boundary I* with the real analytic functions f 
and g, there must exist a neighboring domain * including I* such that a real 
analytic function satisfying (12.2.2) and (12.2.3) exists uniquely. Suppose that for 
Laplace’s equation, the harmonic functions on Q* can be expressed by the Laurent 
series, 


u(r, 0) = a9 + X` r'{a; cos(i0) + b; sin(i0)} 


i=l 


+a Inr+ X` rū; cos(i0) + bi sin(i0)},  (r,0) € 2%, 


i=l 


(12.3.1) 


where a;, bi, @; and b; are the coefficients, and (r, 0) are the polar coordinates with 
the origin O = (0, 0). Through an analytic extension, the enlarged domain Q of 0* 
excluding origin O is defined, where I* C Q* CQ and O ¢ Q*. If the solution 
domain S$ (12.2.1) is given a priori and satisfies 


Sc, (ie, ðS CQ), (12.3.2) 


then the Cauchy problem (12.2.1)—(12.2.3) has a unique solution. Therefore, for any 
analytic data f and g, there must exist S satisfying (12.3.2) to guarantee the unique 
solutions to Cauchy problems. 


The existence and uniqueness of Cauchy problems are equivalent to the trivial 
(i.e., zero) solution under the homogenous Cauchy conditions f = g = 0. The 
Uniqueness Theorem of Holmgren (1901) in [112, pp.80—-88] stated that the zero 
solutions on I* can be extended to some Q with I* C Q. The existence and uniqueness 
of Cauchy problems also depend on (12.3.2). For the Cauchy problem (12.2.1)- 
(12.2.3), the existence and the uniqueness are discussed only for special cases in Ohe 
and Ohnaka [197] and Wei and Zhou [241], where the Cauchy conditions are given on 
the exterior boundary of a disk, and Sis an annular domain. Note that the center of the 
disk is excluded from S. For the general Cauchy data f and g in (12.2.2) and (12.2.3) 
and for arbitrary simply-connected domains §, however, uncertainty remains to 
guarantee (12.3.2). 


To support the above analysis, let us cite from John [112, p.76]: “The Theorem of 
Cauchy-Kowalevski is local in character, and applies only to analytic solutions of 
analytic Cauchy problems. It does not guarantee global existence of solutions.” More 
study on the existence of solutions to the Cauchy problem for PDE is given in 
Calderon [31]. 


Let us cite Holmgrens’s theorem from Kress [130, p.99]. Let 5 be a class of C’, 
and the solution u € C?(S)M C'(S) be harmonic such that 
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u= L = 0, mT”, 
where I* C I. Then there occurs the zero solution u = 0 in S. From Holmgrens’s 
theorem, the existence of solutions to Cauchy problems implies uniqueness. In real 
applications [146], S is often chosen as a polygon, and I* may be piecewise straight 
lines, as in Model II. Moreover, the harmonic solutions may be singular with 
unbounded derivatives. Below, we give a counter-example to show that arbitrary 
Cauchy data on two edges of a corner may cause no solutions to exist. 


Denote the rectangular domain S* = {(2, y)| — 1<a<1, 0<y<1}, and consider 
the over-specified boundary condition as in [40], 


Au=0 in S*, (12.3.3) 
u = f(x), o, (y=0)N(0<2<1), (12.3.4) 
u=0, (y=0)N(-1<2<0). (12.3.5) 


The origin O = (0, 0) can be regarded as a corner with an interior angle x. The 
Cauchy data are assigned only on one edge (y = 0)N(0<a2<1), but not on two 
edges simultaneously. When the Dirichlet or the Neumann condition is assigned to 
the corner edges, the harmonic solutions are derived in detail in [169]. For the 
following mixed boundary conditions, 


o 
5 = 0 at (y=0N(0<r<1), u=0 at(y=0)N(-1<2<0), (12.3.6) 
y 
the harmonic solutions are given from [146, 169] by 
x 1 
0) = X dyrt? = )0, (r,0)€ S* 12.3. 
u(r, 0) 2 kr !eos(r+5)0 (0) € 5" (12.3.7) 


where dz are the real coefficients, and (r, 0) are the polar coordinates with the origin 
O. The coefficients d; can be determined uniquely by the left condition in (12.3.4), 


u= f(z) at(y=0)N(0<2z< 1). (12.3.8) 


Hence, we can not assign more Cauchy data on the other edge, 


Ou 


aT” Y= O)N(-1S#<0), (12.3.9) 
Suppose that the function w(r) = a is analytic and expandable by the Taylor 


series, 


F œ l) 
io OD ao rh (12.3.10) 
k=0 ` 
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Comparing (12.3.10) with (12.3.8) and (12.3.7) at 0 = 0, we obtain the coefficients in 
(12.3.7) 


dy = k=0,1,.... (12.3.11) 


In particular, when w(0) 4 0, we have dọ = w(0) # 0. Then the harmonic solutions 
(12.3.7) lead to 


0 
u(r, 0) = dor? cos (5). r—0. (12.3.12) 
Then when 0 = z for (y= 0)M(—1<2<0), we have 
s= nE" 3> oo, r—0. (12.3.13) 


Hence, for do Æ 0, it is impossible to add (12.3.9) with any bounded function g to 
guarantee the existence of the solutions satisfying (12.3.3)—(12.3.5) and (12.3.9). 


This counter-example implies an uncertainty of existence for the Cauchy prob- 
lems on I* C OS with the arbitrary Cauchy data, at least for polygons S. Therefore, 
there may exist inconsistency among Cauchy data. The consistent Cauchy condi- 
tions in (12.2.2) and (12.2.3) must have the regularities of second-order elliptic 
equations (see [15, 195]), 


fE), g€ HAI), (12.3.14) 


where H*2(I*) are the Sobolev spaces. Obviously, the random noise data violate 
(12.3.14), and no solution exists. However, since the random noise data can be 
regarded as perturbation errors, we may obtain their error bounds by the stability 
analysis below. 


12.3.2 Ill-Posedness of Inverse Problems 


Below, we always consider the consistent Cauchy conditions. First, in this subsec- 
tion, we explore the relationship of the Cauchy data to the entire boundary data of 
harmonic functions, to indicate the ill-posedness of the inverse problems. Denote the 
norms, 


1 


Ielo={ f redy, Inlos={ +e}, 02315) 


where v, = $ and weight w € (0, 1]. Since I* C 0S, we have 


lellig < llvllas- 
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Suppose that there exists an inverse inequality, 

lelas < Cale, w)Ilelle, (12.3.16) 
where the function C,(v, w) (œ 1) may be dependent on v and w. 
Lemma 12.3.1. Let (12.3.16) hold. For the harmonic function v € H?(S), there exists 
the bound, 


C 
lulls S joo" w)llells, (12.3.17) 


where C is a constant independent of v, and ||v||,,5 and |u|; ¢ are the Sobolev norms. 


Proof. From (12.3.15), there exist the bounds, 


1 
lello as < Illas: Ilvvllo as < a lellas- 


For the solution v of Laplace’s equation, we have from the Green formula [15] 


1 

2 2 

lulis = || (2+) =|} Wy <|lUIloasllwlloas < —llvlas, (12.3.18) 
S as w 


where v; = oe and vy = aa Since for I* Æ Ø of the Dirichlet condition, the norms 


[vli g and ||v||, ¢ are equivalent to each other [15], we have from (12.3.18) and the 
assumption (12.3.16) 


C C 
lollis < Cloli s < z lols zoa w)|loll5- (12.3.19) 


This gives the desired result (12.3.17). E 


For the exact solution (12.2.4) with Cauchy Model I in (12.2.5), we show that for 
large n, the function bound has 


C!(u, w) = O((1+ wn)e") > 1. (12.3.20) 


In fact, the derivatives are given from (12.2.4), 


s = -r cos(na)cosh(ny), (12.3.21) 
oe = = sin(nx)sinh(ny). (12.3.22) 

Then we obtain 
lulh = [oe +w?w)(x,0) dx = Af" sininayae> Ta gaa 


where co (> 0) is a constant independent of n. Moreover, we have 
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J (2 + wad) a, a) ade = {(cosh(na))® + (wn)? sint(na))*} f(sin(ns)) Pa 
A 0 

[ (2+ wet) (0, nay = rn? f (cosh(ny))?ay. 

0 0 

i 0 


For large n there exist the approximations, 


na na a 2na 
cosh(na) ~ > sinh(na) ~ > f (cosh(ny))? dy ~ = 
0 
Hence we have 


a 
lulls = lel + f (u? + w?u2)(a, a) de 


Ş f (u? + wu2)(0, y)dy+ f (u? + wu?) (a, y)dy 
0 


0 
= = {1+ (cosh(na))? + (wn)?(sinh(na))*} | “(aint ae 
+ Se (lun)? + (sin(na))? + (wn)®(cos(na))?} | "(cosh (ny))* dy 
< C{1+ (wn)*}e"*||ulls, 


where we have used (12.3.23). The desired bound (12.3.20) is proved by letting 
v=u. 


In computation of the MFS, choose w = + (see [176]), and N > nor even N > n, 
then wn = 4 <1. The bound (12.3.20) is simplified as 


1 
ct(u.=) = O(e*), N>n>1. (12.3.24) 
For Cauchy Model II, it is easy to show 
1 
on (u ) = O(1). (12.3.25) 
N 
Consider the harmonic function at a = 1 as in [248], 
u(x, y) = 2° — 32y” + esin(2r) — e"cos(y), in S, (12.3.26) 
where the solution domain and the Cauchy boundary are given by 
S= (0, 1), I*=dSn(y=0), (12.3.27) 


S= {(z, le +y <1}, I* ={(2,y)|2?+ y? = 1, x > 0,y > 0}. (12.3.28) 
For the Cauchy problem with (12.3.26) and (12.3.27) (or (12.3.28)), it is easy to show 
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Calu, w) = O((1 + wn)) = O(1). (12.3.29) 


Hence, this Cauchy problem and Cauchy Model II are not ill-posed themselves. The 
|lvllas in (12.3.15) may be defined differently by 


1 1 


2: 2 
2 2 
lellas = {inte f a , or [lolas = {inte f a 
as\r* as\r* 


where 05\I* denotes 0S excluding the Cauchy boundary I*. The analysis can be 
performed similarly. 


12.4 Error and Stability Analysis 


12.4.1 Error Analysis 

Consider the Cauchy problem (12.2.1)—(12.2.3) on a bounded simply-connected 

domain S$ with I C 0S. Suppose that for w = 4, there exists an inverse inequality, 
lolas < Cv(N)llellz, Vue Vw, (12.4.1) 


where the function Cy(N) (> 1) is independent of v. Compared with (12.3.16), there 
exists the equation, 


1 
Cy(N) = gz Cal v x): (12.4.2) 


From Lemma 12.3.1, we have the following lemma. 
Lemma 12.4.1. Let (12.4.1) hold. When w = +4, there exists the bound, 
lolis < CVNCV(N)|ell,, Vor Vy, 


where C is a constant independent of v. 


From Chapters 2 and 3, we have the following theorem; detailed proof is given in 
[255]. 


Theorem 12.4.1. Let u € H’(S) (p> 3) hold. For large N there exists the bound, 


R 2M—N r M 1 
lu- uxlls< casual (2) (==) laor + sels 


where C is a constant independent of M and N. 


Corollary 12.4.1. Let the conditions in Theorem 12.4.1 hold. Suppose that N satisfies 


2M—N M 
( R ) (==) _ 1 
San = = 
Tmax Tmin M? 
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For the solution of the Cauchy problem by the MFS, when w = + there exist the error 
bounds, 


1 
lu- walle < Chall (12.4.3) 
Calu, w) 
Ne 
where the function C,(u, w) is given by (12.3.16), and C is a constant independent 
of N. 


lu -= unl gs < C lull s (12.4.4) 


Remark 12.4.1. Note that when C,(u,w) > 1, the small errors ||u — uynl||g on T* 
may not imply the convergence of the Cauchy solution. Based on (12.4.4), the number 
N of FS in (12.2.11) should be chosen so large such that 


N? > Calu, w)|lull,,s, (12.4.5) 


thus guaranteeing the convergence of the Cauchy solution. However, the large N used 
in the MFS cause severe instability. 


Remark 12.4.2. From (12.4.4), the bounds of errors of the Cauchy problem (12.2.1)- 
(12.2.8) will be enlarged by factor Calu, w), compared with the regular boundary value 
problems of Laplace’s equation in Part I. Note that C} (u, w) in (12.3.20) is large for 
Cauchy Model I with large n; but C” (u, w) in (12.3.25) is not for Cauchy Model IL 


12.4.2 Stability Analysis 
12.4.2.1  Trefftz Methods 


First, we study stability of the CTM (12.2.13) without integration approximation to 


obtain the normal equation Bx = d, where x = (cj, ¢,..., cy)" and d € R”. The 


R** is symmetric and positive definite, given by 


2 
x’ Bx = [ {eee (=) = |lo|%. (12.4.6) 


Hence, the maximal and the minimal eigenvalues of B are expressed by 


matrix B € 


x" Bx all 
Jmax(B) = MmMax—F_ = Max 2 ; (12.4.7) 
x40 XX x40 ||x|| 
ve Vy 
TB 2 
bon-an ety h (12.4.8) 


x40 xX! x x20. xl? 
ve Vn 
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Lemma 12.4.2. For R > Tmax, there exists the bound, 
Amax(B) < CN, (12.4.9) 


where C is a constant independent of N. 


Proof. When R > fmax, since functions ¢;(P) and derivatives dl (P) are bounded on 


T*, we have from the Schwarz inequality 


N 2 N 2 
P= f (Sea) (Ze f 6) 


Ti S (12.4.10) 


N N N 
sey (fiir) <N à= ema 


i=l 


Similarly we have 


J. GY- LEO) < CN|[x\|°. (12.4.11) 


For w= 4 <1, we obtain from (12.4.6), (12.4.7), (12.4.10) and (12.4.11) 


2 Jr { 0? + w?(32)"t 
Amax(B) = max ells = max < 5 < ON(1+w’?)<2CN. (12.4.12) 
x70 lla"  x#0 IIx 
vE Vpn veEV, 
This is the desired result (12.4.9). a 


The challenging work is to estimate the lower bound of Amin(B) in (12.4.8). For 
simplicity, we assume R#1. Hence the matrix B is nonsingular, and then 
Amin(B) > 0. Denote the inscribed disk S jCS and its boundary by Sp = 
{(r,0)|r<rmin, 0 <0<2r7} and Fo = {(r, 0)|r = rmin, 0 < 0 < 27}. Choose the collo- 
cation nodes uniformly on Tp, 


P% = { (x, y)| = rmincos(lh), y = rminsin(lh) y}, (12.4.13) 


where h = 3. It is shown in [169] that the integrals, f} v and J;, v’, are equivalent 
to each other, 


llelo r, = Wlellor,> (12.4.14) 


even by the central rule, where Telor, E Ta v’. In (12.4.14), the notation a x b (or 


ax O(b)) means that there exist two positive constants co and Cı such that 
cob < |a| < Cıb, b > 0. We have the following lemma. 
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Lemma 12.4.3. Let R > Tmax > Tmn, and the collocation and the source nodes be 
chosen as (12.4.13) and (12.2.9), respectively. Then there exists the lower bound, 


1 Tmin N 
llvllor, 2 co a (=) x’ x, (12.4.15) 


where co (> 0) is a constant independent of N. 


Proof. We have for P € Tọ 


N 2 N 
n= f= f SE eot = aa f orm (12.4.16) 


= ij=l 


Denote P% = (Tmincos(€h), rminsin(lh)) with €=1, 2,...,N. Combining (12.4.16) 
and (12.4.14) gives 


N N 
72 * * 
lallen, 2 coll vllo.r, = Chrmin Sood Pae} 
ij=1 [1 (12.4.17) 


1 
= cohrminx TATAX = % ve 4 TAx, 
where h = a, and ĉo > 0 is a constant independent of N. The matrix A is symmetric 
and circulant, which is obtained from the MFS, where the collocation nodes are 
located uniformly on the circle Io with radius p = fmin. For the disk So, the sharp 


bound, Amin(A) > co (=) r, is cited from [163] and Chapter 2. We have 


R 
x AT AX 2 Tmin N 
—_ 2 (Amin 2 “Dp : sE 
<p > (Amin(A)) ol 7 ) (12.4.18) 
Combining (12.4.17) and (12.4.18) gives the desired result (12.4.15). a 


Theorem 12.4.2. Let R#1, and the conditions (12.4.1) and (12.4.14) hold. Then 
when w= + there exists the bound, 


Co 1 Tmin N 
ie = 12.4.19 
Gema R) (12.4.19) 


where Cy(N) is defined in (12.4.2), and co (> 0) is a constant independent of N. 
Proof. Since SoC S, we have from the imbedding theorem [15, 195] 
lellor, = lello asi < Clllli.s, < Clloll,s- (12.4.20) 


Under (12.4.1) we have from Lemma 12.4.1 


lull 5 = co Vue Vy. (12.4.21) 


1 
ry : 
ZNC) l las 


Combining (12.4.20) and (12.4.21) gives 
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lullig > co (12.4.22) 


1 
SST ee We . 
VNCy(N) | llor, 


From (12.4.8) and (12.4.22) and Lemma 12.4.3, we obtain 


2 
z ( ) = max lloll Co lllor, Co 1 (oy 
min B) = 2— m 2 — m 2 
sal |x? CONN |x? ~ Cy(N) PNR 


This is the desired result (12.4.19) and completes the proof of Theorem 12.4.2. E 
From Lemma 12.4.2 and Theorem 12.4.2, we obtain the following corollary. 


Corollary 12.4.2. Let the conditions in Theorem 12.4.2 hold. When w= + there 
exists the bound, 


Cond(B) < CC%,(N) N? ey 


Tmin 


12.4.2.2 Collocation Trefftz Methods 


In computation, we use (12.2.18) and (12.2.19) (or (12.2.20) and (12.2.21)) to give 
an overdetermined system 
Fx = b, (12.4.23) 


where vectors x = (c1, ¢2, . .., cy)” and b € R™, and matrix F € RN (2M > N). 


We have 
"= 2 
x7 Fx = Jole Tol = f fy +a (2 \ 
Tt Ov 


where f} is a numerical approximation of fy» by the central or the Gaussian rule. 
From [169], assume that the following equivalent norms hold, 


[ello = Mellor: (12.4.24) 


Denote the singular values o; of F in (12.4.23), the maximal singular value Gmax = 
max; g; and the minimal singular value Gmin = min; g; (> 0). 


Theorem 12.4.3. Let R#1, and the conditions (12.4.1), (12.4.14) and (12.4.24) 
hold. For the MFS in (12.2.18) and (12.2.19) (or (12.2.20) and (12.2.21)), there 
exist the bounds, 


Omax(F) < CM, (12.4.25) 

1 1 /Tmin\ ¥ 
min F = =( mi), 12.4.26 
Gmin(P) 2 0 OW UR ( ) 


Proof. From (12.4.24) we have 


lulle = lulls. (12.4.27) 
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From (12.4.12) and (12.4.27), there exist the bounds, 


2 
max lols < CN, (12.4.28) 


ie ee nET a [olz z 
= max————_ = max -— > 
max x40 xIx t#0 iix]? ~ «£0 Ilx||? 
ve Vy ve Vn 


where C is a constant independent of N. Next, from Theorem 12.4.2 and (12.4.27), 
we obtain 


TFTF ——2 
Amin( FTF) = min — y = min lliz 
<e owa el 
2 = (12.4.29) 
ea i lellis >T 1 1 a 
co MIN C 
C? 0 [xP CNN? N R 
v N 


where ĉo > 0 is a constant independent of N. The desired results (12.4.25) and 
(12.4.26) follow from (12.4.28), (12.4.29) and the following equalities, 


Omax(F) = {Anal FTF)P, Gmin (F) = {amin (ETF)P. 
This completes the proof of Theorem 12.4.3. E 


Corollary 12.4.3. Let the conditions in Theorem 12.4.3 hold. For w = + there exists 
the bound, 


Cond(F) < covnyni( 2 i (12.4.30) 


Tmin 


The severe numerical instability is caused by Cauchy problems and the MFS. 
The regularization in [95, 161] may be used to improve stability for Cauchy problems 
by the MFS; see [255, 259]. 


12.5 Applications to Cauchy Data 


In application, the sensitivity of errors for Cauchy data is the focus of research. In 
this section, we will apply the theoretical results in Section 12.4 to Cauchy data, and 
provide more analysis for Model I with the boundary noise. 


12.5.1 Errors on Cauchy Boundary 


From the definitions (12.3.15) we have 


lu — un|lp = {fu — uy)’ +w (g- w} (12.5.1) 


1 
2 


2 2 
= {If - ule + wll — (un) lla Y- 
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From (12.5.1) and (12.4.3), 


lu- unlla S a ; lal, (12.5.2) 


The equation (12.5.2) displays explicitly the error bounds on the Cauchy boundary, 
to give the polynomial converge rates. 


As Remark 12.4.1 pointed out, the small errors on the Cauchy boundary may not 
imply the convergence of the exact solution when C',(u, w) >> 1. A sufficient condi- 
tion of convergent solutions is derived in (12.4.5). Hence the mere investigation of the 
errors of Cauchy conditions is valid for Model II, but not for Model I with n > 5. This 
is a distinct feature of error analysis from that of Dirichlet problems in Chapter 2. 


12.5.2 Sensitivity of Solutions on Cauchy Data 


The collocation equations on the Cauchy boundary yield an overdetermined system 
(12.4.23), and the stability analysis in Section 12.4 also illustrates a sensitivity to 
Cauchy data. Below, we provide a detailed explanation. Consider the overdeter- 
mined system (12.4.23), where rank(F) = n. The traditional and the effective con- 
|b 


Omin x]? 
where Omax and Omin are the maximal and the minimal singular values of F, 
respectively, and ||x|| is the 2-norm. There always exist bounds, Cond_eff < Cond or 
even Cond_eff < Cond. 


From the collocation equations (12.2.18) and (12.2.19) (or (12.2.20) and 
(12.2.21)), the known vector b results just from the Cauchy data on I™ in (12.2.2) 
and (12.2.3) to give 


dition numbers in the 2-norm are defined by Cond = Ean and Cond_eff = 


2 
IDI? = lifler + "ll gllor: = lull (12.5.3) 


When there exist perturbations of b and F, the practical computation for (12.4.23) is 
carried out by 


F(x+ Ax) =b+ Ab, (12.5.4) 
(F + AF)(x+ Ax) = b+ Ab, (12.5.5) 


where AF € R™*” (m> n), Ax € R” and Ab € R”. Suppose that AF is small so that 
rank(F) = rank(F + AF) = n. For (12.5.4) (i.e., AF = 0), there exist the bounds of 
relative errors, 


[axli llab|| [Axl llab] 
< Cond x < Cond_eff x 
Ixl = Jbl? ll ~ bll? 


For the perturbations in (12.5.5), there exists the bound (see [162, 242]), 


ax|| _ Cond_eff AFIL abil 
a of 12.5. 
eR S a-s 1V Oo" Tet T R 


(12.5.6) 
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where 6 = lol <1. Based on (12.5.3), the — denotes the errors of Cauchy data on 


I*, and bounds (12.5.6) and (12.5.7) illustrate quantitatively the sensitivity of the 
solution x on Cauchy data. For linear algebraic equations, the bound + may be 


smaller than lal from the solution methods, so that the condition number may play 


a dominant role in (12.5.7). However, for the MPS and the MFS, the noise lAbI of the 
bil 


Cauchy data are much larger than AF so the effective condition number will play a 
y 8 FT y 


dominant role in (12.5.7). Details are given in [162]. 


The bounds (12.5.6) and (12.5.7) yield the perturbation errors of solutions from 
the errors of Cauchy data. More specifically, the relative errors of the solution x may be 
enlarged from the errors of the Cauchy conditions by Cond (or Cond_eff), which 
provides precisely the sensitivity (i.e., stability) of the solutions on Cauchy conditions. 
In Section 12.4, the bounds of Cond are derived theoretically, and given in (12.4.30), 
which are also important and significant to the stability study of Cauchy data. 


12.6 Numerical Experiments and Concluding Remarks 


Consider (12.2.1)—(12.2.7) with n=5,k = 1 and a=1. We only use the MFS for 
Cauchy Models I and II, and choose the Dirichlet problem with u = f on OS for 
comparison. Define the Sobolev errors in the entire domain S by 


ls = y fe Ihs=4 f {2 (5) + (50) fas (12.6.1) 


where € = u— uy. Choose the polar coordinates (p,0) with the center (4,5). In 


computation, we choose R = 2(> +) in (12.2.9). We use the FS in (12.2.11) with 
V2 


3 
the vector norm ||x|| = (ae The collocation equations (12.2.18) and (12.2.19) 


are used on the Cauchy boundary. On each Cauchy edge, 40 collocation nodes are 
chosen, and the total number of collocation equations is given by 2M, where 
M = £ x 40. When £= 1 and ¢ = 3, we have Cauchy Models I and II, respectively. 
For Cauchy Model I, the errors and the condition numbers are listed in Table 12.1. 
All computations and tables in this chapter are conducted in Matlab with double 
precision. From Table 12.1, we can find the following asymptotes: 


llellz = O(0.510"),  |lellag = O(0.868), lello, s = O(0.749"), (12.6.2) 
Cond = O(1.89"), Cond_eff = O(1.89%). (12.6.3) 


From (12.6.2) we have 


Hellas _ o0.7™), (12.6.4) 
lella 
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The equations (12.6.2) and (12.6.4) imply that we should seek the MFS solutions 
with much smaller errors ||e|| p on the Cauchy boundary, to achieve the approximate 
solutions on the entire boundary and in the entire domains (i.e., |e||,5,@= 0, 1). 
This coincides with the analysis in Section 12.4. Note that in Table 12.1, when N 
grOWS, Gmax = O(V/N ), but Gmin diminishes exponentially, leading to the exponential 
growth of Cond. They are also consistent with the analysis in Section 12.4. 
The bounds of Cond are greatly dependent on R, similarly to those in the Dirichlet, 
the Neumann problems, and their mixed boundary problems in Chapters 2—4. We 
only report those with R = 2; other results are omitted. 


For Cauchy Model II, the errors and condition numbers are listed in Table 12.2. 
From Table 12.2, we find 


llellp = 0(0.440"),  |lellag = O(0.437%), lello = 00.441”), (12.6.5) 
Cond = O(2.03"), Cond_eff = 0(1.97%), (12.6.6) 
and 
me = 0(0.993%) ~ O(1). (12.6.7) 
EllB 


The equation (12.6.7) implies that almost the same accuracy of the Cauchy and the 
entire boundary errors can be achieved, thus verifying the analysis in Section 12.3 
(see (12.3.25)). 


To verify the estimated bound (12.4.30), we cite the data in Tables 12.1 and 12.2 
at N = 36 of the MFS, respectively 


Gmin = 9.42(—18), Cond = 7.21(16), Cond_eff = 1.14(11), (12.6.8) 
Gmin = 4.44(—12), Cond = 2.57(11), Cond_eff = 8.56(6). (12.6.9) 


Cond = 7.21(16) of Model I is larger than Cond = 2.57(11) of Model II. By noting 
different bounds of Cy(N), these computed results coincide with the theoretical 
estimate (12.4.30). 


We also carry out the computation for the Dirichlet problem for comparisons, 
and list the results in Table 12.3. We find 


llelloag = O(0.462"),  |lello,g = O(0.467"), (12.6.10) 
Cond = O(1.89"), Cond_eff = O(1.85%). (12.6.11) 


Comparing |jello ¢ = O(0.441") of Model II with |lel|) 5 = O(0.467%) of the Dirichlet 
problem, the numerical performance of Model II is very satisfactory. Obviously, the 
MFS for Cauchy Model II is more efficient than Cauchy Model I. We have computed 
the cases with n = 10; both errors and condition numbers are much larger. However, 


TAB. 12.1 — The errors and the condition numbers of Cauchy Model I by the MFS with R= 2. 


lellis llellas llello,s lelas Cond_eff Cond Gmax Gmin 


5.89(5) 2.87(11) ) ) 
3.37(7) 6.17(13) (-1) (-15) 
1.09(9) 1.23(16) (-1) (-17) 
2.18(10) 6.57(16) 6.40(-1) 9.74(-18) 
1.14(11) 7.21(16) (-1) (-18) 
2.22(11) 1.04(17) (-1) (-18) 


TAB. 12.2 — The errors and the condition numbers of Cauchy Model II by the MFS with R = 2. 


llells llellas lléllo.s lellis Cond_eff Cond Gmax Gmin 
2.00(2 2.88(6) 8.52(-1) 2.95(-7) 
2.70(3 6.17(7) 9.33(-1) 1.51(-8) 
2.69(4 7.40(8) 1.01 1.36(-9) 
5.04(5 1.49(10) 1.08 7.23(-11) 
8.56(6 2.57(11) 1.14 4.44(-12) 
1.08(8 3.25(12) 1.21 3.71(-13) 
2.40(9 7.27(13) 1.26 1.74(-14) 
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Tas. 12.3 — The errors and the condition numbers of the Dirichlet problem by the MFS with 
R=2. 


N | llelloas lléllo,s lellis | Cond_eff Cond Omax Gmin Ixl 
20 2.87(2) 2.20(6) 3.92(1) 1.78(-5) 1.44(4 
24 2.46(3) 2.69(7) 4.30(1) 1.60(-6) 1.88(4 
28 3.12(4) 3.98(8) 4.64(1) 1.17(-7) 2.03(4 
32 3.61(5) 4.82(9) 4.96(1) 1.03(-8) 1.99(4 
36 4.93(6) 6.65(10) 5.26(1) 7.92(-10) 1.89(4 
40 6.00(7) 8.10(11) 5.55(1) 6.85(-11) 1.80(4 
44 |3. ; 2.43(-10) | 7.83(8) 1.06(13) 5.82(1) 5.50(-12) 1.71(4 
48 |9. ; 5.83(-11) | 9.69(9) 1.31(14) 6.07(1) 4.64(-13) 1.64(4 
the above conclusions and comparisons of Models I and II and Dirichlet problems 


remain invariant. Details are omitted. Numerical experiments for Cauchy data with 
noise are provided in [255]. 


To close this chapter, let us make a few concluding remarks. 


1. The Cauchy problems can be solved numerically by the MFS and the MPS. 
Based on Lemmas 12.3.1 and 12.4.1, the bounds of errors and condition numbers 
of Cauchy problems by the MFS have been derived in Theorems 12.4.1 and 
12.4.3. The analysis for the MPS can also be obtained similarly. 


2. For S = (0, iy, the Cauchy Models I and II are designed with Cauchy data on 
one edge and three edges of 0S, respectively. Numerical experiments in Section 
12.6 are carried out for these two Cauchy Models and the Dirichlet problem by 
the MFS. The numerical results support the analysis in Section 12.4. 

3. Cauchy Model II is more effective than Cauchy Model I, and the MPS is superior 
to the MFS. The MFS owns simplicity of algorithms but may incur worse 
instability. For Cauchy problems, the less Cauchy data are assigned on OS, the 
worse instability occurs causing larger errors. Moreover, the numerical perfor- 
mance of well-posed Cauchy problems is as good as that of Dirichlet problems. 
Hence, the study of numerical methods for ill-posed Cauchy problems is imper- 
ative and significant. 

4. For Cauchy problems, the existence and uniqueness of the solutions is discussed 
in Section 12.3.1, and the ill-posedness of Cauchy problems can be denoted by the 
functions C,(v,w) in (12.3.16). The large and the small bounds of C,(v, w) 
define the ill-posed and the well-posed Cauchy problems, respectively. The study 
of Cauchy problems should focus on the ill-posed Cauchy problems, such as 
Model I with n>5. The error and stability analysis of this chapter may, to a 
certain degree, fill up the existing gap between theory and computation [58, 119] 
of Cauchy problems by the MFS and the MPS. 


Chapter 13 


3D Problems 


In this chapter, we will develop the basic analysis of the method of fundamental 
solutions (MFS) in Part I for Laplace’s equation in the bounded simply-connected 
domains Q in three dimensions (3D). Although some numerical computations can be 
found in Chen et al. [38], the theoretical analysis is much behind (Li [143] only for 
convergence in the unit sphere Q). Our efforts are devoted to exploring the strict 
error analysis of the MFS. The error bounds are derived and the optimal polynomial 
convergence rates can also be achieved. Numerical experiments are carried out to 
support the analysis made, and several useful locations of source nodes are inves- 
tigated numerically. The analysis in this chapter may lay a theoretical basis for the 
MFS for 3D problems, as in the previous chapters for 2D problems. Besides, the 
method of particular solutions (MPS) in [169] is also studied by using the spherical 
harmonic functions (SHF). Optimal polynomial convergence rates and exponential 
growth of condition numbers (Cond) are obtained. The source nodes are located on 
surfaces based on the abscissas of quadrature rules; they are “grid-like’, where the 
source nsodes are located at their intersections. Since most 3D problems, in reality, 
can not be simplified to 2D problems, and since the MFS has more advantages for 
3D problems in algorithm simplicity and wide application, the study in this chapter 
is essential and important to the MFS. The materials of this chapter are adapted 
from [249]. 


13.1 Introduction 


In this chapter, we study the MFS for Laplace’s equation in the bounded simply- 
connected domains Q in 3D. For Laplace’s equation in 3D, the fundamental solutions 


(FS) are simple as PO where P € Q and the source nodes Q (# P) are located outside 


Q. Our efforts are devoted to the error analysis of the MFS for 3D problems. The 
strategy is to link the FS to the SHF so that the error bounds between FS and SHF 
can be derived. Hence, we will first study the MPS by using the SHF in Section 13.2. 
Bounds of both errors and Cond are derived by the MPS, and the optimal polynomial 
convergence rates and the exponential growth of Cond are attained. This error and 
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stability analysis in this chapter is also a new development of the book [169], where 
the MPS was discussed only for 2D problems. 


The source nodes can be simply located on a sphere outside Q. By using the 
addition theorems, the solutions by the MFS can be chosen to approximate those by 
the MPS, and the same optimal polynomial convergence rates can be achieved. 
Numerical experiments are carried out to support the analysis made. For 3D 
problems by the MFS, numerical experiments are reported in Chen e¢ al. [38], Chi 
[60], and Saavedra and Power [208]. There exists no strict analysis; the convergence 
was provided in Li [143] only for the unit sphere Q. This chapter is the first time to 
give a strict error analysis of the MFS for 3D problems, to establish a theoretical 
framework as Chapter 2 for 2D problems. 


Numerical experiments are carried out to support the analysis made. The 
locations of source nodes are important in real applications [38]. In Section 13.5, 
three kinds of locations for source nodes are investigated numerically. The source 
nodes are located on surfaces outside Q based on the abscissas of quadrature rules; 
they are “grid-like’, where the source nodes are located at their intersections. The 
remarkable reward is the polynomial convergence rates, and even the exponential 
convergence rates if the solution is analytic. 


This chapter is organized as follows. In the next section, the MPS is first discussed 
by using the spherical harmonic functions (SHF). In Section 13.3, the algorithms of 
the MFS are described. In Section 13.4, the error analysis for the MFS is made for the 
source nodes on a sphere. In Section 13.5, numerical experiments for 3D problems are 
reported. In Section 13.6, a few concluding remarks are made. In Appendix 13.7, the 
techniques in this chapter may be applied to 3D Helmholtz equations. 


13.2 Method of Particular Solutions 


Since the analysis of the MFS is closely related to that of the MPS in [169], we will 
first discuss the MPS in this section, and start to study the MFS in the next section. 


Let Q be a bounded simply-connected domain in 3D with a smooth boundary 
T (= 0Q). Consider the Dirichlet problem, 


V7u(z,y,z)=0, (x,y,z) EQ, (13.2.1) 
u(x, y, z) = f(x,y,z), (z,y,2) ET. (13.2.2) 


The spherical coordinates (p, 0, @) are denoted by (x, y, z) = (p sinf coso, p sin sind, 
p cos0) (see Figure 13.1). The Laplace operator is written in the spherical coordinates 


as 
2 1/0 2 Ou 1 Of. ðu 1 u 
= : ede 
vucca lap VP dp) ema a) ama? eae 
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Fic. 13.1 — The spherical coordinates (p, 0, Q). 


The solutions of (13.2.3) are given by (see Tikhonov and Samarskii [223]) 


o0 


u(p, 0, p) = X o" Yn(0, 9), (13.2.4) 


n=0 


where Y,,(0,) are the SHF, 


Y (0,6) = AnPn(cos0) + z P(™ (cos0){ Anmcos(m) + Bn msin(m@)}, (13.2.5) 


m=1 


and An, Anm and By.» are real coefficients. In (13.2.5), P,(2) are the Legendre 
polynomials defined by 

_ 1 @& 
2" nl dr” 


P,,(2) [(x? — 1)”], (13.2.6) 


and P™ (x) with 0< m< n are the associated functions defined by 
—— |P,(z)]. (13.2.7) 


Then the functions P® (x) = P,(x). There exists the orthogonality, 


1 
2 
J PPa) = Önk T’ (13.2.8) 
l ! 
(m) () pom) _s 2 (ntm)! is 
fie (2) PI (2) de = ba (13.2.9) 


where Onn = 1 and ông = 0 for n Æ k. Define spheres, 


Sp = {(p, 9, b)|p = const,0<0<72,0< b< 27}, 
U = {(p,0, 6)|p = 1,05 0<2,0< $ <27}. 
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n (13.2.5), the spherical harmonic functions, P,(cos0), P‘")(cos0)cos(m@) and 
P(™ (cos0)sin(m@), are orthogonal in the integration on the nee sphere U, e.g., 


[fe P™ (cos0) Jcos(mo)) (P! D (cos0)cos(lo)) ds 
-[ Ti (P”) (cos0)cos(m@)) (P, (cos6)cos(ep)) ds} sindad (13.2.10) 


0 
2x (n+m)! 
= OnkOme Maw a1 4 fe uN 
pes 2n+1(n—m)! 
where ds = sinOd0d@, £o = 2 and €m = 1 for m>1. 


Suppose that solution u(p, 0, ) on the sphere S, is known, the exact coefficients 
An, Anm and B,, can be found from (13.2.4), (13.2.8), (13.2.9) and (13.2.10) 


explicitly as 
A, = pn ae ff u(p, 0, &) P,(cos6) ds 


Anm -ea fl, (p, 0, p)P™ (cos0)cos(m@) ds 
i n 2mp? (n 
P mn+1 (n— 


1 
Brim = ae Ge cea amet |, (p,0,6)P m (cos) sin(m@) ds 


p 2n+1 (n-m) 


where ds = p*sin0d0d¢. The SHF was first discussed by MacRobert [186] and 
developed by Atkinson and Han [14]. For the Dirichlet problem in (13.2.1) and 
(13.2.2), where Q is not a sphere, we may choose the truncated terms of (13.2.4), 


uyn = un(p,0,) = Dr Y (0, ) (13.2.11) 


= 3 p"{AnPn(cos0) + 3 P'™) (cos) [Anmcos(md) + Bn msin(md)]}, 


n=0 m=1 


where the coefficients, An, Anm and Brym, are unknown. There are (N+ i 
unknown coefficients. The functions (13.2.11) are the spherical harmonic polyno- 
mials of order N. Denote the set of (13.2.11) by Vy. By the Trefftz method (TM) in 
[169], we seek the unknown coefficients (i.e., uy) such that 


lux — fllor = inf ||v — fllor: (13.2.12) 
ve Vn 


where ||vllor = \/ [f-v?ds. We may also use the collocation equations directly to 
satisfy the Dirichlet condition (13.2.2), 


VOrij UN (Pr 0i Pi) = VOrij Fr 9:%;), (rOin ;) ET, (13.2.13) 
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where «,,;,; (> 0) are suitable weights, and the detailed nodes (p;,0;,;) will be 
introduced in Section 13.5.1. The total number of the collocation equations in 
(13.2.13) may be chosen to be larger than (N +1)”. From (13.2.12) and (13.2.13), 
the unknown coefficients An, An,m and By, in (13.2.11) can be sought. This is called 
the method of particular solutions (MPS) in this chapter. 


Denote the normalized Legendre polynomials, 


Pw = PEM ro, PP = (ELH MM pena) (13.2.14) 


2 (n+ m)! 


The orthogonality of (13.2.14) and (13.2.10) leads to 


1 1 A 
/ P,,(x) P,(2) de = Syn, / BP (2) PO” (x) de = Sp, (13.2.15) 
= = 


RG M m Ceos0) Jeos(mo) }{ Ê po (cos0)cos(0¢) bds = TEmOnkOme- (13.2.16) 
U 
Then solution (13.2.11) is rewritten as 


uv = un(p, 0,6) = 5y Y° (0,¢), (13.2.17) 


n=0 


where 


Y? (0, P) = anPn(cosd) + X- ÊU (cos0) {an mcos(mg) + bn nsin(mo)}, 


1 
2 \? 2 (n-m)? 
ni An, nm ON ey Pe A An ms 
i TR on ae l 


Brom = z an oe 
2n+1(n+m)! 


The Sobolev norms are defined by 


lular = e ae}. lage = { I wY. 


The Sobolev norms on U can be denoted equivalently by (see Atkinson [13] and 
Chen [55]) 


1 


a+ Xi (a mt m) 


lull v = [Senso 1) 


n=0 
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On sphere Tp, the Sobolev norms may be denoted equivalently by 


lull, = {Soo (2n +1)? 


Define the semi-norm 


lvla = {into f [ee ye E Ë aoan) y. 


Proposition 13.2.1. Suppose that u € H? (T) (p> 1) can be analytically extended to 
sphere T, with p = Tmax = max p|r. Then the solution from the MPS in (13.2.12) 
has the optimal convergence rates, 


1 


a, + > (a m b m) | l (13.2.18) 


lux — ullbr < C (13.2.19) 


1 
(N)? lull, r> 
where C is a constant independent of N. 


Proof. Let ty be (13.2.17), where an, an,m and bn,m are the exact coefficients. Then 
we have for k< p 


llu—twller, = >> 2r+1)” pfa + 3 a m+ bm) } (13.2.20) 
n=N+1 m=1 
A (2n+ 1)"" 2p 2 haa 2 
= ~ (2n+1 )”p Á cs (anm m H bn, a 
prs (2n+ iy? tte 
QN+3)" = 2» 02 fa La og 
Sr (2n+1 yp " as Ca bn, m) 
ONT, D(a 
< Gyr yr 2n +1)” p” a, 24 5 Or mm + nm) 
(2N+3 n=0 m=1 
OF 
< Gma | pI,’ 
Next, we have from (13.2.12) 
lux — llor < if lle ullar < lu- log (13.2.21) 


Let the ball Q, denote the spherical surface S, with radius p = rmax, where 
Tmax = Max Pl eo: Then QCQ,. Since the functions v (= u — ùy) satisfy Laplace’s 
equation, we have from Oden and Reddy [195, Theorem 5.7 at p.189] 


lor < Cllullio < Clluliio, < C\lellor,- (13.2.22) 
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Hence from (13.2.20)—(13.2.22), we have 


= = 1 1 
lu = uvllor < llu = uxllor < Clu = tallor, <S Cony llr, = Cony lular: 


The desired result (13.2.19) is obtained. a 

Below, we discuss the stability. For the bounded simply-connected domain Q, 
denote the maximal and the minimal radii by Tmax = min Place, and fmin = 
where Q and Q, are the balls 


with radii rmax and fmin, respectively. Denote two spherical surfaces by Sru, = 
OQ, and Sraa = 0Q,,,,. For easy analysis and computation, choose the following 
normalized Legendre polynomials, 


u(9.6.8) => (2) ROA) 


max Plo, co, respectively. Then Qrin COCO, Tmax Tinin 


Tmin Tmin * 


n=0 Tmax 
= 5 ( Pp ) {Pale 4 5 pr (cos0)[an m cos(m@) + bam sin(m@)] >, 
n=0 Tmax a, : 


where an, an,m and bn,m are unknown coefficients. The admissible functions (13.2.17) 
are rewritten as 


N n 
uy = tls, 4) = S (=) ¥,(6, 9) (13.2.23) 
n=0 max 
N 
= (£ l fatai (cos0) + 3 pr ’(cos0)| )[@nm cos(m) + brim ssi} 
n=0 max | 


2 2 
Denote || ullor = x" Ax, where the symmetric and positive matrix A ERO +) xW +D, 


and the vector x € R“ + consists of coefficients an, anm and bpm. The condition 
number is defined by Cond(A) = jue where Amax and Amin are the maximal and 
the minimal eigenvalues of matrix A, respectively. 


Proposition 13.2.2. Suppose that the admissible solutions (13.2.23) are chosen for 
(13.2.12), there exists the bound, 


Cond(A) < o(s) = (13.2.24) 


Tmin 


Proof. Since the SHF satisfy Laplace’s equation, there exist the bounds from 
[195, p.189], 


lullo r < Clullza < Cllulli o 


2:8*rmax 


< Cllullo,s 


147 Tmax 
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Then we obtain from (13.2.23) and the orthogonality (13.2.16) 
2 

< Cx" x, 
0,U 


-Ax= llowllor < < Cllonlo, S 


Tmax 


where xx = ||x||? = 54 CESI TOPERA J This implies 


T 
x’ Ax 
Amax = 13.2.25 
a xt S a 
On the other hand, from [195, p.189] we have 
lullo r 2 collull o Z collullo, = collullo,s, . - 
Then we obtain 
N fo 2n 2 
x™Ax> collnllo,s, 2 col] > = Y° (0, $) 
PEN max 0.U 
r Tmin eal 
>c mun an 0, Ss min T 
~ (= ` 9) cies (=) noe 
n=0 0,U aa 
to give 
T 2N 
x’ Ax Ymi 
Åmin = mi = — . 13.2.26 
0 x?x ~ < (=) ( ) 
Combining (13.2.25) and (13.2.26) gives the desired result (13.2.24). m 


For the admissible functions (13.2.23), the collocation equations are given as 


(13.2.13), denoted by Fx = b, where F € R¥*N+D° with M > (N +1)’. When the 
suitable weights œx; j in (13.2.13) are chosen such that 


x? FTFx = J v? ds, (13.2.27) 
r 


where ffy is the integration approximation of ffe, we may assume that 


I ds ff vas, vE Vy, (13.2.28) 
T T 


where the notation a x b denotes that there exist two constants co (> 0) and C 
independent of n and m such that cob < a < Cb. Since xTFTFx x xT Ax, we have the 
following proposition. 


Proposition 13.2.3. Suppose that equivalence (18.2.28) holds. When the functions 
(13.2.23) are used in (19.2.18), there exist the bounds of condition number, 
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Omax (F ) max (A) 2 1 Tmax i 
ie = 2< possess 
pond) Omin (F) g cf Amin (A) = Cand” )P S - Tmin , 


where Omax aNd Onin are the maximal and the minimal singular values of matriz F, 
respectively. 


Remark 13.2.1. The assumption (13.2.28) holds for the centroid rule, and 
for the trapezoidal and Gauss—Legendre rules in (18.3.1) below on the unit sphere U 
with M > N, based on Lemma 13.4.2. Besides, Proposition 13.2.1 is consistent 
with [13, 14] when T = U. For the collocation equations (18.2.13), some errors 
in the infinity norm are given in [14, p.201] via the rule (13.3.1). Denote the 


discrete norm |lullo > = y vas. Similarly to (13.2.12), we have ||un — fllo r = 
inf llv — fllor- For (13.2.13), the polynomial convergence rates can also be obtained 
ve Vn ý 


by following Quarteroni and Valli [204, Chapter 4]; details are omitted. 


13.3 Method of Fundamental Solutions 


13.3.1 Algorithms 


The quadrature rules on the surfaces are important not only for algorithms but also 
for analysis of the MFS. For the unit sphere U, the trapezoidal and the Gauss- 
Legendre rules are composed as 


If. FO, e) yas= f ‘i “0, 6)ag}sinoad 


M 2M (13.3.1) 


~ ff 10.9 pds =Y S Ong) 


=1.9= 


where h = 77, $; = jh, and cos0; and w;(> 0) are the abscissas and weights of the 
Gauss—Legendre rule, respectively. The rule (13.3.1) was given in Stroud [220] and it 
has the precision of degree 2M — 1. In Atkinson [13] the errors are given by 

M>1 


FT 1 
/ (fOrdrin~ |0 8a eap "zt 


provided that function f (0, ¢)(€ C?(U)) has the p-order continuous derivatives on U. 


For Laplace’s equation in 3D, the FS is known as Fa with P Æ Q, where |PQ| 


denotes the Euclidean distance between nodes P(€ Q) and the source nodes Q 
outside Q. Denote (see Figure 13.2) 


P(x, y, z) = (p sin@ coso, p sind sing, p cos0) := P(p, 0, ¢), 
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Fic. 13.2 — The node P(p, 0, p) € Q and the source node Q(r, €,) ¢ Q. 


where r > Tmax = max p| peo The source nodes Q; may be simply located on a 
larger pseudo-sphere Spg with radius R > fmax. Based on rule (13.3.1), we choose the 
2M? fundamental solutions as 


1 
®,(P) = —— 
|PQ;l 
where 4; (= jh) and cosč; are the abscissas from the trapezoidal and the Gauss- 
Legendre rules, respectively. Note that the source nodes (R, ¢;,n;) of the MFS are 


chosen just as the same integration nodes on sphere Spr from the rule (13.3.1). Then 
a linear combination of FS is given by 


f Qij = (R, Či 1;), 


M 2M 


vm = 5 y cy@(P), PEQ, (13.3.2) 


i=l j=l 
where cj are the unknown coefficients to be sought. 


The coefficients c; can be found by the Trefftz method as (13.2.12), or the 
collocation Trefftz method as (13.2.13) in [169], where the total number of the 
collocation equations may be chosen to be larger than 2M?. 


13.3.2 Link to MPS 


For P(p,0,¢) and Q(r,é,n), denote |PQ| = \/r? + p? — 2pr cos(®), where the 


==> => 
angle © between vectors OQ and OP is shown in Figure 13.3. We have 


cos(®) = cos0 cosé + sinf sin€ cos(@ — n). 


From Tikhonov and Samarskii [223, p.687], we have 


LNS — : = ce ee (13.3.3) 
IPQ] yr? + p? — 2pr cos(®) = (£) P„(cos®), r>p, 
ae 


where P,,(z) are the Legendre polynomials of order n. From [90, p.1015, 8.814], 
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ne 


Fic. 13.3 — The angle © between vectors 00 and OP. 


P,,(cos®) = P,,(cos0) P,,(cosé) +2 5 a P\™) (cos0) P\™ (cosé)cosm(@ — n), 


5 


(13.3.4) 


where P(™ (g) are the associated functions defined in (13.2.7). From (13.3.3) and 
(13.3.4), we have the following addition theorem. 


Theorem 13.3.1 (Addition Theorem). The FS in 3D has the expansions, 


ly C) "| P,,(cos0) P, (cosë) 


n— m)! os (m) fo 
i +2) aa Pn (cos0) PC (cosé)cosm(ġ =- n)}, p >r, 


75 (13.3.5) 


pa | 
+250 (1 — 1 pO" (cosd) PO" (cosé)cosm( =n} r> p. 


| =| 
aa. 
3 [o> 
alao Ns 
3 
ge 
3 
Fale, 
ae, = 
[e] 
a 
D> 
~~" 
—~ 
Q 
[e] 
a 
Cas 
~~ 


By using the normalized Legendre polynomials in (13.2.14), the second expan- 
sion in (13.3.5) with r = R is rewritten as 


P,,(cos0) P,,(cosé) 


Fa -R3 a ) {7 
nDe 


(13.3.6) 
(cos0)P ™ (cosé)cosm(p — n)}, p<R, 


where the source nodes Q(R,é,7) are located on a larger sphere Sr with radius 
R > max. The addition theorem (13.3.6) is important not only to link the MFS with 
the MPS but also to the error analysis given in Section 13.4. 


Lemma 13.3.1. Let Sr (= (r, č,n)|,=p) be a larger pseudo-sphere with the radius 
R> Tmax = max Plocr: There exist equalities, 
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al (cosé) 4 = 4nR (p\"¢ 
{Ls PO dso = TARI (5) P,,(cos6), (13.3.7) 
pm) £ 
P, (cosë)cos(mn) — 4nR (py) am) 
If. PO dso = n+l (5 P, (cosô)cos(mo), (13.3.8) 
a(m) i 
P, (cosé)sin(mn) _ 4nR (p\" am) P 
| i 75 dsq = (2) P"” (cos0)sin(m@), (13.3.9) 


where dsg = R’sinédédy = R'dsy. 


Proof. We only prove (13.3.8) since the proof for (13.3.7) and (13.3.9) is similar. 
From (13.3.6) and the orthogonality (13.2.16) of the SHF, we have 


J PÊ (cosé)cos(mn) ds 
Sr IPQ] j 


= pín) 12 2 pN? 4 p 
= JJ P; omnia (5) [Px(cos0) Pz(cosé) 


+2 ww: pe ” Ceos0) Ê pe” (cosé)cosm(b — n)] dso 


m=1 


_ P n a(m) 
= (2) P, ’(cos0)cos(m@), m>1. 


The SHF is used in the MPS in Section 13.2, which can be approximated by a 
specific linear combination (13.3.2) of FS. Denote the finite terms of (13.2.17) by 


Py = Pulp, 0, $) = Sro, (13.3.10) 


n=0 


Denote the following integration approximation on the pseudo-sphere Sp from the 
rule (13.3.1) as 


20 
| f(r,0,o)ds= R |” f f(R,0,6)sindada 
Sr 
2M M (13.3.11) 


~ ff neon ds = hR? XO XO wif (R, 0i, 6,). 


j=l i=1 


m) 


To approximate the function p” Êl (cos0)cosm@ in (13.3.10) by the FS, we have 
from (13.3.8) 
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p”™ 
P 2 lp 
pnp ” (cos)cos(md) = a ff = oS) ds 
Sr 


4nR “oe 
a Le A (cose )cos(mn) as 
[PQI 
_2 1 aM Pl m) (cosé;)cos(mr u2 
EDD cate D 
i=1 j=l ij i=1 j= 


where h = 4 and cj = w; %4 Re+ P” ’(cosé;)cos(mm,). Similarly, by counting the 


coefficients cy from the approximations of p” Ê„(cos0) and pp ’(cos6)sin(md), we 


find a specific approximate combination of FS as 


M 2M 
vy =X X G;(P) © Py = Pulp, 0,4), (13.3.12) 
i=l j=l 
where the coefficients 
Dae a 
d= wig? n+ DR" an P, (cosë;) 
a: (13.3.13) 
~ (m) k 
+ 5 Pa (cosé;)[amncos(mn;) + bn, asin(mn,)]$. 
m=1 


When M > N and 2M?>(N+ 1)’, the non-trivial cj, can be obtained from an, m,n 
and bm,n uniquely. We write these important conclusions as a proposition. 


Proposition 13.3.1. For the spherical harmonic functions Py in (13.3.10) of order 
N, when M > N, an approximation vi, to Py in (13.3.12) and (13.3.13) is found. 


For Laplace’s equation in 2D in Part I, by using In|PQ| as FS, the MFS ass 


from the algorithm singularity in [137]. For Laplace’s equation in 3D, by using zal as 


FS, no degenerate scales exist. This is one advantage of the MFS for Laplace’s 
equation in 3D. 


13.4 Error Analysis for MFS 


This section is devoted to deriving the error bounds; the outlines of proofs are stated 
as follows. From proposition 13.3.1, we will first find the errors between the FS in 
(13.3.2) and the SHF in (13.3.10). The errors of two kinds of SHF from the rule 
(13.3.1) are given in the key Lemma 13.4.2. Based on expansions via the SHF on 
spheres, the related errors are derived in Lemmas 13.4.3 and 13.4.4. The errors 
between the solution (13.3.2) and the SHF are provided in Theorem 13.4.1, and the 
optimal polynomial convergence rates are attained in Theorem 13.4.2 for the MFS 
solutions. It is the first time to yield the strict error analysis of the MFS for 3D 
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problems. The proof techniques in this chapter are more challenging and imperative 
than the 2D problems in Part I. 


13.4.1 Preliminary Lemmas 
Choose the 2M? source nodes Q;j on a larger pseudo-sphere Sp, 
Qi; = (R, čin), R> rms t=1,2,...,M, j=1,2,...,2M, (13.4.1) 


where n; = jh = j īp and cos¢; are the zeros of the Legendre polynomials of order M 


as in rule (13.3.1). The error analysis will be made for the source nodes (13.4.1). For 


I(g)= (* g(x) dz, the trapezoidal rule is given by 


2M 


Taie | "g(:e) de = hY > o( kh), 
k=1 


where h = 7;. Denote the errors 
= Pon 2n 
nanulo) = Toulo) 19) = | g(a)ar— f s(a). 
0 0 
We have the following lemma from Basic Lemma A in Part I. 
Lemma 13.4.1. For the 2n-periodic function g = g(x), there exist equalities: 
Aom(sinmz) = 0,m = 1,2,..., 
2n, if m= 2vM,v=1,2...., 


Aane oam { 0, otherwise 


The rule (13.3.1) is the product of the trapezoidal and the Gauss—Legendre rules 
in 2D domain {(2,7)| — 1<2<1,0<n< 27}. The Gauss—Legendre rule is given by 


1 Fl M 
J iin f oiy mta), (13.4.2) 
-1 -1 k=1 


where z+ are the zeros of the Legendre polynomials of order M, and w the weights, 
2 

(1 — ag)? P 

to satisfy we = 2. The rule (13.4.2) is exact for the polynomials of order 


2M — 1, called the precision of order 2M — 1. Hence, for the Gauss—Legendre rule in 
(13.4.2) we have 


> 0, 


Wk = 


[ fow=f fear, VI) € Poms, (13.4.3) 
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where Py is the set of all polynomials of order M via x. Denote 


[f fost masy f Í f "p(cost, n)singédydé — J l f o 


where z = cosé. We have 


LETT EDEL L) o 


Al Al A27 20 
where f; = {_,-dxand f = fọ -dn are the Gaussian and the trapezoidal rules, 
respectively. For two kinds of SHF, we have the following key lemma. 


Lemma 13.4.2. Let m<n<N<M and m<n<o, there exist the bounds, 


BOC manl: -|( J|- I) P (cosé)cos(mn)] x [ÊP (cosé)cos(mn)] dsv 


(13.4.5) 


mT / P(x) p? Tes ) dx) < mT antl, if N>2M —n and 
_ =f 
m+m=2vM,v=0,1,2.,..., 
0, otherwise, 


|ESSn mam || U — J) [p (cosé)sin(mn)] x [Ê™ (cosé)sin(mn)|dsy 


=|ECCrmam|, m, m21. (13.4.6) 


Besides, the trivial integrals exist for all n,m, n and M, 


oe B J|- ua [fox (cosé)cos(my)] x [Ê7 (cosë)sin(mn)]dsv (13.4.7) 
= ESC nam ( J|- If, [fen ""(cosé)sin(mn)] x [P™ (cosé)cos( )] dsv = 0. 


Proof. We only prove (13.4.5) since the proof for (13.4.6) and (13.4.7) is similar. 
First, we have ECC nm:nym = 0 for n<2M — n because the polynomials of x in the 
integrand have order <2M — 1. We have from (13.4.4) 
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1 F1 7 Qn 
ECC mim = (/ — / Joz ” (a) dx x i cos(mn)cos(mn) dy (13.4.8) 
S =ï 0 


Fl as 2n p2Qn 
+f BP” (a) PY (2) de x (/ -f Jemma 
-1 0 0 


From Lemma 13.4.1, the second term on the right-hand side in (13.4.8) leads to 


“rl = am Qn pn 
I = je (a)P; (x)dz x f -j cos(my)cos( mn) dn 
-1 


1 
= enz f Ppt ™ 2) der, for m+ m= 2vM,v = 1,2, .... 
-1 


(13.4.9) 


The first term on the right-hand side in (13.4.8) is nonzero only for m = m and 
n>2M — n. We have from the orthogonality (13.2.15) 


I= ( i -f Jro aax | taren 


(13.4.10) 


where we have used nÆ n from n=2M —n>2N-— n>n with M >N. Hence 
from (13.4.8)-(13.4.10), we have 


(- Jh) fje n” (cosë)cos(mm)] [ÖK (cosč)cos(7n)]dsv 


L PP (0) P™ (a) de 


= Emm , 


where Mm + m = 2vM with v = 0,1,2, .... We will show below 


2n+1 
<4/ 2 (13.4.11) 


1 
Denote the norm |lo|ly = llvllo¢14) = { frac}. Simply denote v= P(x), 


and obtain the desired result (13.4.5). 


m<n<N<M and u= Ê™ (2), m<n, A>2M—n>2M—N-> M. Then we 
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have ||v||) = || ull) = 1. Since v € Pm-ı we have from the Schwarz inequality and 


(13.4.3) 
ya] =| uvdz| < <L u DE [Jireh 


DA i f oN i p 1 (13.4.12) 
1 2 1 3 1 2 1 2 
= 7 H x 4 Pas) = tf var} x |lallo = tf var} : 
-1 -1 -1 -1 
From Lohofer [183, p.179, (5)], we have 
1 (n-m)! 1 
< p™ Em 
V2n+1 | n” (2)| (n+m)!~ /2’ 
and from (13.2.14) 
1 ~(m V2 1 
= o< mee D ‘(a af ale (13.4.13) 
V27 -i<e<il ” 2 


Fi M me 2 a (ñ 2 M 2n+1 
/ u dx = 5 wf Py (cos0,) } < max | pi (x) x 5 wg < 2 
=1 k=1 uaa k=1 
(13.4.14) 
The bound (13.4.11) is obtained from (13.4.12) and (13.4.14). E 
From Lemma 13.3.1, we have 
(2n+1)R” 
po" Y°(0, 6) = ee lS TTD dso, (13.4.15) 
4nR Sr ol = 


where dso = R? sinédédf = R’dsy and Y°(0,) are given in (13.2.17). Then we 
have from (13.4.15), (13.3.6) and (13.3.10) 


N N 
X nyo _ 1 X R” 
ma T n=0 Í Ynl? A E a, > L T ilas “= E. Pade: 


where 


Ty = i Ee (2n+1)R" {oP n(cosé) + 5 Êl (cose) [anm cos(mn) + bn,m sin(mn)]) 


n=0 m=1 


=>) zo (£ G n(cos0) Ên (cosé) +25 Ê: m (cos) P P” ” Ccosë)cosm(o = ott 


n=0 m=1 
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The errors between the FS and the SHF are given by 


Pw - oul = | (ii, = Il) Twdsq], 


Denote ano = an and Tro = Tn. Then we have 


(il. J|) Trte XM anitat Yo band, t 


m=0 


= ap? al O, -Jf Je mdsqg (13.4.17) 
+E ta ff - Sf) Tamir 


m=1 


M>N. (13.4.16) 


where the basis errors, 


aaia (Ii. I - ff) tone ncaa 
ar, = AT* (0,6) = (Ii. e IL) te bata 


and 
1 (m) 
Tum = zap (20+ 1)R" Ê” (cosé)cos(mn) (13.4.20) 
1 = A 
x RD mF nae ) SEn? Ym po (cos0) P pr eosjent donc 
where yp = 1, Yp = 2 for m>1 with YpEm = 2, & = 2 and ey, = 1 for m>1, and 
1 (m 
Ti, m = zzp Cnt DR" PR” (cose)sin(mn) (13.4.21) 
x ea 5 (4 i: T pe (cos) Ê a (cosé)sin(m@)sin(mn) >. 
A 1 " 


Note that the non-zero summation }*>°.,,_,, in (13.4.20) and (13.4.21) starts from 
n= 2M — n since rule (13.3.1) has the precision of order 2M — 1. 


To estimate the basic errors of (13.4.18) (or (13.4.19)), we expand them by the 
SHF, 


AT nm(O, o) 
oe) i k 
= Y {on m4 Px (cosd) + Y PY (cos0) fn mie COSC) + Bn mee Sin(CH)]}, 
{=i 


k=0 


(13.4.22) 
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where the expanded coefficients are given by 


On mk = F AT n m(0, &) Ê;(cos0) dsy, (13.4.23) 
i 2T U 
1 z 
On,mik,e = Fj AT nm(9, p) ÊP (cos6)cos(b) dsr, m= 1,2,..., (13.4.24) 
U 
Bn mikt m F ATn,m(0, $) PY (cosd)sin(£@) dsy, m=1,2,..., (13.4.25) 
U 


where we have used the orthogonality (13.2.16). 


Lemma 13.4.3. For the expanded coefficients, there exist the bounds, 


1 k 
[Anm el| < CR"(2n + 1) (2) ; (13.4.26) 
kp irk 
2 

1 p\k 
[Brnmsk,e| < CR” (2n + 1) (2) , (13.4.27) 
sk, oa R 


where k> 2M — n and £ + m= 2vM, v = 0,1,2, .... Otherwise, An, m;k e = Pn,m;k e = 0. 


Proof. We only prove (13.4.26) since the proof of (13.4.27) is similar. From 


T p20 
| f(r, cosé,n) dsg = w f(R, cosé, n)sinédndé (13.4.28) 
Sr 0 J0 


1 2n 
= re ff f(R, cosé,n)dsy = we | f f(R, z,n) dndz, 
U -1J0 
we have from (13.4.18) and (13.4.20) 
AT nm(8,¢) = o = | andso 
Sr Sr 
— R ian _ PP aoe 1) RP (ÊC (cosé)cos(mn)) 
0 Jo o Jo 4r R 7 


ZE anil’ )" AG Ei (cos0)cos( mp) ) 


n=2M—n 


x li (cosé)cos( mn) ) }sinčan dé, 


where the integrals are trivial for n<2M — n. Based on Lemma 13.4.2, the nonzero 
integrals occur only for m+ m = 2vM with v = 0,1,2,..., 
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AT n.m(9, $) = En (an+ 1) R” 


n 


d F 2 (E) I vaP (cos0)cos(™g) 


n=2M—n 2n+1 m=0 


(L -J)o AO oar} 


From (13.4.5) and the _— (13.2.16), the coefficients (13.4.24) lead to 


ap AT nm(0, &)P. (cos) cos(lo) dsy 


[anme] = = 

pns Em n 1 P n 

=a” nne Xo mi 
Jee PP ( (cos) Saat po (cos)cos(m@) | dsy 
m=0 

x (13.4.29) 

x{ f - f)” P} (a) dx 
E V2n+1 pyre 

< CR"(2n+ 1) hn one (5) > Frade 


< CR” (2n + 1) D 1 (5) í 3 Ôk PÒL m: 


ñn=2M-n4/ Nn + m=0 


Nie 


Since X> oy, Okn = 1 with k = ñ, we have from (13.4.29) 


1 pE 


Also since S osem = 1 with £ = m, we have 


|an, mre] < CR” (2n + 1) 


|on,msk,e| < CR"(2n+ 1) : (5) j 


where L+ m= m+ m= 2vM, v=0,1,2,.... This gives the first desired result 
(13.4.26). E 


Lemma 13.4.4. For (13.4.18) and (18.4.19) there exist the bounds, 


|ATn, nllos, = = Me - ff | Tato 
a 0,5, (13.4.30) 


p 2M—n 
F (n+ (2) . eo. 


VM 
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AT}, allog = // -Jf Th mdsQ 
“ a gens 0.5, (13.4.31) 


R” p\2M-n 
< (2n+1)(4) o I ws 
VM R 


are given in (13.4.20) and (18.4.21), respectively. 


where Tnm and TY 


„m 


Proof. From (13.4.28) and the expansions (13.4.22), we have from (13.2.16) 


lATn mls, = AT nm(0, Pls, = 0 lf AT nm(0,6))?dsy 


oo 
2 2 2 2 
=p 5 l 201 mk + Gm + Pamo) | . 
k=0 f=1 


From Lemma 13.4.3, p< R, and + m = 2vM, 


(13.4.32) 


co Uk 
Sfant D Om mke + Bn make) la> á mekt (13.4.33) 


k= k=0 €=0 
co k 
1 2k 
< CR"(2n+1)? X >X- (2) 
k=2M—n to kts R 
oe k 1 p 2k 
< CR"(2n+1)? wie (2) 
23 k+3 R 
R” yo N p\ 2k 
<C (2n+1) (2 
M 2. 
2n 2(2M—n) 
<o ene) 
< 0; et (E 


From (13.4.32) and (13.4.33), we obtain the first desired result (13.4.30). The proof 
for (13.4.31) is similar. E 


13.4.2 Error Bounds 


Theorem 13.4.1. Suppose that Laplace’s solutions u € C(Q). For Py in (13.3.10) 
and vy in (13.3.12), when M (> N) and N are large, there exists the error bound, 


Tmax 2(M-N) Tmax N 
Pw — villor S cN( a) ( ) llullor (13.4.34) 


Tmin 


where C is a constant independent of N and M, and Tmax and Tmin are the maximal 
and the minimal radii of Q, respectively. 
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Proof. From (13.4.16)—(13.4.21) and the Schwarz inequality, we have 


2 
yf oc AT, + py an, mAT n, m+ bn mT, a} 
=0 


Pn — villo. Ss, 7 


0,5, 


2 
k {lll + $ (lola, + allas „hs )}) 
n=0 
1 


m=1 


flats + > (lar, alag IATa, )} 
N 
x Sop fety S (@? m+ m (13.4.35) 


n=0 


where fmin <P < Tmax. We have from (13.2.18), 


N 
Sor {a + 3 (a 9, + Bm) y} slds < Cllullor- (13.4.36) 


n=0 


In the last bound in (13.4.36), we have used the continuity extension in Remark 2.3.1 
in Chapter 2. When u € C(Q), we have ||ullo,s, < Cllullor- From Lemma 13.4.4 and 


2M — n > N >n, we have for p< R 


N 
a AT n las, T SD (lATanlis, + [AT rales, ) 
4M-2n 
2n 
TESIS 2n+1) (8) 


m=0 


1 yo ae 0 13.4.37 
<C> (2n+1)%(n+1)(4) (5) ( ) 
1 3 /p\4M-2Nn (R\2N 
<C—(2N+1 (£) 2 
Soyer hs R J 
4(M-N) / R\ 2% 
= CN? (2) a : 
R p 
where we have used M > coN, and co (> 0) is a constant independent of N and M. 
Since ||ullo 5 < Cllullo., we have from (13.4.35)—(13.4.37) 


Tmax 2(M—N) Tmax i 
IP ~ vullor < ON (5) (Z=) uor: 


Tmin 


This is the desired result (13.4.34). E 


Denote by V y the set of (13.3.2). The 2M° unknown coefficients c;; can be sought 
by (13.2.12): 
lou = flor = inf lv- flor- (13.4.38) 
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Theorem 13.4.2. Suppose that Laplace’s solutions satisfy u € C(Q) and u € H?(T) 
(p> 1). When the M (> N) is chosen large enough to satisfy (13.4.42) below, there 
exist the error bounds by the MFS, 


a (ae) lull r = (ai) lull r- (13.4.39) 


Proof. Choose the special vj, with the coefficients c}; in (13.3.13) to approximate 
Py. From (13.4.38) we have ||u — vu|lgr < |lu — virllor. Then we obtain 


u — Umllor < ||u — Pyllor+ |Px a virllor: 


From Proposition 13.2.1, 


1 
|Rvllor = llu- Pwllor S C zN ller (13.4.40) 


Moreover, we have from Theorem 13.4.1 and (13.4.40) 


lu = omllor < llu = virlo < llExllor + lP = villor 


gala Tmax\ 2M-N) / Tmax) Y 
< N( max) max ; 
<o VG (==) lull yr 


To reach the optimal convergence rates in (13.4.39), choose M large enough such 


that N 
a" Tmax < 1 (13 4.41) 
R Tmin = (2N)? f _ 


It is sufficient to choose 
InN +p In(2N)+ N In (2x) 


M>N+ (13.4.42) 
2 In (2) 
Then we have 1 
= walla = O(a) lar (13.4.43) 
From (13.4.42) we may choose M < CN, and then M x N. The desired result 
(13.4.39) follows from (13.4.43). E 


Remark 13.4.1. The rule (13.3.1) is composed of the trapezoidal rule along 0 and the 
Gauss—Legendre rule along z. Other quadrature rules along z may be chosen, such as 
the Chebyshev rule. For the quadrature rules introduced in Lebedev [184] and Beetjes 
[21], the number of nodes is about = of that in (13.3.1). More quadrature rules are 
given in [11, 14, 210]. All those integration nodes (i.e., the abscissas) may be used for 
source nodes Q; of the MFS; the error bounds of the MFS can be derived if the errors 
of quadrature rules may be evaluated. 
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13.5 Numerical Experiments 


The purposes of numerical experiments are twofold: to verify the analysis made, and 
to pursue better locations of source nodes for the MFS. First, let us describe the 
collocation equations. 


13.5.1 Collocation Equations on T 


For (13.2.1) we choose a cylinder as the solution domain Q in cylindrical coordinates, 


H H 
o= f (pġ, 0< p<10< 6<2m, -F <2 xf (13.5.1) 


where H = 1 and (z, y, z) = (p cos@, p sind, z). In computation, choose the follow- 
ing cylindrical harmonic functions as the exact solution (see [60]), 
u(P) = u(p, $, z) = sinh(kz)cos(n@) J, (kp), n= k= 1,4, (13.5.2) 


where J„(p) are the Bessel functions with order n, defined by 
oo (=1) pN 2i+n 
ge 
(p) rc n)! \2 


Note that the solutions (13.5.2) are smooth, and there exists no corner singularity 
for cylinder Q in (13.5.1). Let us establish the collocation equations (13.2.13) on T. 
Denote the domain boundary by I = S1 U S2, where S are two cover disks, and S% is 


one surrounding cylindrical surface. For two cover disks: S$, = ST = 
{(r, p)|O<r<1,0<6<2n} at z=+4, the 2D integration is given by 


[fsa | | Pte $) bran 


For the integral i f(@) dd, choose the trapezoidal rule, but for the other integral, 


1 “Fl M 
[ torax f Hri =X Horn, 


choose the Gauss-Jacobi rule (i.e., the Gaussian integration of moments with order 
one), where (r, w}) are the abscissas and weights given in [1, p.921]. By using the 
composite rule in [72] we have 


M 2M 


[ft o)ds~ hY Y w} frm. Qi), 


k=1 i=1 


where @; = th and h = șẸ. For two top-bottom disks ST, the collocation equations in 
(13.2.13) are modified as 


Vivu (rH ds) = hu, (nbn), (re, Qi) E€ ST- (13.5.3) 
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For $2 = {(0,z)|0<0<2n,-4 < z< 4}, the collocation equations in (13.2.13) are 
modified as 


Jf hwjum (1, pi zj) = hw; f(1, pazi), (Piz) € S2, (13.5.4) 


where h and ¢; are the same as in (13.5.3), but (z,, wj) are the abscissas and weights 
of the Gauss—Legendre rule. The numerical integration used in (13.5.3) and (13.5.4) 
is called the Jacobi-trapezoidal-Legendre rules in this chapter. 


In computation, the number M;,) of collocation equations (13.5.3) and (13.5.4) 
may be larger than the number Nj.) of FS (or SHF) (i.e., Mio > Niol), to give an 
overdetermined system, Fx = b, where F € RYN "(Mio > Nto) and b € RM, 
The traditional and the effective condition numbers are defined in [162] as Cond = 


gmx and Cond_eff = bl respectively, where the Omax and the Omin are the maxi- 


: F ’ 
Onin Gmin lix] 


mal and the minimal singular values, respectively. Define the errors 


1 
2 
lla = mgle ely =4 fash, e= u- iin. 


For the Jacobi-trapezoidal-Legendre rules, denote the collocation equations by 
C(m1, m2, m3), where m1, m2, mg are the partition numbers along r, @, z, respec- 
tively, and the total number Mso = 2m,m2+m2m3. In computation, we simply 
choose C(m4, m2, m3) = (8, 24,12) with Mio. = 672. 


13.5.2 By MFS 


First, we test the source nodes Q; given in (13.4.1) (see Figure 13.4). Choose the 

solution (13.5.2) at k = n = 1 with ||ul|,, = 0.228 and ||ulļ|ọ = 0.377. The numerical 

results are given in Table 13.1, where nı (= M) and n (= 2M) are the partition 

numbers along 0 and @¢, respectively. Then the total number of FS used is 

Nitot = nin. All tables in this chapter are computed by double precision. For 

R= V2, we have from Table 13.1 

llell o = O(0.78"), |lel|) = O(0.75"), Cond = O(5.3™), Cond_eff = O(1.4™). 

(13.5.5) 


For R = 2, we have from Table 13.1 


lell = O(0.60"), |jell = O(0.57"), Cond = O(8.1"), Cond_eff = O(1.9"). 
(13.5.6) 


Based on Theorem 13.4.1, when rmax = V1+0.5? = 1.118, we have the key con- 
vergence rates at R= /2,2, as 


o( (=)") = o(() *) = 0((0.79)"), (13.5.7) 
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Fic. 13.4 — The source nodes Q;; located on the sphere Sp with radius R, based on (13.4.1) at 
M=8. 


Tas. 13.1 — The errors and the condition numbers for spherical source nodes via the 
trapezoidal-Gauss rules at R = /2,2 and n= k = 1 with C(8, 24,12). 


Omax Omin | | x | | Cond Cond_eff 


1.25 8.79(-6) 1.42(5)  3.96(3 
3.10  8.18(-17 3.79(16)  2.94(5 
3.72 7.01(-17 5.31(16) — 1.39(6 
1.70(-6) 5.71(5)  8.55(3 
4.24(10)  4.26(8 

1.29(16)  2.70(6 

4.43(16)  1.38(7 

5.21(16)  2.40(8 


o( (=) ") = o((=) o) = 0((0.56)”). (13.5.8) 


The numerical convergence rates in (13.5.5) and (13.5.6) coincide with (13.5.7) and 
(13.5.8) very well, thus supporting the error analysis in Section 13.4. 


Besides (13.4.1), we test other locations of the source nodes Q, on the same 
pseudo-sphere. We do not implement Lebedev [134] and Beetjes [21] in computation 
because their algorithms are rather complicated. The following uniform partitions 


3D Problems 327 


on the sphere are simpler than (13.4.1), Qj := (xy, yy, zi) = (R sind; cosd,, 
R sinb; sing;, R cos0;), where the uniform partitions in both 0 and ¢ are given by 


1\_ _ 
0; = (-3) h i=1,2. un, h=, m=M, (13.5.9) 
2 ny 
1 2 
$; = (i-5)4 (= 1S cc, h=, m=2M. (13.5.10) 
n2 


The uniform rule (13.5.10) is of the trapezoidal rule along @¢ € [0,27]. The Gauss- 
Chebyshev rule is given in [72, p.98, (2.7.13)], 


~ 


1 x M 
| feee= Ie. 


where z; = cos(24+ n) = cos0; with i= 1,2,..., M. Hence the 0; in (13.5.9) is of the 
Gauss—Chebyshev rule. Both the Gauss—Chebyshev rule and the Gauss—Legendre 
rule have the same precision of degree 2M — 1 (see [72]). Choose the uniform par- 
titions in (13.5.9) and (13.5.10), and the numerical results are given in Table 13.2. 
For R = V2, we have from Table 13.2 


lell = 0(0.53"), |jella = O(0.51™), Cond = O(6.4"), Cond_eff = O(4.8"). 


(13.5.11) 
For R= 2, 
lell = 0(0.41"), [lel], = O(0.39"), Cond = 0(7.8"), Cond_eff = 0(3.9"). 
(13.5.12) 


Comparing (13.5.11) and (13.5.12) with (13.5.5) and (13.5.6), we conclude that the 
uniform partitions in (13.5.9) and (13.5.10) provide a better performance in accu- 
racy and stability than (13.4.1); the error analysis may be developed by following 
Section 13.4. 


Tas. 13.2 — The errors and the condition numbers for spherical source nodes via the uniform 
rules in (13.5.9) and (13.5.10) at R= /2,2 and n = k = 1 with C(8, 24, 12). 


1.09(—4) 1.17(4)  3.94(2 
1.89(-7) 1.00(7) — 3.86(5 
1.41(-10) 1.79(10)  1.94(6 
5.91(-14) 5.36(13)  6.58(10) 
1.90(-5) 5.16(4) — 1.03(3 
1.50(-8) 9.79(7)  2.02(6 
5.37(-12) 3.64(11) — 1.92(8 
9.89(—16) 2.47(15) 1.26(10) 
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Since Q in (13.5.1) is a cylinder, it is natural to choose the source nodes on a 
cylindrical pseudo-surface S* (see Figure 13.5). Denote S* = S} U S% with an equal 
distance A(>0) to the domain boundary IT, where two cover disks Sj = 
{(r, d)]0<r<1+A,0<< 2x} at z= +(# + 4), and the surrounding cylindrical 
surface $3 = {($,2)|0<<2n,-(£+A)<z<4+A}. The cylindrical source 
nodes Q; € S” are chosen via the Jacobi-trapezoidal-Legendre rules as in (13.5.3) 
and (13.5.4). The numerical results are given in Table 13.3, where n1, nz, ng are the 
partition numbers along r, d, z, respectively. Then the total number of FS used is 
Neot = 2ni n + nong. For A = 0.5, we have from Table 13.3 


lella = O(0.55"),  Ilell = O(0.55"), Cond = O(4.4"), Cond_eff = 0(3.3"), 


(13.5.13) 
and for A = 1, 
llelo = O(0.37"), lela = O(0.37"), Cond = O(8.1™), Cond_eff = O(6.9™). 
(13.5.14) 


To compare the spherical and the cylindrical source nodes, we count the convergence 
rates and the growth rates of Cond via a number of total FS used by Nto = nine 
and Nto = Znin + nong, respectively. We have from Table 13.1 at R = 2 and from 
Table 13.3 at A = 1 


PA 
0.0 | 
S 


> 
 \ 


Fic. 13.5 — The source nodes Q,j located on the outside cylindrical surface S* with A = 0.5 at 
(n, 2,3) = (4, 8, 4). 
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TAB. 13.3 — The errors and the condition numbers for cylindrical source nodes via the 
Jacobi-trapezoidal-Legendre rules at A = 0.5,1 and n = k = 1 with C(8, 24, 12). 


Cond Cond_eff 
) 8.17 

7.36(4) 4.94(2 
) 3.27(6 

3.53(10) 1.38(7 


6.12(3)  3.14(1 
8.14(6) —-2.98(4 
1.03(12) 1.99(9 
4.98(14) _ 3.68(11) 


2 2 
4 4 
6 6 
8 8 
2 2 
4 4 
6 6 
8 8 


llel = 0(0.963""), Cond = O(1.10"), (13.5.15) 
llel = 0(0.967%"), Cond = O(1.07%"). (13.5.16) 


From (13.5.15) and (13.5.16), the slower convergence rates but better stability 
result from the cylindrical pseudo-surface. One criterion for stability may be 


viewed by ||x|| = ,/>0,,¢; Comparing ||x|| among three different source nodes in 


Tables 13.1—13.3, the spherical pseudo-surface via the trapezoidal-Gauss rules in 
Table 13.1 offers the largest, but the cylindrical pseudo-surface via the Jacobi- 
trapezoidal-Legendre rules in Table 13.3 offers the smallest. Furthermore, when 
severer instability occurs, the truncated singular value decomposition (TSVD) 
may be solicited to seek better numerical solutions (see [162, Chapter 13] and 
[167, 259]). 


The case of k = n = 1 represents the highly smooth solutions (more results were 
reported in Chi [60] via uniform partitions). We also choose the solution (13.5.2) at 
k=n=4 with |lu||,, = 1.02 and ||u||, = 1.28. The numerical results are given in 
Tables 13.4-13.6. The convergence rates and the growth rates of Cond at n = k = 4 
are similar to those at n = k = 1; details of discussions are omitted. Denote the 


-E and hs, From Tables 13.1-13.6, the relative errors with 


10(—7) at n = k = 1 and 10(—5) at n = k = 4 can be obtained from 288 (or 384) FS 
with 672 collocation equations; a modest computational effort for 3D problems. 


relative errors by 


Tas. 13.4 — The errors and the condition numbers for spherical source nodes via the 
trapezoidal-Gauss rule at R = 2 and n= k = 4 with C(8, 24,12). 


nı ng Cond Cond_eff 
6 12 | 3.11(-3) 5.52(-3) | 1.45 3.43(-11) : 4,24(10) 2.85(4) 
8 16 | 9.51(-4) 7.76(—4) | 1.93 1.43(-16) . 1.39(16) 1.93(5) 


10 20 | 9.23(-5) 6.31(-5) | 2.42  3.62(-17) | 2. 2.30(17)  1.58(6) 
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TAB. 13.5 — The errors and the condition numbers for spherical source nodes via the uniform 
rules in (13.5.9) and (13.5.10) at R= 2 and n= k = 4 with C(8, 24,12). 


nı ng Cond Cond _eff 
6 12 | 4.02(-3) 5.80(-3) | 1.47 1.50(-8) 4 9.79(7) 1.15(3) 
8 16 | 2.75(-4) 2.55(—4) | 1.96 5.37(-12) ; 3.64(11) 4.01 (6) 
10 20 |6.08(-5) 4.16(-5) | 2.45 9.89(—16) : 2.51(15) 1.26(8) 


TAB. 13.6 — The errors and the condition numbers for cylindrical source nodes via the 
Jacobi-trapezoidal-Legendre rules at A = 1 and n = k = 4 with C(8, 24,12). 


n ng Cond Cond_eff 
2 4 5.27(-1) 7.80(-1) | 1.01 = 1.65(—4) e 6.12(3) 5.19 

4 8 1.36(—4) 1.30(—4) | 2.05 2.52(-7) ; 8.14(6) 3.53(3) 
8 16 8.52(-5) 8.47(-5) | 4.15 8.37(- : 4,98(14) 1.12(9) 


Remark 13.5.1. Let us give some comments on the choices of source nodes. 


1. The source nodes are located, based on the abscissas of quadrature rules, on 
pseudo-surfaces outside Q. Since the integration errors are part of numerical errors, 
the product rules of the trapezoidal and Gaussian rules will yield higher accuracy. In 
fact, for the MFS in 2D, the source nodes are located uniformly on the pseudo-circles, 
which are, indeed, of the trapezoidal rule (see Lemma 13.4.1). The fast convergence is 
imperative for the MFS to reach satisfactory solutions for scientific/engineering 
problems because a less number of FS is used so that rounding errors would not 
pollute the final numerical solutions. This is one efficient way to handle the severe 
instability of the MFS for wide applications [150, p.47]. 


2. In 8D problems, the source nodes are located at the intersections of coordinate 
grids, based on the abscissas of quadrature rules, called “the grid-like” source nodes 
in this chapter; see Figures 13.4 and 18.5 (ref. [204, p.125, Figure 4.5.1]). For the 
smooth pseudo-surfaces outside Q, the grid-like source nodes can also be found from 
the latitude and longitude of the unit sphere U via the parameter mapping as in the 
BEM in [13, 55]. The grid-like source nodes without extra-computation are not 
“meshes”, and they are simple, effective, and significant for the MFS in 3D problems. 
Even for the radial basis function (RBF), the grid-like source nodes may yield high 
convergence rates; see [169, Chapter 7]. 


13.5.3 By MPS 


For the MPS using the SHF in (13.2.23), no source nodes exist. The results are given 
in Table 13.7. For n = k = 1 we find 


lello = O(0.15%), Ilell = O(0.15%), Cond = 0(1.8%), Cond_eff = O(1.7%). 
(13.5.17) 
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TAB. 13.7 — The errors and the condition numbers by the MPS using (13.2.23) at k = n = 1,4 
with C(8,24, 12). 


Cond_eff 

oe D 5. TE 4) ; 5.60 

1.08(-7)  7.50(-8) ; : ; ; 3.46(1 
2.54(-12) | 5. 1.78(2 
6.07(-14 3 2 ; f 2.31(3 


For the boundary T, ratio = = +8 = 2.236. The theoretical bound of the Cond is 
given from Proposition 13.2.3, 


Cond = o( (==) ) = 0(2.23"). (13.5.18) 


Tmin 


The numerical Cond in (13.5.17) is coincident with (13.5.18). Comparing the MPS 
with the MFS, the errors are smaller, and the relative errors 10(—13) at k= n= 1 
and 10(—8) at k = n = 4 can be obtained under double precision. More importantly, 
the moderate Cond and ||x|| = O(1) can be achieved. The numerical performance of 
the MPS is superior, but users must own the knowledge of the SHF in (13.2.4). In 
contrast, the algorithms of the MFS are simple and efficient by using the grid-like 
source nodes (see Remark 13.5.1); users need only to know the quadrature rules. It is 
due to the modest human effort needed that the MFS has become an attractive and 
competitive method for scientific /engineering computing. 


In summary, the algorithms, the error analysis, and the computation in this 
chapter have established a theoretical foundation of the MFS for 3D problems as 
Chapter 2 for 2D problems. They may be applied to the modified Helmholtz equation 
[222] and the Helmholtz equation [177] in 3D problems as in Section 13.7. In Remark 
13.5.1, the grid-like source nodes are simple and efficient, since the mathematical 
analysis and the numerical experiments have been provided in this chapter. 


13.6 Concluding Remarks 


To close this chapter, we provide a few concluding remarks. 


1. For the MFS in 3D Laplace’s equation, the error bounds are derived in Theorems 
13.4.1 and 13.4.2; the optimal polynomial convergence can be achieved. This 
chapter gives a strict error analysis of the MFS for 3D problems. 

2. For the MPS, the optimal convergence rates and the exponential growth rates of 
Cond are derived in Propositions 13.2.1 and 13.2.3 This error and stability 
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analysis is also a new development of the book [169], where the MPS was 
discussed only for 2D problems. 

3. Numerical results in Section 13.5 support the theoretical analysis made. Besides, 
the source nodes Qj; are located on spherical and cylindrical pseudo-surfaces 
outside Q, with numerical comparisons. The grid-like source nodes are simple and 
efficient; see Remark 13.5.1 

4. The algorithms, the error analysis, and the computation in this chapter have 
established a theoretical foundation of the MFS for 3D problems as Part I for 2D 
problems. Their applications to 3D Helmholtz equations are given in the 
appendix below. 


13.7 Appendix: 3D Problems of Helmholtz Equations 


The algorithms and analysis of the MFS in this chapter may be developed for 3D 
problems of Helmholtz equations. In this section, we only give the PS, the FS, and 
the important addition theorems. The error bounds may be derived similarly; details 
are omitted. 


13.7.1 Interior Dirichlet Problems 
Consider the interior Dirichlet problem (IDP), 


Vutk’u=0, (2, y, 2) in Q, (13.7.1) 
u=g, (x,y,z) on S, (13.7.2) 


where Q is the 3D bounded simply-connected domain, S = 0Q, g € C, and k? (> 0) 
is not an eigenvalue of Laplace’s operator. The particular solutions of (13.7.1) are 
given in [223, p.721], 


u(p, 6, ¢) = Yl kp) Y ,) 


N 
N Nin (kp) i" n(cos0) + 3 P” (cos6)( )(@nmceos(m@) + bn, “oh 
n=0 


m= 


where the complex coefficients an, n,m, Onm E C, jnl =£ Ja +4 are the 


spherical Bessel functions, and Y? (0, ġ) are the a harmonic Aah in 
(13.2.17). From [1, p.437], we have 


From [1, p.440], we have the addition theorem. 
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Theorem 13.7.1 (Addition Theorem A). For A <r, the FS in 8D have the expansions, 
ik[PQ] œ% Jn silk (hr) 
—_ = in) “(2n+1) tise) © 
[PQ = vP vr 


{Paleo Palo 


+2 5 aom P\™) (cos0) P™ (cosé)cosm(¢ — n} 


= E (kp) yn) (k " n(cos0) P,,(cosé) 


n=0 
+2 > p” (cos) Ê  Ccosëcosm(¢ =n) \ p<r, 


m 


where the normalized functions P (x) are defined in (13.2.14). 


13.7.2 Exterior Dirichlet Problems 


Consider the exterior Dirichlet problem (EDP) in the unbounded Q% with the 
smooth interior boundary Sin, 


V’u+k’u=0, (2,42) E€ Qo, (13.7.3) 
u= g, (2, yY, z) = Sin; (13.7.4) 
lim a — iku} =0, (13.7.5) 
r>œ (Or 


where g € C. The equation (13.7.5) is called Sommerfeld radiation conditions at 
infinity. For (13.7.3)-(13.7.5), there always exist unique solutions. The particular 
solutions of (13.7.3) and (13.7.5) are given in [223, p.721], 


u(p,0, 8) = XO AD (kp) Y2 (0, 8) 


n=0 


N S AY) tn) ok P,,(cos@) + 3 p™ (cos0)(an,m cos(m@) + bn. m sin(m@)) \ 


n=0 


From Sauter and Schwab [210, p.102], the FS satisfying (13.7.3) is given by G;(|PQ]) 
— dAlPal 


= ‘Pa: From Theorem 13.7.1, we have the addition theorem, 


eiklPQ| 


Po oe hD (kp wel (cos) P,, (cosé) 


+2 3 p" (cos) Ê ™ (cosé)cosm(p — ny}, p>r. 
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Note that when the source nodes are located on a sphere Sp with radius 
R<min plz, the function j,(kR) =0 (ie, J,41(kR) =0) causes the spurious 
eigenvalues. By the following Chapter 8, we choose the new combined FS, 


o —— = 7 
W(p,0) = (= +ik) Gi(|PQ|) = DG; (Ve +p? —2Rp cox(®)), (13.7.6) 
where the operator D = (4 +ik) and cos(®) = cos@ cosé + sin0 sinë cos(@ — n). 
In (13.7.6) the derivatives are 


Oa ð zatu Ë 
zr CPR) = aq CCPR) x ggl Pel 


ðR ~ ƏJPQ] 
— iKPQ (R— — E ik[PQ] 
= (ik[PQ| - 1) —, x Ciim ea = (ik|[PQ] — 1) (R — pcos®) —. 
|PQ| |PQ| IPQ] 
The linear combinations of the new FS are given by 
N 
un = >> o¥;(p,0), Yl, 0) = DGx(|PQ)l), (13.7.7) 
j=l 


where cj E€ C are the complex unknown coefficients. The collocation equations are 
given by 


N 
V Ny cP; (0¢, 00) = vy Ahe f (Pe, 00), (Po, Oe) € Sh L= 1,2, esi M, 
j=l 


where M > N. Once the coefficients c; are found, we obtain the solutions from 
(13.7.7). The remarkable advantage of the modified MFS is free from spurious 
eigenvalues. 


Theorem 13.7.2 (Addition Theorem B). For p > R, the FS in 3D has the expansions, 


ik|PQ| œœ A g 
>| rt = i2k X hP (kp)Dj,(kR) P.,(cos0) P,(cosé) 
n=0 


+2 5 P™ (cos0) P”” (cosé)cosm(ġ — n) \ 


Part III 


Selection of Source Nodes 
and Related Topics 


Heaven’s net is indeed vast. 
Though its meshes are wide, 
it misses nothing. 


Lao-Tzu, c.571-c.471 B.C. 


Seeking better source nodes is the goal of Part III, which consists of four chapters. 
In Chapter 14, comparisons are first discussed for the method of fundamental 
solutions (MFS), the method of particular solutions (MPS) and the MFS-QR in [10], 
and then for different source nodes. The MFS-QR also plays a role in bridging the 
MFS to the MPS. The sensitivity index in (II.2) is proposed to be a criterion for 
better methods and better source nodes. In Chapter 15, stability analysis is made for 
the smooth closed pseudo-boundaries. Better pseudo-boundaries for amoeba-like 
domains are reported in [253]. In Chapter 16, we discuss the singularity problems 
from the source functions as the source nodes are located near I’. Reduced con- 
vergence rates are derived for the MPS and the MFS. Then new removal techniques 
are proposed to recover the optimal convergence rates. In Chapter 17, new locations 
of the source nodes are proposed. Since the algorithms using one pseudo radial-line 
are divergent, we propose the algorithms using two pseudo radial-lines. Since the 
success of the MFS mainly depends on stability, both the lower and the upper 
bounds of condition numbers (Cond) are derived. Numerical results are encouraging 
and promising. The new algorithms using pseudo radial-lines may also become a new 
competent boundary method in the MFS family. 


Since the source nodes in the MFS are located outside the solution domain S, an 
essential issue in computation is how to select the source nodes. For the MFS, high 
accuracy and ill-conditioning coexist in computation. We propose the sensitivity 
index in Chapter 14. Suppose that the errors and the Cond can be expressed 
exponentially, 


llellor = O(a%),a<1, Cond = O(b%), b>1, (II.1) 
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where a and 0 are two constants independent of N. Define the sensitivity index by 
Cond via errors as 


k=- (1.2) 


The index x also indicates the severity of ill-conditioning. The smaller x is, the better 
stability occurs, and so is the better numerical performance. Better source nodes are 
also related to solution regularity and domain shapes. In general 2D domains, the 
circular pseudo-boundaries are the first choice. For elliptic domains, peanut-like 
domains, and long-narrow domains, the elliptic pseudo-boundaries are better. When 
the source nodes move away from boundary T, the errors of solutions decrease but the 
Cond also increases. For singularity solutions, the pseudo-boundaries near I will 
offer a better numerical performance based on the sensitivity index. However, once 
the singularity is removed as in Chapters 1, 5 and 16, the circular/elliptic pseudo- 
boundaries become optimal, and the basic analysis in error and stability has been 
established in Parts I and II. 


For the analysis of better source nodes, stability is more imperative than accu- 
racy, and the elliptic coordinates will play a key role. The elliptic coordinates are 
discussed in Li et al. [180] and employed in Chapter 6 for elliptic pseudo-boundaries. 
Below, we give some basic formulas, which are often used in Chapters 14-16. The 
elliptic coordinates are defined in [180] by (see Figure 14.1) 


x = o coshp cosh, y = sinhp sin0, (1.3) 
where c > 0, and two coordinates (p, 0) with ranges 0 < p<oo and 0 < 0< 27. When 
P = Po € (0,00), the equation (II.3) leads to an ellipse 

e 2 
2 T : “ 2 
a? cosh (pọ) œ sinh (po) 


= 1, 
where two semi-axes are a =o cosh(p,) and b = ø sinh(p,). For the given node P 


with the Cartesian coordinates (x, y), their elliptic coordinates can be found from 
[180]: 


p = sinh“! (F(z, y;o)), 0 = arccos G Z) ; (II.4) 


where F(x, y; o) = Tis ye + y? — 0?) 4 Væ + y2 — 6)? Hoy. 


Addition theorem (i.e., the series expansions) of the FS is also essential to sta- 
bility analysis for better selection of the source nodes. The elliptic coordinates (III.3) 
can be expressed by the complex number, 


z = zt +iy = ø coshu, (I.5) 


where w= p+i0 and i= v-—1. Denote the other node in the same elliptic 
coordinate system (III.5) by 
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zo = to tiyy = o coshwo, (1.6) 


where wọ = r+id. We give the addition theorem for the logarithmic function in 
elliptic coordinates. 


Lemma III.1 (Addition Theorem). In the same elliptic coordinate system (III. 3), 
denote two nodes z and z by (II.5) and (III.6), respectively. There exist the series 
EXPANSIONS, 


In|z — zo| = r+In(%) (III.7) 


-2 ae ~""Scosh(np)cos(n0)cos(n@) + sinh(np)sin(né)sin(nd)}, p<r, 


In|z — zo| = p+in(3) (III.8) 


z D ~"’{cosh(nr)cos(n#)cos(n@) + sinh(nr)sin(nO)sin(n@)}, p > r. 


Chapter 14 


Comparisons of MFS and MPS 


14.1 Introduction 


The estimates of errors and condition numbers (Cond) by the method of funda- 
mental solutions (MFS) are derived in Chapter 6 for elliptic pseudo-boundaries, and 
criteria for evaluating different numerical techniques are provided. Although accu- 
racy and stability are the most important criteria, high accuracy and good stability 
can not succeed simultaneously for one method, except for some methods, such as 
the null field method in [180] that is confined only to circular/elliptic domains. For 
the method of particular solutions (MPS) and the MFS, the high convergence rates 
can be achieved only for highly smooth solutions and circular/elliptic domains. For 
non-circular /non-elliptic domains, however, the Cond of both the MPS and the MFS 
grow exponentially (see Section 14.2). A balance between accuracy and stability 
must be taken to reach satisfactory solutions. In particular, severe ill-conditioning is 
a critical issue for the MFS in applications. In this chapter and Chapter 15, new 
estimates of Cond are provided in (14.2.18) for arbitrary pseudo-boundaries. 


When the source nodes move away from the domain boundary, the errors reduce 
but the Cond grows. Questions arise: how can we balance accuracy and stability and 
how can we choose better pseudo-boundaries? To respond to these questions, we 
propose a new sensitivity index of growth/convergence rates of the Cond via errors 
in (14.2.21). Better source nodes can be found based on the sensitivity index. For 
five-pedal-flower-like domains, different non-circular /non-elliptic pseudo-boundaries 
are tested numerically. Circular pseudo-boundaries are optimal for highly smooth 
solutions, but the pseudo-boundaries near the domain boundary may be better for 
singular solutions. This is the first goal of this chapter. 


The second goal is to compare the MFS, the MPS, and the MFS-QR in Antunes 
[8]. First, let us compare the MFS with the MPS. Both the MFS and the MPS have 
the optimal polynomial convergence rates and the exponential growth rates of the 
Cond. However, the Cond by the MFS grows faster than that by the MPS. As 
pointed out in Chapter 13, although the MPS is superior to the MFS in accuracy 
and stability, the MFS is attractive in wide applications since uniform and simple 
fundamental functions are used and since only a modest human effort is needed. 
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Next, we compare the MFS-QR with the MFS and the MPS. After exploration, the 
new basic functions in Antunes [8] are the very particular solutions (PS), and the 
MFS-QR may be regarded as a special MPS. The MFS-QR is not a variant of the 
MFS but a variant of the MPS. The MFS-QR also plays a role in bridging the MFS 
to the MPS. Both the MFS and the MPS can also be recognized as twins via the 
MFS-QR in the Trefftz family (see [169, 178]). 


In this chapter, we consider Laplace’s equation and choose the elliptic coordinates 
as in Chapter 6 for comparisons. This chapter is organized as follows. In the next 
section, the MFS and the MPS are discussed. In Section 14.3, the MFS-QR is 
applied for elliptic coordinates, and the characteristics of the MFS-QR are explored. 
In Section 14.4, numerical experiments and comparisons are carried out for 
five-pedal-flower-like domains, and different pseudo-boundaries are investigated 
for highly smooth and strongly singular boundary data. In the last section, a 
few concluding remarks are made. The materials of this chapter are adapted from 
[178, 251]. 


14.2 Two Basis Boundary Methods 


14.2.1 Method of Particular Solutions 


In this chapter, we solicit the elliptic coordinates (p,0) defined in Chapter 6 
and [180] by 
x =o coshp cos0, y =o sinhp sin0, (14.2.1) 


where ø > 0, 0<p<oo and 0< 0<2z (see Figure 14.1). When p = py € (0, 00), the 
equation (14.2.1) leads to an ellipse: 


2 2 


+ : = 
a? cosh°pọ o sinh’ py 


? 


where two semi-axes are a=ocoshp, and b= ø sinhpọ. When the Cartesian 
coordinates (x, y) are known, the elliptic coordinates are defined from (14.2.1), and 
the converted formulas are derived in [180, p.92] as (III.4) in Part III. For exploring 
the stability and the errors of arbitrary pseudo-boundaries, the elliptic coordinates 
with two parameters a and b are more effective. After the Cond are obtained from 
Lemmas 14.2.2 and 14.2.3, they may be converted to Cartesian coordinates in 
Propositions 14.2.1 and 14.2.2 for easy application. 


Consider Laplace’s equation with the Dirichlet boundary condition, 
Au=0in S,u=f oT, (14.2.2) 
where S is a bounded simply-connected domain, and F = OS its boundary. The PS 


in elliptic coordinates are given from Chapter 6 and [180], 


u(p, 0) = a+ 5 e™ (a, coshkp cosk0 + b, sinhkp sink0) := Pn + Rn, 
k=1 
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= 
0=3 


Fic. 14.1 — The elliptic coordinates with (p, 0), where Ri > po 
where pọ is a parameter, and the PS of degree n and the residuals are given by 


Pa = P,(p, 0) = a+ 5 e~o (a, coshkp coskO + b, sinhkp sink), (14.2.3) 
k=1 


Co 


5 e™*Po (ap coshkp cosk0 + p, sinhkp sink6), (14.2.4) 


k=n+1 


Rn = Rilp, 0) ears 


where {a;,};) and {B,};_, are the expansion coefficients. Let I be divided into small 


T; with the meshspacings A hy, i.e., T = UBS Ts: For simplicity, choose (pp, 0¢) as the 


midpoints of Ty. By using the PS in (14.2.3), we have the following collocation 
equations, 


y Ahe{ Palpe, 90) } 


k=1 


= y aif a + 5 e™™Po{a, cosh(kp,)cos(k0,) + B, saipa) } 
= y Ahe HANE (Po, 8c) Ely, L= 1, 2,...,M. 


(14.2.5) 


The equation (14.2.5) is denoted by 
Py = b, (14.2.6) 


where matrix P € RY*Y(M > N) and vector y(€ RY) = {a9, 01, Bis- - +5 ony By} 


with N = 2n +1. The algorithms of (14.2.5) are called the method of particular 
solutions (MPS). 
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The errors of the MPS are provided in Chapter 6 as 


le- allo = O(s) P>} (142.7) 
where ||ul|, s are the Sobolev norms. The equation (14.2.7) is called the optimal 
convergence rates. Let fmin = min p|p and rmax = max p|p. Denote two ellipses by 
Sp at p = Tmin and p = Tmax. Also denote two semi-axes of Sp n by amin and bmin, and 
two semi-axes of S, „7 by Qmax and bmax. We have the following theorem, whose proof 
is given in [251]. 


Theorem 14.2.1. Let (14.2.3) at Po = Tmin be chosen. There exists the bound, 


max T bmax " 
Cond(P) = O(e" =r) = o( (p=) }. (14.2.8) 


Amin T bmin 


For the elliptic domain S with Tmax = fmin, Cond(P) = O(1). 


The Cond in (14.2.8) has the exponential growth via n, and it is valid for a 
non-elliptic boundary T. In [169] the MPS are discussed in Cartesian and polar 
coordinates. Moreover, the null field method is studied in elliptic coordinates in 
[180], but it is confined to elliptic domains. The MPS in this section is also a 
development of [169, 180]. 


14.2.2 Method of Fundamental Solutions 


Denote node P = (p,0) and source nodes Q; = (Rj, ġ;). The source nodes Q; are 
located on a closed pseudo-boundary Ir outside S. Choose the fundamental solution 
(FS), 


©;(,0) = In| PQ), [PO] = y R+ p? — 2Rjpcos(0 — ¢;). (14.2.9) 


We obtain a linear combination of FS as 


N 


N 
uy = X ejln[PQ;| = X ¢j®;(p, 0), (14.2.10) 
j=l 


j=l 


where c; are the coefficients. From the Dirichlet boundary condition in (14.2.2), the 
collocation equations are given by 


N 
VAUX 64®;(0,, 00) = Vihe Fpr bi), (Pebe) ET, €=1,2,..,M, (14.2.11) 
j=1 


where M > N. The equation (14.2.11) leads to an overdetermined system, 
Fx =b, (14.2.12) 


where matrix F € RY*Y(M > N), and vectors x = {c1, @,...,ev}’ € RY and b € 
R“. 
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The error and stability analysis in Chapter 6 is explored for elliptic pseudo- 
boundaries. Suppose that the source nodes are located on an outside ellipse I’ at 
p= R> Tmax = max plr- Denote two semi-axes of Ig by ag and br. To guarantee the 
non-singularity of the matrix F in (14.2.12), we assume (see Chapter 6) 


b 
R+In(=) = in( z) +0, ie, on bg £ 2 (14.2.13) 


We have the following lemma from Chapter 6. 


Lemma 14.2.1. Let the solution u € H?(S) with p > 1 and (14.2.13) be given. When 
N is large, for the elliptic pseudo-boundary at p = R, there exists the bound, 


= — Tma —2n TU Tmax — Tmi 1 
ju = unllor < cfe (R-Tmax)(N—-2 ) e (Tmax— Tmin) + pls (14.2.14) 


where Tmax = Max plr, Tmin = min p|r, and C is a bounded constant independent of 
N and n. Also there exist the optimal polynomial convergence rates, 


1 1 
|u— uror = (lhl) = O( lhl) 


N(Tmax = Timin) + (p B 1/2)Inn 
R — Tmax ` 


provided that the N (> 2n) satisfies N > 2n4 


Note that the relaxed assumption u € H?(S) with p > 1 is given in Lemma 14.2.1 as 
in Chapter 6. This relaxed assumption is imperative for the strongly singular 
boundary data discussed in Sections 14.4.2 and 14.4.3, where the solutions only have 
u € H'+°(S) with 0<6 < 1. Note that under (14.2.13), a constant is unnecessary to 
add in the FS in (14.2.10) based on Lemma 14.2.1. For the circular pseudo- 
boundaries with radius R Æ 1, the constant is also unnecessary. However, for the 
non-circular /non-elliptic pseudo-boundaries £g, for which the degenerate scales may 
occur, adding the constant may be helpful in the convergence and non-singularity of 
the discrete matrices. 


Below, we discuss stability. Denote two semi-axes az and bp for the elliptic pseudo- 
boundary at p = R, and denote the elliptic boundary T at p with two semi-axes a and b 
satisfying a+ b< ar + br. We cite Theorem 6.4.1 in Chapter 6 as a lemma. 


Lemma 14.4.2. Under (14.2.13), for the elliptic boundary T, there exists the bound, 


N 


1 R\ F DIAN 
Cond(F) < Cmax, ———, N > x (5) < CN x (= 2) l 
In (44) e? a+b 


Consider a non-elliptic I. Suppose that there exists a positive constant u (> 1) 
independent of N such that 


loli r < CN*|lullor, ve Vw, (14.2.15) 
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where Vy is the set of (14.2.10), and C a bounded constant independent of N. 
Denote an ellipse Imin at Pp = Tmin = min ply, and its semi-axes by amin and Din. We 
cite Theorem 6.4.2 in Chapter 6 as a lemma. 


Lemma 14.2.3. Under (14.2.13) and (14.2.15), for the non-elliptic boundary T, 
there exists the bound, 


i 1 R\? 
Cond(F) < CN? max, ——_., N? x kan 
In (= + x) emin 


N 
< ONIH x (=H). 


Qmin T bmin 


(14.2.16) 


Let us compare the MFS with the MPS at N = 2n + 1. From (14.2.7) and Lemma 
14.2.1, both the MFS and the MPS have optimal polynomial convergence rates, 
although the MFS has some extra errors. When the solutions are analytic, both 
methods may reach exponential convergence rates. Although the theoretical con- 
vergence rates are the same, the numerical convergence rates of the MPS are faster. 
From Theorem 14.2.1, Lemmas 14.2.2 and 14.2.3, both the MFS and the MPS have 
exponential growth rates of Cond. However, the MFS has a larger Cond because a 
larger base occurs: ag + br > Qmax + bmax. Then we give the following corollary. 


Corollary 14.2.1. Both the MFS and the MPS have optimal polynomial convergence 
rates and the exponential growth rates of Cond. However, the MPS is superior to the 
MFS in accuracy and stability. 


Since the PS may satisfy partially the boundary conditions, the MPS can offer 
better numerical performance in accuracy and stability. In particular, when corner 
singularity occurs, the singular particular solutions can be chosen as in [169]. 
The MPS is more advantageous to deal with singularity problems than the MFS. 
The combination of both FS and PS is a good technique for singularity problems. 
For corner singularities, some additional techniques may be employed for the MFS 
(see Chapter 1 and Section 6.6). For a given governing equation, since the FS is 
uniform and unchanged, the algorithms and programs of the MFS are simple. It is 
due to the modest human effort needed that the MFS has become an attractive and 
competitive method for scientific/engineering computing. 


The estimates in (14.2.16) involving elliptic coordinates may not be convenient in 
application. Below, we provide a simplified estimate for Cond in Cartesian coordi- 
nates. To avoid confusion, denote the polar coordinates as (p°, °) with the super- 
script “o” in this section. Suppose that the domain boundary T is star-like, which can 
be denoted by a single-valued function p° = p°(¢°), where Pin < p°(@°) < Plax: We 


have the following proposition, whose proof is given in Chapter 15. 


Proposition 14.2.1. Let the conditions in Lemma 14.2.3 be given. For the elliptic 
pseudo-boundary at R(> Tmax) with semi-axes ag and bp, there exists the bound, 


pes NAN 
Cond(F) < (e) eien 


o o 
max P min 
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We are interested in an arbitrary pseudo-boundary I*. Choose the source nodes 
(Ri, ġ;) € T* with R;< R, and also denote an ellipse by [T'R at p = R with semi-axes 
ar and br. Suppose that the I* can also be denoted by (p°(¢°),¢°) with 
Pinin < P° < Prax There also exist the bounds, 


>1. 


=o =o S aR T bR 
Pmax < ap, Pmin < bR, B == 


fe} =O: 
Pmax T Pmin 


In Chapter 15, the estimates (14.2.16) are proved for the source nodes (R;, ġ;) on a 
non-circular /non-elliptic pseudo-boundary I*. We give the following proposition for 
arbitrary pseudo-boundaries. 


Proposition 14.2.2. Choose the source nodes (Ri, ġ;) € T* with R;< R, and denote 
Phas = Max p°|r and p>, = min p°|re. Suppose that there exist no degenerate scales 
for T*, then we have the bound, 


=o 50. \ (1+7)N/2 
Cond(F) < CNC +8) Gee . 


o hee. o 
p max P min 


(14.2.17) 


where y > 0, Piin < P° < Praax ANA Phin < P° < Prnax Moreover, 


Petia pal 
Cond(F) < o (Gass + Pim ) , p>. (14.2.18) 
P max T Pmin 2 

For general pseudo-boundaries, the Cond in (14.2.18) is also exponential, which 
is coincident with circular/elliptic pseudo-boundaries in Chapters 2 and 6. How to 
balance accuracy and stability and how to compare different pseudo-boundaries are 
essential in computation and application [150]. Suppose that the solutions are 
analytic; we have the exponential convergence rates from Lemma 14.2.1, 


llelo r = O(a"), a<1, e= u— uy. (14.2.19) 


The exponential growth rates of Cond are also denoted as 


Cond = O(b%), b>1. (14.2.20) 


Definition 14.2.1. Let the convergence/growth rates of errors and Cond be given in 
(14.2.19) and (14.2.20). Define a sensitivity index « of Cond via errors, 
gan >0, a<1<b. (14.2.21) 
lna 
The index x also indicates the severity of ill-conditioning. The smaller x is, the better 
stability via accuracy occurs. In particular, the index « = 0 indicates the excellent 
stability with Cond = O(1). The larger x is, the worse instability via accuracy occurs. 
When x < 1, the Cond growth rates are not faster than the convergence rates, at least 
half of the working digits will serve for accuracy. Suppose that double precision 
(i.e., 16 decimal significant digits) is used in computation, and the errors with O(1078) 
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can be achieved. The numerical algorithms may be regarded as “good” in stability. 
When 1 <x <2, at least, about one-third of working digits will serve for accuracy, then 
the errors with O(10~°) can be obtained by double precision. The errors with O(10~°) 
may satisfy the requirement in most engineering problems. In general, for small N, 
assume that |l€||) > = O(1) and Cond = O(1). For the general sensitivity index x, 


about 7+; x 16 significant digits of numerical solutions can be obtained. We list the 


corresponding accuracy of numerical solutions via « in Table 14.1. 


The sensitivity index is used in statistics for signal detection theory in [234]. The 
sensitivity index is also used in this chapter as the new definition in (14.2.21) by the 
severity of stability via accuracy for comparing different numerical methods and 
techniques. A significant application of the sensitivity index is for a better selection 
of pseudo-boundaries in the MFS. See Section 14.4. 


To measure the effects of ill-conditioning in the MFS, we proposed a ratio power 
«* in [150, (2.81)] 


cond = o( : . (14.2.22) 


llellor 


From (14.2.22) define the original sensitivity index as x* = — mde) > 0. We can 


show « ~ k* for large N(œ 1) in [251]. 


We will invoke the sensitivity index x for selecting better pseudo-boundaries in 
the MFS: the smaller x is, the better pseudo-boundaries are. We may also use the 
original sensitivity index x* to select better pseudo-boundaries and better regular- 
ization parameters in the Tikhonov regularization (TR) [259]. Moreover, the sen- 
sitivity index can also be used to compare the MFS, the MPS, and the spectral 
method. The advantages of the sensitivity index will be illustrated in numerical 
examples in Section 14.4. 


Tas. 14.1 — Significant digits of the numerical solutions obtained by double precision via the 
sensitivity index x with some comments on stability /instability. 


a] Ga 


Significant digits 
Stability excellent excellent very good 
Instability 


severe very severe 


14.3 The MFS-QR 


14.3.1 Algorithms in Elliptic Coordinates 


To reduce the severe ill-conditioning, Antunes [8] proposed the MFS-QR algorithm. 
Based on the QR decomposition, some new good basis functions were sought instead 
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of the FS basis functions. The source nodes of the MFS-QR are confined to 
circles/ellipses with uniform distribution. The source nodes on circles are discussed in 
[8] and Section 14.4 below. In this section, consider source nodes on an ellipse at 
p= R. Elliptic coordinates in (14.2.1) can be expressed by the complex 
z= «£+iy =o coshw, where w = p +i0 and i= /—1. Denote the other node in the 
same elliptic system by zp) = zo + iyo = o coshwo with wọ = r+id. Also, denote P = 
(p, 0) and Q = (r, p). We have from addition theorem in Lemma III.1 in Part III 


In|z — zo| = In| PQ] (14.3.1) 
o “1 _.. : f : 
=r+ (2) -2 > — e ™ (coshnp cosn@ cosno + sinhnp sinn sinn), p<r. 
n 
n=1 


Choose the source nodes Q; = (R, ġ;) with R > rmax = max p|p. From (14.3.1) we 
have 


= 1 
In|PQ;| = R4 m($) 12 m e™”P(coshnp cosn0 cosno; +sinhnp sinnô sinng;). 


We choose the PS of degree n from (14.2.3) with parameter pọ (< R), 
P, = Pa(p, 0) = o + 5 e~o (a, coshkp cosk0+ p, sinhkp sink0). (14.3.2) 
k=1 


The coefficients between the MFS and the MPS are found from Chapter 6 as 


a % S mem(=po) in(mj 
ar on ie a h) + Pm h)) ?- 14.3.3 
cj H R+in@) 2 me (%m cos(mgh) + Bm sin(mjh)) (14.3.3) 


Under condition (14.2.13), the coefficients c; can be determined uniquely, and the 
matrix F in (14.2.12) is nonsingular. Otherwise, if ag + bg = 2, the degenerate scales 
are called in Chapter 6. Denote vectors x = { c1, .. ., cy}” and y (€ RY) = {a0, 01, By, 
<., An, Ba} with N = 2n+1. The coefficient relations (14.3.3) are denoted by 


x = GDy, (14.3.4) 


where the diagonal matrices, 


1 1 . s , ; 
D = — diag =Ê, e, ee ne ne S, (14.3.5) 
N R+m(3) 


: s d ss I ss 1 s 1 5 
D = Ndiag R+in(3), =e", er, Cg ee 
2 2 2 n 
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where ô = R— pọ, and 


1 cos¢, sing, cos2¢, sin2d, ++- cosnd,  sinnd, 
1 coss sing, cos2d, sin2d, --- cosnd, sinnds 

a= ; ; , (14.3.6) 
1 cosdy singdy cos2dy sinddy +- cosndy sinndy 


where ġ; = jh. Note that the matrix G is the same as “—B” in [8] and “B” in [9], but 
the diagonal matrix D is different in elliptic coordinates. For the matrix G by the QR 


decomposition, we have 
G = QR, (14.3.7) 


where Q and R are the orthogonal and the upper-triangular matrices, respectively. 
Hence, we have from (14.3.4) 


x = QRDy. (14.3.8) 
From [8], we use the following transformation from x to a new unknown vector z 
z=D"'Q'"x, (14.3.9) 
to give 
z =D 'Q’x =D 'Q7(QRDy) = D"'RDy. (14.3.10) 


By using the Hadamard product o of matrices, the equation (14.3.10) is rewritten as 
z = D'RDy = (T,oRoTa)y = (Tz o Tro R)y =(ToR)y=Ry, (14.3.11) 


where the upper-triangular matrix T = T; o Tẹ is given by 


ô ò 5-28 _ 9-26 -nò -nô 


l anG min® hQ WhO) | wn) eng) 
0 1 1 se? se? ee eae 
0 0 1 5 e7’ 5 eà 1 ete 1 eur 
pa | 0 0 0 1 1 2 er(n-2)8 2 p-(n-2)0 
0 0 0 0 1 ae 2 oe |? 
0 0 0 0 0 1 1 
0 0 0 0 0 0 1 
(14.3.12) 


where 6 = R— po. 
Define the vector of the basis functions for PS in (14.3.2) by 
(0,8) = {W1 (p, 0), Walo, 8), - -Wan 1(0:0)}" (14.3.13) 


— = . . = = . . T 
= {1,e ™coshp cos0, e ™sinhp sin0,..., e "’coshnp cosn0, e "sinhnp sinnô} . 
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The family of the MPS is called if the basis functions consist of (14.3.13) with a 
scaling. Let us summarize the original MFS-QR as follows: 
Step I. Let N =2n+1, formulate matrices D and G in (14.3.5) and (14.3.6), 
respectively. 
Step II. Carry out the QR decomposition (14.3.7) for G = QR. 
Step III. The conversion (14.3.11) is chosen, and the new basis functions are found 
as 


X(p, 9) = {Y1 (p, 0), ¥o(p, 8), .. Ey (p, 0)}" = (To R) ‘Wp, 0), (14.3.14) 


where N = 2n + 1 and W(p,0) are the PS in (14.3.13). 
Step IV. The collocation equations of the MFS-QR are given by 


N 
VAY dij (0¢, 00) = VAh f(pe, 9), £=1,2,...,N, (14.3.15) 


j=1 


where d; are the unknown coefficients to be sought. The equation (14.3.15) 
is rewritten as 


Qz=b (14.3.16) 


a 


RN 


where matrix Q € and the unknown vector z = { d1, d2,..., dy}". 


14.3.2 Characteristics of MFS-QR 


First, we examine matrices G in (14.3.6) and T in (14.3.12). The matrices G and T 
are independent of and dependent on source nodes, respectively. The Cond of the 
MFS is huge for large R in Chapter 6. When R— oo, however, the matrix 
R (= ToR) leads to 


Ria 0 0 0 0 0 0 
0 Roo Rə3 0O 0 0 0 
n 0 0 R33 0 0 -> 0 0 
R=] . . Yb ee a ; : j (14.3.17) 
0 0 0 0 0 ++ Ryna- RN-iN 
0 0 0 00- 0 Ryn 


where R;; (i<j) are the upper-triangular entries of matrix R in (14.3.7), which is 
independent of source nodes. We give the following lemma. 


Lemma 4.3.1. Let assumption (14.2.13) and an elliptic pseudo-boundary at p = R € 
[P9,00) be given. The MFS-QR eliminates the effects of source nodes on stability, 
based on similar transformation. For the MFS-QR, the new basis functions 7(p, 0) 
are a linear combination of the PS: Wp, 0) in (14.3.14), but the stability is not better 
than that of the MPS in (14.2.5). 
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Proof. We have from (14.3.10) 

y = DR 'Dz. (14.3.18) 
Substituting (14.3.18) into (14.2.6) gives 

PDR Dz =b. (14.3.19) 
Comparing (14.3.16) with (14.3.19), we have 


Q = PDŻÝR D = PH. (14.3.20) 
Since matrix D in (14.3.5) is nonsingular under (14.2.13), matrices H = D'R-'D 


and R`! are similar to each other. The similar matrices H and R™! have the same 
eigenvalues, which are independent of source nodes. Hence we obtain from (14.3.20) 


Cond(Q) = Cond(PH) < Cond(P) x Cond(H) < CCond(P), 
by noting C = Cond(H) > 1. This confirms the statements in Lemma 14.3.1. E 


The numerical experiments in [8] had shown no effects of source nodes on sta- 
bility. On the other hand, the PS may be converted to harmonic kernels in Schaback 
[101, 213], which have source nodes but do not need a pseudo-boundary. The 
MFS-QR acted as if the source nodes and their pseudo-boundaries were eliminated, 
an inverse action of harmonic kernels. 


Below, let us scrutinize the MFS-QR algorithm when the source nodes are lo- 
cated uniformly on an outside ellipse: Q; = (R, ġ;) with ¢; = jh and h = 22, We have 
the following lemma. 


Lemma 14.3.2. The upper-triangular matriz R in (14.3.7) from the QR decompo- 
sition is, indeed, a diagonal matriz. 


Proof. Matrix A is orthogonal if ATA = I, where matrix A” is the transpose of A, 
and I is the identity matrix. We have AT = A™!. Since (A7)* = (A7!) " = (AT), 
the matrix A’ is also orthogonal. Define a matrix Q, by 


1 1 een 1 


v2 v2 v2 
cosh coso +>  COSỌy 
J sin sin vee sin 
Gay) A ‘ae cae (14.3.21) 


wands dinaa aa vosindni 
sin(nd,) sin(n@,) --- sin(ndy) 


where N = 2n+1and 6; = j a We conclude that matrix Q; is orthogonal. We have 
from (14.3.6) and (14.3.21) 


Q,G= tng] VF, a or Va} =D), (14.3.22) 


where D; is a diagonal matrix. Then we have 


G = (Q) "Dj. (14.3.23) 
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The matrix (Q,)" is also orthogonal. From (14.3.23), matrix G is a product of 


an orthogonal matrix (Q,)’ and a diagonal matrix Dı. Since the diagonal matrix 
is also an upper-triangular matrix, the equation (14.3.23) is of the QR decom- 
position for matrix G. From [12, p.614], the QR decomposition is unique in the 
sense that the diagonal entries of R and Q; may have sign differences. When the 
diagonal entries of R are positive, the QR decomposition as (14.3.23) is unique 
(see [88, p.230, Theorem 5.2.2]). Hence, the upper-triangular matrix R in (14.3.7) 
is a diagonal matrix. E 


Theorem 14.3.1. The basis functions of MFS-QR are given in (14.8.27) below, which 
are converted from (14.3.13), by the scaling with factors Tr and Te Then there 


exists the bound, 
Cond(Q) < V2 Cond(P), (14.3.24) 


where matrices Q and P are given in (14.38.16) and (14.2.6), respectively. Hence the 
MFS-QR algorithms can be classified into the family of the MPS. The MF'S-QR is not 
a variant of the MFS but a variant of the MPS. 


Proof. From (14.3.9) we have z = D~'Q,x. The equations (14.3.8) and (14.3.10) are 
simplified as 


x = GDy = (Q,)’D,Dy, (14.3.25) 
z=D"'!Q,x = D“'Q,[(Q,)D,Dy] = D“'(D,D)y = Dıy. (14.3.26) 


From (14.3.26), (14.3.22) and (14.3.13), the explicit basis functions of the MFS-QR 
are found as 


1 
VN’ 


T 
|2 [2 
wE "Pocoshnp cosnd, ye sinhnp sono] 


= {P (p, 0), Po(p, 0),..., Pv (p, 0}, (14.3.27) 


bs 2 2 
7(p,0) =D; 'W(p, 0) = We | coshe cos0, Že rsinho sind, ..., 


where N = 2n+ 1. We have from (14.3.20) with R = D; 
Q=PD"'R'D=PD;,', (14.3.28) 
where matrix D; is given in (14.3.22). Then we have 
Cond(Q) < Cond(P) x Cond(D;") < V2 Cond(P), (14.3.29) 


where we have used Cond(D;!) = v2. E 
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Denote the solution from (14.3.27) by 


N 
vy = w(p,0) = X` di¥i(p, 9), (14.3.30) 
i=l 
where the coefficients d; are obtained from (14.3.15) by the MFS-QR. Also, denote 
the solution u, from (14.2.3) by 


Un = Un(p, 0) = a + 5 e~ oLa, cosh(kp)cos(k0) + B, sinh(kp)sin(k0)}, (14.3.31) 
k=1 

where the coefficients «;, and fp, are obtained from (14.2.5) by the MPS. We have the 

following corollary. 


Corollary 14.3.1. Let the solutions vy and un be obtained from the MFS-QR and the 
MPS, respectively. There exists the approximation, 


un(p, 0) © un(p, 9), (14.3.32) 
where N = 2n+1, and the coefficients have the following relations from (14.3.26), 


N N N N 
dı = V Na, dz © Ta dg & an -a dan & TE doan+1 © i (14.3.33) 


Remark 14.3.1. Note that the transformation (14.3.26) is slightly different from 
that via (14.3.10) as in [8]. The original basis functions (14.3.14) are replaced by 
(14.3.21), called the simplified MFS-QR in this chapter. To display their differences, 
we give numerical examples. Letting n=3 and N=7, we provide the explicit 
matrices G,, Q, R, Q; and Dj, as follows: 


1 0.6235 0.7818 —0.2225 0.9749 —0.9010 0.4339 
—0.2225 0.9749 —0.9010 —0.4339 0.6235 —0.7818 
—0.9010 0.4339 0.6235 —0.7818 —0.2225 0.9749 
—0.9010 —0.4339 0.6235 0.7818 —0.2225 —0.9749 |, 
—0.2225 —0.9749 —0.9010 0.4339 0.6235 0.7818 
0.6235 —0.7818 —0.2225 —0.9749 —0.9010 —0.4339 
1.0000  —0.0000 1.0000  —0.0000 1.0000 —0.0000 


G,= 


Bee eee 


—0.3780 0.3333 0.4179 0.1189 —0.5211 —0.4816 —0.2319 
—0.3780 —0.1189 0.5211 0.4816 0.2319 0.3333 0.4179 
—0.3780 —0.4816 0.2319 —0.3333 0.4179 —0.1189 —0.5211 
Q = | —0.3780 —0.4816 —0.2319 —0.3333 —0.4179 —0.1189 0.5211 |, 
—0.3780 —0.1189 —0.5211 0.4816 —0.2319 0.3333 —0.4179 
—0.3780 0.3333 —0.4179 0.1189 0.5211 —0.4816 0.2319 
—0.3780 0.5345 —0.0000 —0.5345 0.0000 0.5345 0.0000 


R = diag{—2.6458, 1.8708, 1.8708, —1.8708, —1.8708, 1.8708, —1.8708}, 
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0.3780 0.3780 0.3780 0.3780 0.3780 0.3780 0.3780 
0.3333 —0.1189 —0.4816 —0.4816 —0.1189 0.3333 0.5345 
0.4179 0.5211 0.2319 —0.2319 —0.5211 —0.4179 —0.0000 
Qı = | —0.1189 —0.4816 0.3333 0.3333 —0.4816 —0.1189 0.5345 |, 
0.5211 —0.2319 —0.4179 0.4179 0.2319 —0.5211 —0.0000 
—0.4816 0.3333 —0.1189 —0.1189 0.3333 —0.4816 0.5345 
0.2319 —0.4179 0.5211 —0.5211 0.4179 —0.2319 —0.0000 


D, = diag{2.6458, 1.8708, 1.8708, 1.8708, 1.8708, 1.8708, 1.8708}. 


The equalities, R= D; and Q = Q7, hold if different signs of entries are allowed. 
Since VN = V7 = 2.6458 and Z = V3.5 = 1.8708, Lemma 14.3.2 is supported 


numerically, and so does Theorem 14.3.1. For the original conversion (14.38.10), the 
explicit basis functions (14.38.21) are modified as 


%(p,0) = { m [Re Pecoship cos0, +/ Ze Msinhp sin0,..., 
T 
+/%e-™coshnp cosn0, +)/Re-™sinhnp sind} (14.3.34) 
= {Pi(p, 0), Po(p, 0), a n Pn(p, 0}, 
where N = 2n+1. Moreover, the approximations (14.38.33) are modified as 


IN IN IN N 
dy x +V No, də 7I go ds ea Po» way dən xI oom don +4 7I Pn 


(14.3.35) 


where the signs in (14.8.84) and (14.8.85) may be different in computation. The 
analysis above remains the same. 


Remark 14.3.2. The MFS-QR was designed from the MFS in [8] via the transfor- 
mation (14.3.14) to pursue better basis functions. The terminal algorithms fall into 
the MPS family. The MFS-QR is not a variant of the MFS but a variant of the MPS. 
The MFS-QR was also applied to the Helmholtz equation in [9]; it is not a variant of 
the MFS but a variant of the MPS in [149]. See Remark 9.4.1. However, the MFS-QR 
plays a role in bridging the MFS to the MPS; an inverse action of harmonic kernels in 
Schaback [101, 213]. The MFS and the MPS can also be recognized as twins via the 
MFS-QR in the Trefftz family [169]. The MFS and the MPS are two basic boundary 
methods, and the study of the MF'S-QR in this chapter provides deep comparisons to 
enhance their applications. 


Remark 14.3.3. The QR decomposition is used for orthogonalization in solving the 
least-squares problems, which is an important solution method to (14.2.12) from the 
MES. The solution methods do not change any stability of (14.2.12), based on the 
stability analysis in Golub and van Loan [88, Chapter 5], Higham [99, Chapters 18, 
19] and Li et al. [162, Chapter 1]. 
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Remark 14.3.4. In Fornberg and Piret [82], the flat radial basis functions on spheres 
were transformed into the spherical harmonic functions (SHF) called the RBF-QR 
techniques. The MPS is discussed in Chapter 13 (also see [249]) for Laplace’s equa- 
tion in the 8D bounded simply-connected domains, where the SHF are chosen as basis 
functions. The optimal polynomial convergence rates and the exponential growth rates 
of Cond are proved. For ball domains, the stability is excellent as Cond = O(1). From 
the analysis above, the RBF-QR techniques also fall into the MPS family. 


14.4 Numerical Experiments and Comparisons 


Numerical verification for the MFS-QR in Section 14.3.2 and comparisons among 
the MPS, the MFS, and the MFS-QR are provided in [251]. In this section, different 
pseudo-boundaries are compared via the sensitivity index, to seek a better selection 
of source nodes (see Chapter 6). Five-pedal-flower-like domains as in Figure 14.2 are 
chosen, and numerical experiments and comparisons are made. We first choose 
highly smooth harmonic functions for the Dirichlet boundary data and then an 
auxiliary logarithmic function in the next subsection. The boundary I is defined by 
the following parametric equation (see Figure 14.2), 


T = {(2, y)|z = p(0)cos0, y = p(0)sin0, 0< 0< 27}, (14.4.1) 


where 


1 
p(0) = P(Pmax; Pmin> 0) = i + z (Pina i; Pein) (1 _ cos(5@)), Pmax > Pmin > 0. 
(14.4.2) 


The domain with the boundary I defined by (14.4.1) and (14.4.2) is five-pedal- 
flower-like (or starfish-like). From (14.4.1) and (14.4.2) we have 


p'(0) = ih (oax — P2in)sin(50), ds = y (P0)? + p2(0)d0. (14.4.3) 


D C) See (b) 
10F | 10L 
r 
5 5 
r 
0 0 
-5 -5 
—10 -10 
-10 -5 0 5 10 -10 -5 0 5 10 
Fic. 14.2 — The boundaries T are defined by (14.4.2) with (a) (Pmax;Pmin) = (5,1) and 


(b) (Prax Pmin) = (10, 1). 
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We establish the collocation equations 


N 
V Ahe X cj®;(pe, Oe) = vy Ahe Elpa, 80), L= 1,2, at ay M, (14.4.4) 
j=l 


where Ahe = hy/ (o!(eh))? +p?(Ch) and h=. Choose the pseudo-boundaries 
outside I as 


_ Si _ 7 1 B 7 . 
p(0) = OU Pmax Pmin> 0) = \ + 5 (Pmax _ Prin) (1 B cos(50)), Pmax > Pmin > 0, 
(14.4.5) 


where Pmax > Pmax aNd Pmin > Pmine When Pmax = Pmin, the equation (14.4.5) leads 
to a circular pseudo-boundary. 


14.4.1 Highly Smooth Boundary Data 


Choose the harmonic solution u(x, y)= eYcosr and u(r, y) = é cos} for the 
boundary I with (Pmax Pmin) = (5, 1) and (10,1), respectively. The numerical results 
are given in [251]. We only list the summaries in Tables 14.2 and 14.3, which show a 
“good” stability as in Table 14.1. Since index « = 0.74 is the smallest among all 
pseudo-boundaries in Table 14.2, the circular pseudo-boundary is optimal for four 
pseudo-boundaries on the left side in Figure 14.3 for (Pmax: Pmi) = (5,1). For 
(Pmax: Pmin) = (10,1), the circular pseudo-boundary is also optimal in Table 14.3. 
Note that for the MFS, by using the circular pseudo-boundary, the sensitivity index 


TAB. 14.2 — Comparisons between the MFS and the MPS for (Pmax;Pmin) = (5,1), where x 
and f are given in (14.2.21) and (14.2.18), respectively. 


T (8, 6) (8, 8) MPS 
llellor 0(0.93") O(0.85%) 0(0.73") 0(0.63" ) 0(0.54”) 
Cond O(1.12%) O(1.34%) O(1.36%) O(1.41%) O(1.29%) 

B 0.39 0.42 0.36 0.35 / 
Index x 0.41 


TAB. 14.3 — Comparisons between the MFS and the MPS for (Pmax; Pmin) = (10, 1), where « 
and f are given in (14.2.21) and (14.2.18), respectively. 


(Pans Pui) MPS 
er aur) 
( O(1.32") 


, 9) 

82") 

Cond O(1.06") O(1.19%) O(1.25%) 1.32 O(1.34%) 
B 0.35 0.35 0.30 0.30 / 
12 


Index « 143 0.73 
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-10 -5 0 5 10 -10 -5 0 5 10 -15 -10 -5 0 5 10 15 -45 -10 -5 0 5 10 15 


(c) (d) (c) (d) 


~10 -10 -15 z = 
-10 -5 0 5 10 -10 -5 0 5 10 -15 -10 -5 0 5 10 15 15 10 -5 0 5 10 45 


Fic. 14.3 — The pseudo-boundaries defined by (14.4.5) with (Pmax, Pmin) = (6, 2), (8, 4), (8, 6) 
and (8, 8) (The left side), and (Pmax: Pmin) = (11, 2), (14, 4), (14, 9) and (14, 14) (The right side). 


is k| yrs = 0.85, which is slightly larger than k|,;pg = 0.73. Then the numerical 
performance of the MFS is only a little behind that of the MPS (cf. [168]). 


Remark 14.4.1. Since the accuracy of the MFS depends on the boundary value 
problem (i.e., the Dirichlet problem of Laplace’s equation in (14.2.2)), the 
sensitivity index is different for different T, f and pseudo-boundaries, and so are 
better pseudo-boundaries. For highly smooth solutions and singular solutions, better 
pseudo-boundaries are different (see the next subsection). Hence, the selection of 
pseudo-boundaries should be studied for each specified problem. The better selection 
is similar to the effective condition number that depends on the known vector b in 


(14.2.6) [162]. 


14.4.2 Boundary Data with Strong Singularity 


Define the logarithmic function 


u = (r, 6") =In[PQ"| = my (e-r)? "P= (ey), (1446) 
where point Q* = (2*, y*) is outside but close to T, P € S, and r* = 4/ (1)? + (y*)’. 
The Dirichlet boundary data in (14.2.2) are generated by (14.4.6) as 
f = u*(r*, ġ*)|r. In fact, the solutions from (14.2.2) have a strong singularity only 
with u € H'+°(S) with 0<d <1 as Q* is close to IT but Q*¢T. Hence, the 


convergence rates are very slowly, such as o(+) for arbitrary I`; more discussions 


are given in Chapter 16. For the five-pedal-flower-like domain with (Pmax; Pmin) = 
(5,1) in Figure 14.2, we choose the following function with five points (27, y;) in 
symmetry (see Figure 14.4): 
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(a) i 


Nn 
— * 
SR 
k 


= 
EA i 


Os, 


Fic. 14.4 — Locations of five points Q} = (r*, #;) at r* = 1.1, 10, and two pseudo-boundaries: 
(Pmax Pmin) = (6, 2) and (8,8). 


5 
= Lin (z- at)? +(y—yt’ = S > n|PQI, (14.4.7) 
El 


where Q; = (a, y) = (r*, o; J; r* = 1.1,10 and ġ% = iE Zati=1,2,3,4,5. Only the 
MFS is employed in computation. We have falas different r* € [1.1, 15] for 
(Pmax: Pmin) = (6,2) and (8, 8), and list the numerical results in [251]. The curves of 
lello r; Cond and Cond_eff via r* are drawn in Figures 14.5 and 14.6. First, we note 
that for (Pmax: Pmin) = (6,2) (or (8, 8)), the Cond remains the same for different r*, 
and the Cond = 1.15(5) for (Pmax, Pmin) = (6,2) is much smaller than the Cond = 
5.66(12) for (Pmax Pmin) = (8,8). The Cond_eff are changeable and smaller than the 
Cond. Second, when r*>8, the solutions are highly smooth, the errors for 
(Pmax; Pmin) = (8, 8) are very small as O(10~™). Third, when r* < 3, the accuracy of 
solutions is very poor for both (Pmax; Amin) = (6,2) and (8, 8). However, there is an 
exception that the error O(107!*) occurs for (Pmax: Pmin) = (8,2) at r* = 2. When 
five points Q* = (2, i22) are just chosen as the source nodes, the zero errors are 
rewarded, and the singularity of solutions can be removed completely. Note that the 
nonzero errors O(107'*) are reasonable in computation of double precision since 
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Cond = O(10°). For r* = 8, these five points Q: = (8, i22) are also chosen as the 
source nodes for (Pmax: Pmin) = (8,8), but no better effects on errors are rendered 
because the errors are already as small as O(10~""). 


14.4.3 Better Pseudo-Boundaries 


Let us look at Figures 14.5 and 14.6 again. When r* increases in [1.1, 15], the errors 
for (Pmax: Pmin) = (8,8) decline significantly but those for (Pmax: Pmin) = (6,2) do 
not. This is a numerical reason why the better pseudo-boundaries are switched from 
(Pmax: Pmin) = (6,2) to (8, 8). Below, we intend to find theoretical reasons for this 
switch. The regularity of solutions depends on the locations of points Q; = (*, iZ). 
When they are far from boundary T, the solutions u € H’(S) with p (œ> 1) are 
highly smooth. When they are close to T, the solutions u € H!*°(S) with 0<ô <1 
are strongly singular. Such a solution singularity is even stronger than that in 
interior cracks and Motz’s problem; see Chapters 1 and 6. The relaxed regularity, 
u € H?(S) with p > 1, is given in Lemma 14.2.1. The error estimates in Sections 14.2 
and 14.3 and Chapters 2 and 6 are valid for the strongly singular boundary data. 


To provide theoretical arguments, we first consider the simple case of a disk 
domain with radius a and the circular pseudo-boundaries with radius R > a and 
R#1. From Chapter 2, we have the following error bounds by the MFS, 


1 a N-2n 
lu — unllor < cf ll, (5) lulor p>, (14.4.8) 
where C is a constant independent of n and N. Also we have from Chapter 2. 
an 
N| z 
Cond < a (=) . (14.4.9) 
a 


Cond 


sL nia 
F Cond_eff 


llello,r 


Fic. 14.5 — The curves of |lel|) >, Cond and Cond_eff via r* for (Pmax: Pmin) = (6, 2). 
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Cond 


Cond_eff 


llello,r 


Fic. 14.6 — The curves of |lel|) r, Cond and Cond_eff via r* for (Pmax: Pmin) = (8, 8). 


Proposition 14.4.1. Choose the disk domain with radius a, and use the circular 
pseudo-boundaries with radius R>aand R#1. For the highly smooth solution 


u € H?”(S) with p> 1, the sensitivity index K xi for large R. For the strongly 


singular solution u € H”(S) with p > 1 and p ~ 1, the low convergence rate o(+) 


occurs. Also, the smaller R(> a) is chosen, the smaller the sensitivity index is 
obtained. 


Proof. For u € H?(S) with p > 1, the dominant errors from (14.4.8) become 


a N 
llellor = llu- unllor = o((3) ). (14.4.10) 
We obtain the sensitivity index « ~ $ from (14.2.21), (14.4.9) and (14.4.10). Next for 
u € H’(S) with p> 1 and p= 1, the dominant errors from (14.4.8) become 


lllor = o(=) = (=). (14.4.11) 


which is irrelevant to R, indeed. Hence from (14.4.9), the smaller R is chosen, the 
smaller the Cond is obtained, and so is the sensitivity index. E 


The sensitivity index is defined in (14.2.21) from exponential rates of 
convergence/growth. For bounded N and n, the polynomial convergence rates of 
convergence/growth may be converted equivalently to the average exponential 
rates. Hence, the sensitivity index is also valid for low polynomial rates. The sen- 
sitivity index can be regarded as a criterion for comparing different methods and 
different techniques for wide application. 
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14.5 Concluding Remarks 


L, 


The estimates of the Cond are derived in Theorem 14.2.1 for the MPS in the 
bounded simply-connected domains, and in Proposition 14.2.2 for the MFS with 
arbitrarily closed pseudo-boundaries. The stability analysis in this chapter and 
Chapter 15 is significant for two basic methods in applications. Both methods 


have the polynomial convergence rates and the exponential growth rates of the 
Cond. 


. The MFS-QR algorithm was proposed in Antunes [8], and characterizations are 


explored in Section 14.3.2. The new basis functions of the MFS-QR are found and 
given in (14.3.27) and (14.3.34); the MFS-QR is a special MPS. The coefficient 
relations of the two methods are provided in (14.3.33), which are verified in [251], 
numerically. The MFS-QR is not a variant of the MFS but a variant of the MPS. 


. Two basis boundary methods, the MPS and the MFS, are studied together in 


elliptic coordinates for solving Laplace’s equation. From Tables 14.2 and 14.3 for 
highly smooth solutions, the numerical performance of the MFS is not much 
behind that of the MPS (cf. [178]). Moreover, the MFS-QR plays a role in 
bridging the MFS to the MPS. The MFS and the MPS can also be recognized as 
twins via the MFS-QR in the Trefftz family [169]. The comparisons in this 
chapter are more comprehensive than those in [178]. 


. For the MFS, how to select pseudo-boundaries is an essential issue in compu- 


tation in Chapter 6 (see [74]). To pursue better pseudo-boundaries, the sensi- 
tivity index is proposed in (14.2.21) from growth/convergence rates of stability 
via accuracy. The sensitivity index can be regarded as a criterion for comparing 
different methods and different techniques for wide applications. 


. For the five-pedal-flower-like domains in Figure 14.2, numerical comparisons are 


made in Section 14.4. The circular pseudo-boundaries are optimal for highly 
smooth solutions (i.e., u € H?(S) with p>>1) but not for singular solutions 
(i.e.,u € H!+°(S) with 0 <6 < 1), where the pseudo-boundaries near boundary I 
may be better. Note that from Remark 14.4.1, a better pseudo-boundary may be 
different for different problems. For other boundary data and other shapes of S, 
better pseudo-boundaries should be re-evaluated based on the sensitivity index; 
see [253]. 


. The comparisons for three numerical methods may be applied to other equations 


(e.g., the Helmholtz equation) in 2D and 3D. The analysis on the MFS-QR is also 
valid for the Helmholtz equation in Antunes [9]; see Remark 9.4.1 in Chapter 9. 
The sensitivity index can be employed for other problems such as the Helmholtz 
equation and the mixed type of Dirichlet and Neumann boundary conditions. 
For the Tikhonov regularization (TR), the original sensitivity index x* may be 
used to select better regularization parameters; details are reported in Zhang 
et al. [259]. 


Chapter 15 


Stability Analysis for Smooth Closed 
Pseudo-Boundaries 


15.1 Introduction 


Circulant matrices are often employed for stability analysis of the method of funda- 
mental solutions (MFS); see Parts I and II. Bounds of the condition number (Cond) 
for circular /elliptic pseudo-boundaries are derived and the exponential growth rates 
are obtained. General pseudo-boundaries are suggested for more complicated solution 
domains in Chapters 6 and 14. Since the ill-conditioning is severe, the success in 
computation by the MFS mainly depends on stability. This chapter explores the 
stability analysis for the non-circular/non-elliptic pseudo-boundaries based on new 
techniques in Chapter 6 without using circulant matrices. The materials of this 
chapter are adapted from [252]. For non-circular /non-elliptic pseudo-boundaries, the 
error analysis of the MFS can be made by the Galerkin approaches as in the FEM and 
the BEM; details appear elsewhere. 


Consider Laplace’s equation with the Dirichlet boundary condition, 

Au=0in S, w=fonT, (15.1.1) 
where S$ is a bounded simply-connected domain, and T (= 0) its boundary. In this 
chapter, the source nodes are located on a smooth closed pseudo-boundary Tr 
outside S. Denote P = (p,0) and source nodes Q; = (Rj, ġ;) € Ur. Choose the 
fundamental solutions (FS), 


,(p,) =In|PQ, 


` [P= y R+ p? — 2Rjp cos(0 — 4). (15.1.2) 


We obtain a linear combination of FS as 
N N 


uv = X cö MPQ = X ¢®;(p, 0), (15.1.3) 


j=l j=l 
where c; are the coefficients. Let I be divided into small T; with the meshspacings 
Ahe, ie., T= Grape y. We assume that the meshspacings Ah, are quasiuniform 
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maxy|Ahe| < 


madah] = C, where C is a constant independent of M. For simplicity, 


satisfying 
choose (pp, 0¢) as the midpoint of Ty. We obtain the collocation equations from the 


Dirichlet condition in (15.1.1), 
N 
V Ahe X` c®;(pe, 90) = y Ahe Elpo, 9), L= 1,2, ..., M, (15.1.4) 
j=l 


where M > N. The equation (15.1.4) leads to an overdetermined system, Ax = b, 
where matrix A € R%Y (M > N), and vectors x = {¢1, c2,..., ev} € RY andb € R™. 


The stability analysis of the MFS was first studied in Kitagawa [125, 126], 
where both domains and pseudo-boundaries are circular, and the Dirichlet 
boundary conditions of Laplace’s equation are considered. In Part I, the stability 
analysis is made for Laplace’s equation. The circular pseudo-boundaries remain, 
but the non-circular domains are allowed. Moreover, the bounds of the Cond are 
derived for mixed boundary conditions in Chapter 4 (also see [163]), and for 
Neumann boundary conditions in Chapter 3. The stability analysis of circular 
pseudo-boundaries is explored for biharmonic equations in Chapter 10, the modi- 
fied Helmholtz equations in [222], and the Helmholtz equations in Chapters 7-9. 
For elliptic pseudo-boundaries, the stability analysis is explored in Chapter 6 for 
Dirichlet boundary conditions of Laplace’s equation. New proof techniques without 
circulant matrices are solicited. In this chapter, we consider arbitrary pseudo- 
boundaries (i.e., non-circular/non-elliptic) and arbitrary domains and derive the 
bounds of the Cond. The non-circular/non-elliptic pseudo-boundaries are reported 
numerically in Chapter 14 and [38, 139, 252]; the strict stability analysis is 
imperative, which is the goal of this chapter. 


15.2 Relations Between FS and PS 


The MFS and the method of particular solutions (MPS) are classified into 
the Trefftz family (see [169]), and they are linked via the addition theorem. 
The analysis of the MFS can not be explored deeply without the MPS (see 
[73, 74, 151, 163, 167, 177, 254]); the MFS and the MPS are twins in the Trefftz 
family. The MPS is introduced as an auxiliary method, but the focus of this 
chapter is the MFS. 


To explore the stability analysis for non-circular/non-elliptic boundaries in 
the MFS, we should solicit the elliptic coordinates (p,0) defined in (III.3) in 
Part III. The addition theorem (Lemma II.1) in elliptic coordinates is essential 
in stability analysis. The particular solutions (PS) in elliptic coordinates are 
given from [180], 


u(p, 0) = a+ 5 e™™E (a, coshkp cosk0 + p, sinhkp sink0) := Pn + Rn, 
k=1 
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where the PS of degree n and the residuals are given by 


P, = P,(p,0) = a+ 5 e "(a coshkp cosk0 + P, sinhkp sink0), (15.2.1) 
k=1 


Rn = R,(p, 0) = 5 e *®(a, coshkp cosk0 + B, sinhkp sink0), (15.2.2) 


k=n+1 


where {a;,};~) and {f;,};_, are the expansion coefficients. Choose the source nodes 
Q; = (rj, 6;) with rj > p(;)|r- From (IIL7) in Part III, we have 


In|PQ,| = rj4 In( 


1 
=) 2 2 m e "i (coshnp cosn@ cosng;+sinhnp sinn@ sinng;). 


Then, the linear combination uy in (15.1.3) can be denoted as one of P, in 
(15.2.1): 


un = P,(p,0) = %o + 5 e *®(a,, coshkp cosk0 + b, sinhkp sink0), 
k=1 


where the coefficients 


N N 
o 1 
on aye nis x D cos(mọġ;) 
p (15.2.3) 
Pm = -2 5 Cj e€ moB sin(md,), 
j=l 
where 2n + 1< N. Denote (15.2.3) as the linear algebraic equations, 
y = Ex, (15.2.4) 


where vectors x = (C1,..., cn)” ER and y= (ao, %1, .-., On, By, ee en, 


and matrix E € R?” +Ð*N has the entries, 


Ej = rj+in(2), j=1,2,., N, 


2 t 
Frag = -Z eln) cos(kg;), joie N, k=1,2,..,n, 


2, 
Ereniag= —Fe Mo) sin (kd), j=1,2,..,N, &=1,2,..,n. 


We intend to establish the one-to-one correspondence between coefficients y and x in 
(15.2.4). Then let N = 2n+1. The matrix in (15.2.4) is denoted as 
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n+l) mth) e tal 
—2e-("-®) cos(d) —2e-(™-Aeos(p) = —2e -B cos(by) 
— e? lM-R)cos(2ġ;) — erR) cos(2d3) S —e xB) cos(2 y) 
pa | WBN Beos(ng,) —2eMMeos(mpy) -> —Be-meaMeos(ngby) 
—2e-'"sin(o,) —2e-(™*sin(gy) = —2e~"-*)sin( oy) 
—e2("- 2) sin(2,) —eA"-Bsin(2bo) = — ex) sin (2hy) 
= E e™n-Asin(no:) _ 2 eM") sin (no) Rios. a 2 erry 2 sin(ndy) 


(15.2.5) 


Assume that matrix E is nonsingular. From (15.2.4) we have x = E~'y, where the 
inverse matrix E~! € RY", In fact, the following (2n+1) functions are the PS of 
Laplace’s equation in elliptic coordinates [180, p.98], 


{r+ (5) , o0 cos(), +5 s 


—n(r—R) —n(r—R) 


e 


cos(n@), ec" *)sin(), ..., sining)}, 


(15.2.6) 
where r and @ are two independent variables. When the source nodes (rj, ¢;) are 


chosen suitably, matrix E is nonsingular (i.e., there exists no degenerate scale), so 
that there exists the one-to-one correspondence between FS and PS. 


Below, let us discuss the source nodes (R, ;) on ellipse at p = R. First, choose 
(R, ġ;) with 0< ¢;<¢;,,<2z non-uniformly. The matrix E in (15.2.5) is expressed 
by E = BG, where the diagonal matrix B € RY*N(N = 2n+1) is given by 


. (a 1 1 1 1 
B= dagf R m($), Lye aL aso E}, 
and matrix G € R“** by 
1 1 ig 1 
2cosd, 2cosdy ++: ~~ = 2cosdy 
G= | 2cos(nP,) 22cos(ndy) --- 2cos(ndy) . (15.2.7) 

2sing, 2singg > 2sindy 

2sin(ngd,) 2sin(ndy) -+ 2sin(ndy) 


Based on the interpolation of trigonometric functions in Atkinson [12, p.178], matrix 
G in (15.2.7) is nonsingular. When 


b 
R+In(=) 2 in( 2 2) £0, ie ant br #2, (15.2.8) 
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matrix B is nonsingular. Since the determinant |E| = |B| x |G| 40, matrix E is 
nonsingular under (15.2.8). 


Next, suppose that the source nodes (R, ġ,;) are located uniformly as ¢; = jh 
with h = 2%. Denote matrix G1 € RAY as 


1 cos¢,; +- cos(nd,;) sind; +  sin(nd,) 

1 cosh, +++ cos(nP.) sind. -+  sin(nds) 
Gi=|. : ; ; ! ; : 

1 cosdy + cos(ndy) sindy = sin(noy) 


We have GG = NI and G7! =p, where matrix I € RY% is the identity matrix. 
Then we obtain x = E-'y = (BG) 'y =G'B"'y =1G,B’'y to give 


1 Xo r . i : f 
NW) Rain) m h) + Bin h)] p, j=1,2,., N. (15.2.9 
G img X mfe cos(mjh) + B,,,sin(mj i} j ( ) 


m=1 


The coefficient relations in (15.2.9) are exactly as those for the source nodes on 
ellipses in (6.3.25). 


15.3 Bounds of Cond for Non-Elliptic 
Pseudo-Boundaries 


Consider the source nodes Q(r;,¢;) on the non-elliptic pseudo-boundaries Ip via 
some equal-distribution (e.g., via angle or arc-length). Let M = N, and then the 
collocation equations (15.1.4) lead to 


VERS 6 (pp, 0c) = VAhe f(pp, 0c), €=1,2,...,N. (15.3.1) 


The equation (15.3.1) is denoted by the following square system, 


Ax =b, (15.3.2) 


where matrix A € R’*%, and vectors x = { c1, C2, -..; cy} € R” andb € R”. On the 
other hand, by using the PS in (15.2.1), we have 


VJ Ahef{ Pal Pes O¢)} 


=VA Rave Y ye e *®(a, cosh(kp,) cos(k0e) + b, sinh(kpy) saoo) 
= 4 Al f (Po, Oc) 5 (pp, Qo) ET. (15.3.3) 
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The equation (15.3.3) is denoted by 
Py =b, (15.3.4) 


where matrix PeR and vector y = {09, 01, +50, Bi,- Ba} E RY. The 
equation (15.3.3) (or (15.3.4)) is called the method of particular solutions (MPS) 
in [169]. For N = 2n+ 1, we have from (15.2.4) 


PEx =b, (15.3.5) 


where matrix E € R‘* in (15.2.5). Comparing (15.3.5) and (15.3.2), we have 
A=PE, (15.3.6) 
and then the determinants 
|A| = |P| x |E]. (15.3.7) 


Suppose that no degenerate scale exists (e.g., the condition (15.2.8) holds for elliptic 
pseudo-boundaries). We have |E| 4 0. Since there always exists a unique solution for 
the MPS, matrix P is nonsingular with |P| 40. We have |A| 40 from (15.3.7), 
and conclude the nonsingular matrix A. By following the proof in Lemma 6.4.1, we 
obtain the following lemma. 


Lemma 15.3.1. For (15.3.6) there exists the bound, Omin(A) > Omin(P) X Gmin(E), 
where Omin(P) > 0, and Onin(E) > 0 if no degenerate scale exists for Tp. 


Since matrix A is not circulant as in [71], the approaches in Chapters 2 and 3 are 
invalid for stability analysis. We solicit the matrix relation A = PE in (15.3.6) for 
stability analysis, which is called the matrix splitting in Chapter 6. Below, we will 
seek lower bounds of the minimal singular values: Omin(P) and omin(E). For the 
collocation equations (15.3.3), we have 


~ 


2 
y'P'Py = | P2ds= [Palle 
T 


where J, is an integration approximation of f-. We assume that 


~ 


[Palor = | Phds= f Peds= [Pal (15.3.8) 
T T 


where the notation, “a x b’, denotes that there exist two constants co (> 0) and C 
independent of n such that cob < a< Cb (b > 0). Denote an inscribed ellipse Sp n of 
S with p = Tmin (i€, Srana C S). We have the following lemma. 


Tmin 


Tmin 


Lemma 15.3.2. Let the asymptote (15.3.8) hold. For the discrete matriz P by the 
MPS from (15.3.3), there exists the lower bound, 


Omin(P) = Co e MRP nin) = Co eT N(R- rmin)/2. (15.3.9) 


where co (> 0) is a constant independent of n (= 454). 
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Proof. Since the particular solutions u = P,,(p, 0) satisfy Laplace’s equation, there 
exist the bounds from [195, p.189], 


lullor 2 coll ull, s Ž collullis,. > collullor (15.3.10) 


min? 


where Imin = OS,,,,,- Based on the integrals in elliptic coordinates in [180], we obtain 
from (15.2.1), (15.3.10) and the orthogonality of trigonometric functions 


72 
y™PTPy = [Palle = coll Pallor = coll Pallor 


min 


2 
2n n 
=o | fa + 5 e (a, coshkrmin coskO + B, sinhkrmin son] 
0 k=1 


x o1/ sinh? rin + sin?0d0 


2 
20 n 

> co | {x + 5 e FR ay coshkrmin cosk0 + Py sinhkrmin cnt] d0 
0 k=1 


n 
> & i a + 5 eae cosh? krmin + By. sinh? ira)} 
k=1 


n 
k=1 


This implies 


TpTp 
Omin(P) = ,/ min a Y oye MRP) > eg TN (RT nin)/2, 
y#0 yy 
where we have used n = 4=4. This gives the desired result (15.3.9). a 


To drive the lower bound of omin(E) is more challenging. From (15.2.6), define 
two auxiliary functions, 


new h(r-R) 
0,(r, y= (r | in(Z)) ao ' > z {ax cos( ke) + by sin(h)}, (15.3.11) 
n e~ E(B) 
Qz(r,) = {ax cos( dp) + by sin(hd)}, (15.3.12) 


k=1 


where a; and b; are coefficients. The function Q,(r,ġ) is a part of Q,(r,@) by 
removing the first term (r+In($))ao. The functions (15.3.11) are harmonic to 
satisfy Laplace’s equation [180, p.98]. Since omin(E) = Omin (ET), we consider the 
transpose matrix ET. Let Q,,(r, ’)lr, = g(r, $), and establish the following collo- 


cation equations at source nodes (rj, ¢,), 
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Quli pj) = (r3 + In(Z)) ao + = = {ax cos(k;) + by sin(k,)} = g(rj, $); 
j=1,2,..,2n+1. (15.3.13) 


The pseudo-collocation equations (15.3.13) are used for analysis, but not for real 


computation. Denote vector z = {ao, @1,..-; Qn, 01, =, bn}. We also denote (15.3.13) 
by linear algebraic systems, 


Ez =g, (15.3.14) 


where matrix E is given in (15.2.5) and the known vector g € R?” +1, Similarly to 
(15.3.8), we also assume that 


T eas =J Q? ds, (15.3.15) 


TR 


where fp, is an integration approximation of f}, by a quadrature rule. Note that the 


function (r+ In($)) is linearly independent of the other 2n functions in (15.2.6). For 
a general pseudo-boundary Ip, when no degenerate scale exists, we conclude 


Slr tn) de> 0 and fr, (Q(T, $)) dl > 0. Otherwise, the singularity as 


Omin(E) = 0 occurs from (15.3.7), and there must exist a degenerate scale. Moreover, 
similarly to [173] and [162, pp.119-121], we may assume 


ICOLA ante! a f (r+) + | Cntr pae} 


> onre nf a+ / (G09) an), (15.3.16) 


where two parameters u> 0 and v> 0. For an elliptic pseudo-boundary I'g with 
radius R, we have from (15.3.11) at r; = R,Vj 


i Q (r a= [48 | n(Z)) a | Soe (a cos(kd) + bk sa(eg)) dé 


k=1 


2n n 2 
> c f {m(*3 ») ao 4 So (a cos(kp) + bk swine} do 


k=1 
= Co l 27 


m (e24) f -+ ry ple 24b i+) 
>al e+ | (eoa), (15.3.17) 


where we have used ag+ bgr #2 from (15.2.8). The equation (15.3.17) indicates 
both u = 0 and v = 0 in (15.3.16). 
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Lemma 15.3.3. Suppose that for Tr, no degenerate scale exists, and that there exist 
two parameters u>0 and v>0 such that the lower bound (15.3.16) holds. Also, 
assume that the equivalence (15.3.15) holds. Then for the source nodes (r;, p;), there 


exists the lower bound of the minimal singular value of matrix E in (15.2.5), 


Omin(E) > Co mur” (15.3.18) 
where co (> 0) is a constant independent of N (= 2n+1). 
Proof. We have from (15.3.14) 
2n+1 n_ —k(rj;—R) 2 
o e7" , 
zTEEŤZ = 5 f f n(Z)) a 5 7 (ar cos(k;) + bx sag) } 
j=l (= 
2 
1 2n+1 o n eo M(rj-R) 
2 j i f ; f _ sin(kd, 
2 aks bf (em) aoe E uth tt 
>N] Qr, o)de, (15.3.19) 
Tr 


where hj are the meshspacings on I with hj x $, and co(>0) is a constant 


independent of N (= 2n + 1). Then from the assumption (15.3.15), there exists the 
lower bound, 


a"EE"z> @N f Q (r, de> eon | Q (r, p) dé. (15.3.20) 
Tr TR 


Note that the factor e~™"i-®) > cy with r; < Rin (15.3.19). Denote by Tp the elliptic 
boundary with radius r = R satisfying r;<.R. We have from (15.3.20), (15.3.16), 
and Lemma 15.3.4 given later 


z EEZ > oN | Q (r, op) de> ante) a+ f 
Tp 


Tp 


(Qa(r.a))eae} 


27 n 2 
> coNn te ™]} a? +f [Sra cos(k) + b soko) dd 


k=1 


ri 
> omre aa + X. Bz (az+ D) 


k=1 
n 


1 F 
> coNn te "zz [ at > (at | > co 
k=l 


—vn 
e 


carrera: Te 4 
n +u) 
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This gives 


Omin(E) = Gmin (ET) = min > Co T 


To complete the proof of Lemma 15.3.3, we prove the following lemma. 


Lemma 15.3.4. Consider the source nodes Q; = (rj, ;)- Denote the elliptic boundary 


Tp with radius r = R satisfying 7 < R. For the functions Q, (r, @) in (15.3.12), there 
exists the lower bound, || Q; llor, 2 Coll Qn llo fr 


Proof. The functions Q, (r, ġ) in (15.3.12) are the PS for exterior problems [180]. 
Denote the unbounded domain S% with the interior boundary Tp, and the 


unbounded domain Sh with the interior ellipse boundary Ip at radius r = R sat- 
isfying r; < R. We have ST C SẸ. The functions Q; (r, ¢) far from S may be simply 
expressed in polar coordinates as 


Q, = Q, (r,ġ)= > (= ) { ay cos(kp°) + bi. sin(kp° le H,(r°, °), as r° >> Re, 


k=1 
(15.3.21) 


where (r°, °) are the polar coordinates with r° x e”, constant R° x e”, and {a@, b?} 
are coefficients. Then for H, (= Q,) missing the leading term, (r+In(3)) x Inr°, 
there exists the bound 


1 
\Balt 9 )|SC—, as r° > oo. (15.3.22) 
r 


Denote the operator V = i+ ĝi. The weighted Sobolev norms are defined for the 
exterior domain SF (see Sauter and Schwab [210, pp.82, 94]), 


lut) s = il, {ive per 


Under (15.3.22) and the Dirichlet condition u(r°)|r, = g°, there exists the equiva- 
lence from [210, p.95] and Amrouche et al. [7], 


lufr Ii s = lufre) se (15.3.23) 


Below, for Q, in (15.3.21), we will prove the bounded semi-norms on SẸ: 
lQ lla s% < C. Denote by I,,,, the circle with a huge radius fhug > R°. There exists 


the limit from (15.3.21) 


Thug 
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[ a oh H,( 


Thug Trug 


where v is the exterior normal of I'g. Since Q, are harmonic functions, we have from 
(15.3.24) and the Green formula on an annular domain with the interior boundary 
Iz and the exterior boundary I 


o 
[VQ llo. S =|. Qr = 


j a Ha(r®, G°) de (15.3.24) 


2k 
e (ae)? + (b2)?} —0, aS Thug ` OO, 


Thug 


Thug 


dé+ lim mon ra= f o? Q; nde < 0. 
Thug— Oo oe Or o 


(15.3.25) 


From (15.3.23) and (15.3.25), there exist the bounds, lQn llas < C, k = 0,1, 
to give 


- - -) 
lQ lls < {I Qh lo, sell Qn Ilse}? < C. 


Similarly to (15.3.10) we have 


Qn ore Z Coll Qn lli sx = coll Qn lls ge 2 Coll Qa lore: 


This completes the proof of Lemma 15.3.4. E 


Consider the source nodes (rj, ġ;). Let R = max;rj, and denote ellipse £p} at p = R. 
Denote two semi-axes of ellipse 0p at p = R by ar =o coshR and bg = o sinh R; 
we have eë = (ar + br)/c from Remark 6.3.1 in Chapter 6. Similarly, for ellipse 
Lmin With p = Tin, denote amin = O CoShrpin and bmin = C Sinhrpin. From Lemmas 
15.3.1-15.3.3, we have the following key lemma. 


Lemma 15.3.5. Assume the asymptotes (15.3.8) and (15.3.15) hold. Suppose that for 
Ir, no degenerate scale exists, and that there exist two parameters u>0 and v>0 
such that the bound (15.3.16) holds. For the source nodes Q; = (rj, ġ;), there exists 
the lower bound for matriz A from (15.3.1), 


Omin (A) > Omin (P) X Omin (E) = Co a 1H R—fmin + 3) j2 


Sy 1 Qmin T bmin x Pa 2 
ONL +H) RT br f 


where u> 0 and v>0. 


We have Gmax A) < CVN from (6.4.22), and give the following theorem. 
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Theorem 15.3.1. Let the conditions in Lemma 15.3.5 hold. For a general pseudo- 
boundary Ip, there exists the bound, 


amin T bmin 


p 
max A u e e y K T b > v 2 
Cond(A) = 2 ‘ay < CN(1+8) N-ra +92 < NUH) ( a d) 


where u> 0 and v>0. 


The parameters u and v in (15.3.18) may be found numerically. From the com- 
puted results in [252, Section 4], the parameters u = 0,1 and v = 0 are discovered, 
and the Cond estimates (15.3.26) may be simplified as 


Cond(A) < CNC?) eNR=rmin)/2 < ENC +5) (EH) 3 (15.3.27) 


Amin T bmin 


Note that the estimates (15.3.27) are consistent with Theorem 6.4.2 for the elliptic 
pseudo-boundaries in Chapter 6. 


The estimates in (15.3.26) involving semi-axes of two ellipses may not be con- 
venient in application. Below, we provide a simplified estimate. Suppose that the 
domain boundary T is star-like, which can be denoted by a single-valued function 
p = p(0), where (p, 0) are polar coordinates. The outside pseudo-boundary Ir can 
also be chosen as the other single-valued function p= p(0) (> p(0)). Denote 
Pmin < P < Pmax and Pmin < p < Pmax: There exist bounds, 


p Iep 
p= R _ >], py =m Pma >], 


p max T p min Qmin T bmin 


Theorem 15.3.2. Let the conditions in Lemma 15.3.5 hold. Suppose that the domain 
boundary T and the pseudo-boundary Tp are star-like, denoted uniquely by (p(@), 0) 
and (p(0), 0) with p(0) <p(@) in polar coordinates, respectively. Then there exists the 
simplified bound, 


ara aa . \(1+7)N/2 
Cond(A) < CNC +5) (Sass + Pus) l (15.3.28) 
Pmax T Pmin 
where Pmin < P < Pmax? Pmin < p < Pmax and = MAh) th Ž 0. Moreover, there 
In( 2maxtPmin 
Pmax + Pmin 


exists 0< <1 such that 


4) (l+y)N/2+6 m Cem BN 
Cona(a) < C( aR R ) =O G Pain (15.3.29) 


Qmax T bmin 


Pmax T Pmin 


where B = (1+7)/2+ ô > 4. 
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Proof. We have from (15.3.26), 


Cond(A) < CNC +8) (oe x e) 


Amin T bmin 


N 


= 453. \F xB a5. \(+7)N/2 
= Cn (+4) (ov. e Pmax Pu = CNn(1+5) (Sas Pui . 


max T Pmin 


Pmax T Pmin 


This is the first desired result (15.3.28), and then the second result (15.3.29) 
follows. E 


For (15.3.29), the power f € G, 1] is found from the numerical experiments in 
[252]. For general pseudo-boundaries, the Cond also has an exponential growth rate, 
which is coincident with circular/elliptic pseudo-boundaries in Chapters 2-6. 


The Cond estimates above may be extended to exterior problems. Denote by T 
the interior boundary of an exterior domain 8%. The pseudo-boundary Ip is inside 
T. Also denote Pmax = max Plr, and Pmin = min Plr and then Pmax ga Pmin < Pmax + 
The equation (15.3.29) is modified for exterior problems 


Prax + Prin)” 1 
Cond(A) = O Gane Z (15.3.30) 


Pmax T Pmin 


Pmin: 


Theorems 15.3.1 and 15.3.2 have been verified in [252] numerically. For singular 
solutions, numerical comparisons are also made for amoeba-like domains in [252] for 
different pseudo-boundaries via the sensitivity index. 


Chapter 16 


Singularity Problems from Source 
Functions; Removal Techniques 


Consider the Dirichlet problem for Laplace’s/Poisson’s equation in a bounded 


simply-connected domain S. The source function q In|PQ*| is a fundamental solu- 
tion (FS), and it can be found in many physical problems. The singularity occurs 


when the boundary value data is affected by q In|PQ*| as the source node Q is 
located near the boundary T (= 0S). So far, there is no comprehensive study on this 
kind of singularity. In this chapter, the solution singularity is explored and the 
reduced convergence rates are derived for the method of particular solutions 
(MPS) and the method of fundamental solutions (MFS). Classic domains, such as 
disks, ellipses, and polygons, are discussed for analysis and computation. For this 
new kind of solution singularity, the convergence rates of the MFS and the MPS are 
very low. The errors caused by numerical integration are critical to the solution’s 
accuracy. A new analytic framework for the collocation Trefftz method (CTM) 
involving numerical integration is established in this chapter; this is an advanced 
development of previous chapters and [169]. Since the numerical solutions are poor 
in accuracy, removal techniques are essential in applications. New removal tech- 
niques are proposed for a node Q* located near T. In this chapter, an additional FS, 
as do In|PQo|, is added to the original FS in the traditional MFS, and the point 
charge dp (= q) and the source node Qo are unknowns to be sought by nonlinear 
solvers (such as the secant method). When the source node Q* is located inside S$ but 
near I’, both simple domains (such as disks, ellipses, and squares) and complicated 
domains (such as amoeba-like domains) are studied. The validity of the new removal 
techniques is supported by numerical experiments. The removal techniques pro- 
posed in this chapter may also be applied to solve source identification problems. 
A comprehensive study has been completed in this chapter for the solitary source 


function q In|PQ*| as the source node Q is located near I’. The materials of this 
chapter are adapted from [253]. 
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16.1 Introduction 


For elliptic boundary value problems, singularities are caused by Case A: non-smooth 
solution domains, and case B: non-smooth data in the boundary conditions and the 
non-homogenous term. The singularities are studied systematically for non-smooth 
domains in Grisvard [91], and the singularity from corners and non-smooth boundary 
data is reported for Laplace’s equation in Chapters 1 and 5, and Li et al. [168] and 
(169, Chapter 11]. The singularity can cause the reduced convergence rates of 
numerical solutions, and the removal techniques for corner singularity are explored 
in Li [146]. Consider a 2D bounded simply-connected domain S with boundary 
IT (=0S). In this chapter, we choose the Dirichlet boundary condition for 
Laplace’s/Poisson’s equation, 


Au(P) = 2nq9(|PQ"|) in S,u=fonT, (16.1.1) 


where P € S, the source node Q* ¢T, q is the point charge (or source) at Q*, and 
6(|PQ*|) is the Dirac-delta function at node Q*. The Poisson equation is given by 
(16.1.1), when Q“ is located inside S (i.e., inside T). When Q“ is located outside S, 
however, the equation (16.1.1) leads to the Laplace equation, 


Au(P) =0in S,u=f onT. (16.1.2) 
Denote the source function 
u* =u (P) = q n| PQ], (16.1.3) 


where the source node Q*(¢T) is located near T. The source function (16.1.3) 
satisfies Laplace’s/Poisson’s equation (16.1.1). The Poisson equation (16.1.1) with 
Q* € S is discussed in Section 16.7. The function u*(P) is a fundamental solution, 
which is also called the potential function in Morse and Feshbach [193] and 
Tikhonov and Samarskii [223], such as in heat transfer problems for the temperature 
field from the point heat source, potential problems for the flow potential from the 
point liquid source, and elastostatics problems for the electric potential from the 
point electric charge. From the source function, the Dirichlet boundary data in 
(16.1.1) are generated by (16.1.3) as f = u*|;. Then the singularity of solutions 
occurs due to Q* near T, and the reduced convergence rates are incurred in 
numerical solutions. The function (16.1.3) was first employed by Chen et al. [38] to 
generate the Dirichlet boundary data and used for testing the MFS-QR in Antunes 
[8]. More numerical results are reported in Chapter 14 and Zhang et al. [251, 252]. 
This is a new kind of singularity problem different from those in [91, 146, 168, 169]. 
So far, there exists no comprehensive study on this new kind of singularity, which is 
the goal of this chapter. 


The solution singularity of source functions is explored, and the reduced con- 
vergence rates by the MPS and the MFS are derived. Let 6 denote the distance of Q* 


from the boundary I. For polygonal domains, the low convergence rates as (x) 


and o( 4) are obtained, where (2n+1) and N are the numbers of particular 
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solutions (PS) and FS being used, respectively. However, for disk and elliptic 
domains, sharper convergence rates can be derived. For low convergence rates, the 
errors caused by numerical integration are critical to the solution’s accuracy. A new 
analytic framework for the collocation Trefftz method (CTM) involving numerical 
integration is established in this chapter; this is an advanced development of the 
book [169]. Numerical experiments are carried out in [253] to verify the analysis 
made. 


We choose the elliptic coordinates (p,0) defined in (III.3). The PS in elliptic 
coordinates is given from [180], 


u(p, 0) = a+ 5 e~" (ap coshkp cosk@ + p, sinhkp sink0) := Pa + Ra, (16.1.4) 
k=1 


where pọ is a parameter, and the PS of degree n and the residuals are given by 


P, = P,(p, 0) = a+ 5 e *0(c, coshkp cosk0 + B, sinhkp sink6), (16.1.5) 
k=1 
Rn = Rr(p, 0) = 5 e *0(a, coshkp coskO + p, sinhkp sink0), (16.1.6) 
k=n+1 


where {a4}; and {f,,};_, are the expansion coefficients. Let I be divided into small 
T; with the meshspacings A hy, i.e., T = (ee For simplicity, choose (p,, 0¢) as the 


midpoint of Tų. By using the PS in (16.1.5), we have the collocation equations from 
the Dirichlet condition in (16.1.2), 


V Ahe{ Pr(pe, 9) } 
= Ahad a + e "P(x, cosh(kp,)cos(k0¢) + By sinh(kp,)sin(k0,)) } (16.1.7) 
k=l 


=v Ahe HANE (Po, 00) E Ty, l= 1, 2, sien M. 
The equations (16.1.7) are denoted by Py = b, where matrix P € RY*Y(M > N), 


and vectors y (€ RY) = {a9, %1, B4,- - -, dn, Ba} © and b (€ R”) with N = 2n + 1. The 
algorithms of (16.1.7) are called the method of particular solutions (MPS). 


Let V,, be the set of the PS in (16.1.5). By the Trefftz method (TM) in [169], we 
seek un € Vpn such that 


I(un) = minI (v), Ho) = f0- f. (16.1.8) 


vEVn 


When the integral in (16.1.8) involves a numerical approximation, the TM reads: 
Seek ĉn € Vn such that 


T(ûn) = minT (v), o= [o-r (16.1.9) 
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where fp is a numerical approximation of fp. The collocation equations (16.1.7) are 
equivalent to (16.1.9) involving numerical integration. 


In the MFS, the source nodes are located on a smooth closed pseudo-boundary 
Tp outside S. Let P = (p,0) and source nodes Q; = (Rj, ¢;) € Tr. Choose the FS, 


®;(p, 0) = In|PQ; , [PQ] = (B+ 0 — 2R;p cos(0 — ġ,). 


We use a linear combination of FS, 


N 


N 
ww =) c MPR; = $ i®i(0, 9), (16.1.10) 
j=l 


j=l 


where c; are the coefficients. We then obtain the collocation equations, 
N 
V Ahe X` cj®;(pe, 90) = y Ahe F (pe, 9), £=1,2,...,M, (16.1.11) 
j=l 


where M > N. The equation (16.1.11) leads to an overdetermined system, Fx = b, 
where matrix F € R*Y(M > N), and vectors x = (c, @,...,cv)’ € RY and b € 
R”. 

This chapter is organized as follows. In the next section, an analytical framework 
for the CTM involving numerical integration is established. In Sections 16.3 and 16.4, 
the convergence rates are derived for the singularity solutions caused by the source 
function (16.1.3) in circular, elliptic, and polygonal domains. In Section 16.5, new 
removal techniques are developed, and in Section 16.6, numerical experiments are 
carried out to support the analysis and the removal techniques. In Section 16.7, the 
amoeba-like domains are discussed, and the removal techniques are linked to source 
identification problems. In the last section, a few concluding remarks are made. 


16.2 Analytical Framework for CTM in [169] 


First, we propose the analytical framework for the error bounds involving numerical 
integration in (16.1.9) by following the finite element method (FEM) in [68, 219]. 


Denote i 
(u, v) = fow, llall = lloll r = { foy, (16.2.1) 
Tr T 


where the weight œ > 0. There exists the inequality 
(u, v) S|lulllloll- (16.2.2) 


Let V,, denote the set of functions (16.1.5). The solution up € V,, is expressed as 


(un, v) =(f,v), Vue Vn, €g., [owe= [ote Vu € Va. (16.2.3) 
T T 
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Lemma 16.2.1. There exists the bound, 


— Un < i = . 1 24 
u — unl] < 2 inf Ilu — vl (16.2.4) 


Proof. The exact solution u of (16.1.2) satisfies 
(u,v) = (f, v), Wwe rT). (16.2.5) 
Since V,, C L?(I), the equation (16.2.5) leads to 
(u,v) =(f,v), Vue Vn. (16.2.6) 
Then we have from (16.2.3) and (16.2.6) 
(u— un, v) =0, Vue Va. (16.2.7) 
For v, un E Vn, let wn = v — un € Vn. From (16.2.1), (16.2.2) and (16.2.7), 
wall? = (v — tens wn) = (v — u, Wy) < llu — alll wall (16.2.8) 


to give ||v — up|| < ||u — v||. By the triangle inequality, we have 


lu = tall < lu = of] + llv = unli < 2lle— vl, (16.2.9) 
to give the desired result (16.2.4). a 


Next, consider numerical integration. The solution ti, € V, is expressed as 


(tn, v) =(f,v), Voe Vn, €g., [ctw [ete Vue Va, (16.2.10) 
r r 


a 


where (u,v) = f-@uv, and fp is a numerical approximation of fp by some 
integration rules, such as the trapezoidal rule or the central rule. 


Theorem 16.2.1. There exists the bound, 


(te E Jr)ofun l 


u — àll <2 inf |u — v|| + sup + sup 
l l vEVn l I WnE Vn | wn || WnE Vn | wn || 
(16.2.11) 
Proof. From (16.2.7) and (16.2.10), we have 
(u— ûn, 0) = (u, v) = (ùn, 0) = (f, 0) — (tn, 0) + (ins) — Fv} 
(16.2.12) 


=-( f- [Jos (J-J) Wwe Va. 
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For wn = v — în € Vn, we have from (16.2.12) and (16.2.2) 


|| wall? = (v <, Üns Wn) = (v — u, Wn) +(u-t Un, Wn) 


=i u, Wn) a [ott ({ - [eo (16.2.13) 
aeee 


(Sr = ip On Wn (fr a Jr)ofon 


< |u = offllwnll + 


? 


to give 


lv — tal] < |lu — ol] + (16.2.14) 
|| wnl| || wnl| 
By the triangle inequality, we have 
llu — Gul] < llu — vll + llv — tal] < 2\|u — vll 
\Ur z i) Cin ty | (i z i ofwa (16.2.15) 
+ sup + sup 
WnE Vn || wnl| Une Vn || nll 

This gives the desired result (16.2.11). a 


16.3 Error Bounds for Singular Solutions from (16.1.3) 


In analysis and computation, for simplicity let the unit charge q = 1 in (16.1.3). In 
this section, the analysis is confined to the Laplace equation in (16.1.2) as Q* outside 
T, and the analysis as Q* inside I is similar. Also, we only explore the reduced 
convergence rates by the MPS and the MFS. The addition theorem in elliptic 
coordinates is also essential in error analysis. Choose the elliptic boundary with 
radius p and Q* = (r*,¢*) with r* > p. Then the function (II.7) is a harmonic 
solution of (16.1.2) with q= 1. In elliptic coordinates, the source function is 
expressed from (III.7) as 


u=u = In| PQ*| (16.3.1) 


=r+In (5) 2a =" (coshnp cosn@ cosnd* + sinhnp sinn@ sinnd*). 


Denote a specific harmonic function of order n of (16.1.5) by 


Un = tn(p, 0) = Zo + >: e *o(%, coshkp coskO + B, sinhkp sink0), (16.3.2) 
k=1 


where the coefficients are given by 


—2 u = —2 u 
to =r" +in(2), bp = pA e o cosko*, By = g” Po sinko*, k=1,2,...,n 
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We give the following lemma, whose proof is given in [253]. 
Lemma 16.3.1. LetT be an elliptic boundary at p = a. For 0< ô= r* — a <1, there 
exists the bound of the residual, 


z 1 —nd 
|Pnllor = llu — Unllo,r < R É (16.3.3) 


where C is a bounded constant independent of n. 


For low convergence rates, the numerical integration errors are critical for better 
numerical solutions. Hence, we will solicit the analysis from Theorem 16.2.1. Let 
Q* = (r*, ġ*) with r* = p+ ô. For the Dirichlet boundary condition f = uļp = u* |r 
from (16.3.1), we have 


“1 x 
f=r4 in(Z) 25 e™™ (coshnp cosn@ cosnd* + sinhnp sinnð sinng*), (p, 0) € T. 
2 n 
(16.3.4) 
From (16.3.2), choose wn € Vn as 
Wn = o + X (ax coskO + py sink0), (16.3.5) 


k=1 


where &, and f,, are arbitrary coefficients. We give the following lemma, whose proof 
is given in [253]. 


Lemma 16.3.2. For the elliptic boundary T at p, choose the function (16.3.1) with 
Q* = (r*,ġ*) at r* =p+6, and use the trapezoidal rule with M>2n+1. For 
0<ô(= r* — p) <1, we have the following bound, 


| i = Jr) often 


|| wnll 


1 
ens. (16.3.6) 


Theorem 16.3.1. Let the conditions in Lemma 16.3.2 hold. There exists the error 
bound of the MPS, 


1 s 1 
llu — tallor < cf, ee 4 oe ge, (16.3.7) 


Proof. First choose w = aay" We have 


({- [sive = ([- [ys Un Wn dd, (16.3.8) 


where ùn and wp are the trigonometric polynomials of order n. Based on Basic 
Lemma A in Part I for the trapezoidal rule with M > 2n + 1, the second term on the 
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right-hand side in (16.2.11) is the trivial zero because t,,w, are the trigonometric 
polynomials of order 2n. Choose v = ŭn, and then from Theorem 16.2.1 and Lemma 


16.3.2, we have p: 
| (Se = Jr)ofun 


u — Uny|| <2 inf |u — v|| + sup 16.3.9 
| | <2 inf |lu— vl a lull ( ) 
<2||u— tall + o( z oo) <2||Rn|| + o( : ora), 

—_ n nJv6 == n nvs 
When œ = 1, we have ||v|| = || vl], r. Hence, the norm ||v|| with œ = FO is equivalent 


to ||vllo r since œ = FO = O(1) and t(0) = O(1). From Lemma 16.3.1, we have 
[Rall S Cl Ralor = O(— ae"). (16.3.10) 
i n 


Therefore, we have from (16.3.9) and (16.3.10) 


1 ; 1 ; 
||u — &|| = (= e) + (=, romt): (16.3.11) 


The desired result (16.3.7) follows from (16.3.11), based on the equivalence between 
[u= ĉnl| and ||u — nllo r- m 


Corollary 16.3.1. Let the conditions in Lemma 16.8.2 hold. When M = 2n + 1, there 
exists the error bound of the MPS, 


Lo a 1 ; l nò 
n <C -nô cie) — o( i 16.3.12 
lu- inlor SC] em + ee nyo os 


Moreover, when M = 4n, 


1 s 1 é 1 : 
= ünl a Cl me n H mmm iia o( =) 16.3.13 
u- ilor $ C{ ae" + ae (16.3.13) 


In (16.3.12), the numerical integration errors have the same order as the approxi- 
mation errors (i.e., O(||Rn||o -)). Since the precision for singular solutions is critical, 


we choose M = 4n in computation. From (16.3.13) the numerical integration errors 
are much smaller than the approximation errors. Such double collocation nodes 
(i.e, Mx 2(2n+1)) have often been used in the CTM (see [169]). Numerous 
numerical experiments have shown that the extra errors from numerical integration 
are insignificant. The error analysis involving numerical integration is also an 
advanced development of our previous MPS study in [169]. 


Remark 16.3.1. Once the error bounds of the MPS are found, the error bounds by the 
MFS can be obtained from Chapters 6 and 14 (also see [74, 252]). Let ty and tt, be 
the solutions from the MFS and the MPS, respectively. When N is large, for the 
elliptic pseudo-boundary at p = R(> Tmax), there exists the bound of the MFS, 
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lu Allo < CL oR Pm) error) allo Mu — fille ps (16.3.14) 


where Tmax = max plr, min = min ply, and C is a bounded constant independent of 
N(&2n+1). We may choose suitably large N such that the first term on the 
right-hand side in (16.3.14) may match the second term, to give ||u— îxllor = 
O(||u — ùnlor). Then both the MFS and the MPS reach the optimal convergence 
rates. Also by choosing M = 2N in the MFS, the errors of numerical solutions are 
caused mainly by the approximation errors, but the numerical integration errors are 
less important. 


16.4 Singularity for Polygonal Domains and Arbitrary 
Domains 


Besides circular and elliptic boundaries, other kinds of domain boundaries are 
investigated. First, we discuss the bounded simply-connected domains and polygo- 
nal domains. For the classic theory, the solutions u € C?(S) of (16.1.2) must have 
second-order continuous derivatives. However, for the Sobolev theory, the solutions 
may be relaxed to u € H'(S), i.e., the derivatives are integrable in S, where H'(S) is 
the Sobolev space equipped with norms 


lulli s = {fe ++ ral lul s = {ffoes a}. (16.4.1) 


We give the following lemma, whose proof is given in [253]. 


Lemma 16.4.1. Consider the bounded simply-connected domain S with a smooth 


boundary T (= 08). For the solution u = u* (x, y) = In|PQ*| with P € 5, there exist 
the regularities, 


u € H! (S) if Q g 9, (16.4.2) 
u g H'(S) if Qt er. (16.4.3) 
The errors of the MPS are provided in Chapter 6 (also see [74, (3.13)]) as 
1 
le- walor = O( alles)» P21 (16.4.4) 
ne~? 
1 1 
lu- wlor = O(Sllullr), 224, (16.4.5) 


where ||ull, s are the Sobolev norms. Hence from (16.4.4) and (16.4.2), we have a 
very slow convergence rate for Q* very near I, 


[u= wlos = O(elluh.s) = OC). (16.4.6) 
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Next, we discuss a polygonal domain S. Suppose the node Q* is near the edge AB 


of T with length a. For simplicity, the section AB is located on [0, a] along the X axis 
and S above the X axis, and the node Q* = (2*,—6) (or Q* = (a*,6)) is outside (or 
inside) $ but near AB, where 6 is the minimal distance of Q* to T; see Figure 16.1. 


Y 


A 


Fic. 16.1 — A polygonal domain with Q*. 


We give the following theorem, whose proof is given in [253]. 


Theorem 16.4.1. Let polygon S be located as in Figure 16.1. Also choose the source 
function u*(x,y) in (16.1.8) with q=1, where node Q* = (x, y) = (a*,+0) with 
0<ô <1. There exists the bound, 


ule = (=). (16.4.7 


16.5 Removal Techniques for Laplace’s Equation 


Consider the Laplace equation and the source function (16.1.3), 
u = q In|PQ"|, (16.5.1) 


where the node P € § and the source node Q* is outside (or inside) but near T. The 
Dirichlet boundary function in (16.1.2) is generated by (16.5.1) as f = u*|;. From 
Sections 16.3 and 16.4, the convergence rates are low due to the singularity. In this 
section, we will explore new removal techniques for the MFS and the MPS to 
improve the solution accuracy. 


16.5.1 For the Case of Q* Outside T 


Note that when Q* is far from T (denoted as Q;,,), the solution is highly smooth. 
Then we only consider the case when Q* is near I. How can this type of singularity 
be removed? First, let us consider the case when Q* is outside but near I (denoted as 
Qia). When the node Q% is known, we may choose the pseudo-boundary just 
passing over Q so that this singularity is eliminated completely. See numerical 
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results in Chapter 14. The solution becomes highly smooth once the singularity is 
removed. Since node Q% is very near I’, the pseudo-boundary must also be located 
near I’ so that the convergence rates by the MFS are also low even for highly smooth 
solutions. From the analysis in Chapter 14 and [253], circular/elliptic pseudo- 
boundaries are optimal for highly smooth solutions. Another approach is to employ 
an additional source node Qo for FS. Then we have the new FS as 


N 
nv 41 = do In|PQ|+ $ ci MPQ, (16.5.2) 


i=l 


where Q; (i= 1,2,..., N) are the original source nodes on circular/elliptic pseudo- 
boundaries. There are (N +1) unknown coefficients dọ and c;; the numerical 
solutions can be easily obtained from Section 16.1. The high convergence rates can 
be restored, and the ill-conditioning will not worsen (see Proposition 16.5.3 below). 


For the source function (16.5.1), suppose that the source node Q* is unknown. 
By trial computation using (16.1.10) instead of (16.5.2), it is easy to find the 
location P = (7,0) €T with the largest errors from (16.5.1). For the circular 
boundary I, we denote 


Qu = (F+6,8), 0<8 <1, (16.5.3) 


out ~ 


where only 6 is unknown. For the non-circular smooth boundaries I’, we assume that 
node @ has a distance 6 to P (i.e., |P} u| = 6) along the exterior normal direction 
ñ. Let ¢ denote the angle of ñ from the X axis. Then we denote Q* = (2 it Vut); 
where 


a, = P cos0+6 cosl, yt, = F sind+6 sin. (16.5.4) 
By trial computation, the location of node Q*,, is reduced to seek only ô, thus 


simplifying the nonlinear algorithm. The errors from (16.5.2) are given by 
lluv+1 — fllor = wd; do; e1,--., ew), (16.5.5) 


where the function w involves the unknowns: ô, dg and c;. The number of unknowns 
is N+2. Let Vics denote the set of (16.5.5). The minimum of (16.5.5) will yield 
parameter 6, and coefficients dg and c;: 

lower — flor = min llv- flor- (16.5.6) 


VEV N4 


Equation (16.5.6) leads to a system of equations involving one nonlinear unknown 
parameter ô and (N + 1) linear unknown coefficients dọ and c;. To find all unknown 
source nodes Q;, the nonlinear solutions are sought in [89, 189]. 


Since the nonlinear unknown is only one 6, we employ the iterative method to 
seek ô. Define by Vy +1 the set of coefficients dọ and c¢; (i= 1,2,..., N) in (16.5.2) 
only. Then the equation (16.5.6) is modified as 

ewer flor = min llo- flor (16.5.7) 


vEVN+ 
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Since the equation (16.5.2) is linear for coefficients do and c;, the algorithms are also 
similar to those in Section 16.1. We may use the secant method. Let w(d) = 


|lu — vv +1||9 p denote the nonlinear function in (16.5.7). Suppose that two suitable 


initial values are given as ô% and ô. The approximate values of 6 can be found 
by [12, p.65]: 


(+) _ 5 _ (2) 
8019 = 99 — (89) x ge? C21 (16.5.8) 


A few steps by the secant method in (16.5.8) may reach a good approximation of 6; 
see the examples in Section 16.7. 


16.5.2 For the Case of Q* Inside T under the Image Node 
Existing 


Consider Q“ inside F (i.e., inside S) denoted by Qi. Note that the function In| PQ;, 


is not harmonic. For simple boundaries (i.e., circles), an image node Q% outside § 
can be found to respond to Q, (€ S) (see [45] and [223, p.354]). Then we may also 


in 
choose (16.5.3) with In| PQ* | outside S and apply the same removal techniques in 
Section 16.5.1. As for the arbitrary boundary I without image nodes, a remedy is 


provided in Section 16.7 to obtain the harmonic solutions. 
First, consider the circular boundary I with radius a. Let Q}, = (rin, Ọ*) with 
Tin <a. We may find its image Qiu = (Tout, @’) by 
2 


Tout = L > a. (16.5.9) 


There exists the equality for P € T (the proof given below), 
|PQin = [PO ul 


a Tout 


(16.5.10) 


Then we have 


PO PQ —— —— —— 
mn zal =ln ( Za ‘ In| POI = In| PQ. | +in( a ) = In| PO al + G 
a 


Tout Tout 


F 
in 


where c is a constant. Although the function In| PQ% | is not a harmonic solution, but 


In| PQl is. Since the constant cis not needed in the MFS for the pseudo-boundary 
of Q;(i=1,2,...,N) without degenerate scales, we may still set Qo = Q%,, as in 
(16.5.2), and use (16.5.3)—(16.5.6) as well as (16.5.7) and (16.5.8). Next, let us prove 
(16.5.10). We have for node P(a, 0) € F 
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[PQI = yr + a? — 2arincos(0 — ġ*) 
= ayf14 (H) —2(%)cos(o- 4°, 


[POl = Ya + @ — 2afroucos(0 — p) 


2 
= Tout y: T (£ ) (< ) costo p*). (16.5.12) 
out out 


By using (16.5.9) we have -+ = *®. The equation (16.5.10) follows from (16.5.11) and 
(16.5.12). 


(16.5.11) 


Proposition 16.5.1. Let the Dirichlet boundary conditions be generated from (16.5.1) 
with Q;, = (rin, Ọ*) inside T. For the circular boundary T with radius a, the image 
Qt = (Tout, Q”) from (16.5.9) is found, and the singularity can be eliminated 
completely by the removal techniques (16.5.3)- (16.5.6). 


Next, let us study the image node for the elliptic boundary T at p. We give the 
following proposition, whose proof is given in [253]. 


Proposition 16.5.2. For an elliptic boundaryT at p, denote Qi, = (1*, ġ*) = (p — 4, 


in 


p“) and Oy, = (p+, P“) with 6 < p in elliptic coordinates. Then 


In| POR] = In| PQ | +u(p,0), PET, (16.5.13) 
where the harmonic function t(p, 0) is expressed in elliptic coordinates as (16.1.4) 
U(p, 0) = %+ 5 e” (an coshnp cosn + P, sinhnp sinnð), (16.5.14) 

n=1 


where the coefficients have % = —6, |%| = O(5), and |B | = O(6) (or |an| = 0, 
[Bn ~ 0). 


For the FS in (16.5.2), we obtain the collocation equations on F, 


J 


N 
V ail ao In| PQo| + 5 sapna) = yvy Ahe f(pe, 9), l= 1, 2,. i M, (16.5.15) 
j=j 


where M>N-+1. Let y = {do, &1,..., CN} T. The equation (16.5.15) leads to an 
overdetermined system, 


Fty =b, (16.5.16) 


where matrix F€ RY*W+0 (M>N+1), and vectors y € R+! and b € R“. 
When the minimum (16.5.6) is applied, the ô can be found by the secant method. 
Then matrix F* in (16.5.16) is known. For matrix F* given, the condition number 
and the effective condition number are also denoted by Cond and Cond_eff in Part I 
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(also see [162]). Note that one more source node Qo near T is added to the original 
source nodes Q,(i=1,2,...,N) on pseudo-boundaries in the traditional MFS. 
For stability of (16.5.16), we have the following proposition, whose proof is given 
in [253]. 


Proposition 16.5.3. Consider the disk domains and use circular pseudo-boundaries. 
Suppose that the collocation equations (16.5.15) from (16.5.2) are used, where one 
source node Q, near T is added in the traditional FS. The stability of the MFS will 
not worsen. 


16.6 Numerical Experiments 


Numerical verification for the reduced convergence rates is given in [253]. We have 
carried out the removal techniques for classic domains, such as the unit disk, ellipses, 
and squares, and give numerical results in [253]. Below, we only report those for 
elliptic domains. Consider an elliptic solution domain S$, whose boundary I is 
defined by a + (2)? = 1 with a= 2 and b = 0.5 (see Figure 16.2). We have o = 
Va — b = v3.75, and sinhpọ = % = 7 = 0.2582. Choose the generating 
function 


g = cos(x) e” + In| PO ul — In|PQ (16.6.1) 


ial 
to produce the Dirichlet boundary data as f = g|p. Denote Case I: Qu = (1°, ¢*) = 
(p9+0.1,%) and Qi, = (po — 0-1,3), and Case I: Qu = (Po +0.01,0) and 
Qi = (Po — 0.01,0). The MPS by using (16.1.5) is chosen, and the results are 
given in Table 16.1. From Table 16.1, we find for two cases, 


llellor = 0(0.65"), Cond = 6.68. (16.6.2) 


The convergence rates may reach those obtained for the smooth function u = 
cos(x)e” only. The singularity can be removed; this also verifies Proposition 16.5.2. 


(b) 
Y 
rT 0.5 
S 
O 3 x 


Fic. 16.2 — Elliptic boundaries, with two source nodes Q}, and Que 
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Next, choose the generating function 


gı = cos(x) e” + In| PQ* |, (16.6.3) 


where Q = (p*, 6") = (p + 0.01, 0) in elliptic coordinates. By adding the same FS: 
In|PQo|, the admissible functions in the MPS are given by 


Un+1(p, 0) = %0 + 5 e™™ (a, coshkp cosk@ + p, sinhkp sink0) + do In| PQl, 
k=1 


(16.6.4) 


where (p, 0) are the elliptic coordinates with pọ = 0.2554, Qo = (Po + 6,0), do and 
Xk, P; are unknown coefficients, but 6 is unknown to be sought by the secant method 
(16.5.8). The iteration results are given in Table 16.2 to restore the accuracy to that 
of Table 16.1. 


Third, choose the generating function 
gy = cos( z) e” + In| PQ |, (16.6.5) 
where Q;, = (po — 0.01,0). For the MFS, the admissible functions 


vn +1((p, 0) = do In| PQo| + 3 ci Inf PQ], (16.6.6) 


i=1 


Tas. 16.1 — The errors and the condition numbers for elliptic I in two cases by the MPS by 


using (16.1.5), where € = u — un, and the generating function (16.6.1) is chosen. 

Cases llell oor llelor | Cond Cond_eff — ||x|| Gmin 
4.47(-1 
4.47(-1 
4.47(-1 
Case I 4.47(-1 
Qout 7 (Po +0.1,5) 4.47(—1 
Qin = (Po — 0-1,5) 4.47(-1 
4.47(-1 
4.47(-1 
4.47(-1 


Case II 
oat = (Po F 0.01, 0) 
Qin = (Po — 0.01, 0) 
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where Qo = (pọ +0.01, 0) is still outside I and the source nodes Q; = (pọ + 0.5, i3). 
There exists no overlap between Qg and Q;(i>1) due to ô < 1. Note that dp and c; 
are the unknown coefficients, but 6 is unknown to be sought by the secant method 
(16.5.8). The results are given in Table 16.3 by N = 48 and dy = 1.000000033497895, 
to restore the high accuracy as O(10~'*). The terminal value ô = 0.01 in Table 16.3 
supports Proposition 16.5.2 again. 


16.7 Applications to Amoeba-Like Domains 


16.7.1 Numerical Results 


The accuracy of numerical solutions can be greatly improved by using the removal 
techniques in Section 16.5. Here we choose the amoeba-like domains for exam- 
ple. Consider the amoeba-like domain with a boundary T (= 0S) defined by (see 
Figure 16.3) 


r(0) = e sin?(26) + e cos?(20), 0<0<2r. (16.7.1) 


Consider the source function (16.1.3) with q = 1. We choose small ô = 0.01, 0.001 
and the MFS. Since the circular pseudo-boundaries are optimal for highly smooth 
solutions, we only employ them in this section (see Figure 16.3). The numerical 
results of the MFS are provided in Table 16.4. For the singular source functions 


In| PQ*,,,| and In| PQ} |, we can see from Table 16.4 at 6 = 0.001, 


x 
in 


llelloor = O(N”), |lellor = O(N 4), Cond = O(1.51%), Cond_eff = O(1.15”). 
(16.7.2) 


The errors in (16.7.2) coincide with the estimate |le||) r = o(+) from (16.4.6). For 


the highly smooth source function, In| PQ;,,| with Qj,, = (5,0), we can see 

lell r = O(0.75%), llellor = O(0.74%), Cond = O(1.51"), Cond_eff = 0(1.49"). 
(16.7.3) 

Denote the maximal and the minimal distances by fmax = max r|p and fmin = 

min rly, respectively, to the center (2 ,y,) in Figure 16.3. For the interior 


Dirichlet problem of Laplace’s equation, there exist the estimates in Chapter 2 (also 
see [151, 163]) 


Tmax N-2n Tmax ý 
lu- vrlo < Cy (S) (25) lulor+ lu- wlorp (16.7.4 


min 


Cond = o(m (4 y (16.7.5) 


TAB. 16.2 — The errors and the condition numbers for elliptic I by the secant method to seek ô with the MPS by using (16.6.4), where 
€ = U— Un+i, n = 24 and M = 4n, and the generating function (16.6.3) with Q (p +0.01, 0) is chosen. 


out ~~ 


(p*, o“) jC ll€lloor Gmin 
Initial value 0 0.0020000000000000 4.80(-1 l ; ; 1.46(-1 
Initial value 1 0.0040000000000000 1.19(-1 

0.0075020621637934 1.59 9.25(— 
0.0093475118189717 3.84 . ; À 8.31(- 
(Po +0.01, 0) 0.0099366703360650 : 3.65 l ; 8.04(- 


0.0099984517589414 : 8.89 : : : 8.02 
0.0099999963575769 : 2.09 : ’ : 8.02 
0.0099999999997913 7.42(—-12) 1.20(-12) ; : : 8.02 
0.0100000000000010 1.69(—14) 1.13(-14) 3 . : 8.02 


ONMNNMNNYNY DY WY 


A ee ee ee ee ee ee 


TAB. 16.3 — The errors and the condition numbers for elliptic I by the secant method to seek 6 with the MFS by using (16.6.6) with 
p = Po + 0.5, where e = u — vy+1, N = 48 and M = 2N, and the generating function (16.6.5) with Qf, = (pọ — 0.01, 0) is chosen. 


* 
in 


8) [lar dor Cond : a 
Initial value O 0.0020000000000000 3.14(-1) 3.71(—2) 1.44(12 1.45(-11 
Initial value 1 0.0040000000000000 1.87(-1) 2.33(—2) 1.45(12 1.44(-11 
0.0073846878349284 6.59 8.29(-3) 1.45(12 1.43(-11 
0.0092541995429041 1.68 2.16(—3) 1.46(12 1.43(-11 
(pp — 0.01, 0) 0.0099145734662091 1.85 2.41(—4) ( 1.43(-11 
0.0099972807588805 5.86 7.64(-6) ( 1.42(-11 
0.0099999900974100 2.13 2.78(-8) 1.46(12 1.42(-11 
0.0099999999989540 | 2.26(-11) 2.95(-12) 1.46(12 1.42(-11 
0.0100000000000036 | 6.57(-14) 5.34(-14) 1.46(12 1.42(-11 
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-2 =l 0 1 2 3 


Fic. 16.3 — The boundary T of the amoeba-like domain defined by (16.7.1), accompanied by 
three source nodes Q;,, Qu and Qj, = (5,0) in (16.1.3) (Left side), and the circular 
pseudo-boundaries with radius R and center at (xo, y,) = (0.6386, 0.4145) (Right side). 


where constant v (> 1). From the values rmax = 2.3291, fmin = 0.8067 and R = 3, we 
have the dominant part of (16.7.4) 


Pes o( (=) ‘) = o( 2) l = 0(0.777"), (16.7.6) 


to coincide with (16.7.3) for the highly smooth function (16.1.3) at Qf,- Moreover, 
we have from (16.7.5) 


N N 
v k a — v 3 2 — v N 
The numerical bounds of the Cond in (16.7.2) and (16.7.3) are also consistent with 
(16.7.7). 
Choose the generating functions, 
+ In| PO Q= Qu (or Q = Qa) Qir = (5,0). (16.7.8) 


By adding ln|PQo|, the admissible functions are given by 


g (P) = In| PO 


N 
vn+1(r, 0) = do In|PQo| + X ci DPQ, (16.7.9) 


i=1 


where Qo = (x, y) = (e + 6,0) with ô > 0, and dọ and c; are unknown coefficients. 
The parameter 6 is sought by the secant method, and the results are listed in 
Table 16.5. Both Q and Qj, are found to be the Qo in (16.7.9) correctly after a few 


* 
in 


TAB. 16.4 — The errors and the condition numbers for the amoeba-like T by the MFS using (16.1.10) with circular pseudo-boundaries with 
radius R = 3, where e = u — vy, Qj, = (e — 0,0), Q*, = (2%, y*) = (6,0) with 6 = 0.01, 0.001, and Q;,, = (5, 0). 


out 
Generating functions n M llelloor llello.r Cond Cond_eff \|x|| Omin 
7.29(-2) 
5.04(-6) 
1.29(-8) 
7.93(-12) 


In| PORI 
Q, = (e — 0.01, 0) 


in 


In| PQ; 


Q*, = (e — 0.001, 0) 
3.99(12) 7.93(-12) 
1.40(15) . 2.51(-14) 


In| PQ ul 
Qt = (e+ 0.01, 0) 
3.99(12) ; 7.93(-12) 
1.40(15) 2.51(-14) 


In| PQ ul 
Q% = (e+ 0.001, 0) 


3.99(12) ; f 7.93(-12) 
1.40(15) . . 2.51(-14) 


T.52(2) 
In| PQl 4.43(6) 
Qfar = (5,0) 2.12(9) 
3.99(12) 1.37(12) 7.93(-12) 
1.40(15) 3.14(14) . 2.51(-14) 
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iterations, and the constant dy = 1 is obtained. The high accuracy as O(107!3) has 
been achieved in Table 16.5. Proposition 16.5.3 is also valid for the amoeba-like 
domains based on (16.7.5). Hence, the stability remains the same when an additional 
source node Qo near T is added in (16.7.9). This guarantees the validity of the secant 
method; see Table 16.5. 


16.7.2 Removal Techniques Linked to Source 
Identification Problems 


Let us link the removal techniques to source identification problems. Define the 
source identification problem as Problem A. Consider 


Au(P) = ged ([PQ'|) in S, up =f=f,+{qn/PQ'}Mp, (16.7.10) 


where the constant c* = 27, the source node Q* ¢ IT and f, is a smooth function. We 
prove that the source function (16.1.3) satisfies the Poisson equation in (16.7.10) 


(i.e., (16.1.1)) as Q* = Qi, (€ S). The Dirac-delta function 6(|PQ*|) is defined by 
6(|PQ*|) = 0 at node P # Q*, 6(|PQ*|) = œ at P = Q*, and ff »d(|PQ*|)dsp = 1. 
First, we have Au(P) =0 at P# Q;, but Au(P) = œ at P= Qj. The latter is 


in’ 
proved by contradiction: assume that Au(P)| p_ g: Š Čo, pa ĉo (> 0) is a bounded 


positive constant. For point Mo € S, we have from [146, (1.69)| 


uo) == f (mPa SE- uÈ (n|PMa)) dto ff 0PM AuP)dse . 


(16.7.11) 


Let Mo = Q;, and u(P) = ln|PMo|. Let K,(C S) denote a disk with radius 
e (<6 <1) and center at Mo. We have from (16.7.11) 


= 5, [| PPAP) )dsp =z fh ln|PMo|Au(P) dsp 
= — — e A 
all. Au(P) dsp > a 


where ¢, is also a positive constant. However, we have u( Mo) = In|PMo| = —oo at 
P = Mp, thus to violate (16.7.12). This contradiction confirms that Au(P)|p_g: = 


oo. Next, we have the constant in (16.7.10) 


1 1 1 * 20 1 
on All Aut = F Au = oi =f ed = 2n, (16.7.13) 
q JJ R qJJK, qJax, OV 0 £ 


to give the Poisson equation in (16.1.1), which is also consistent with Chen et al. 
[45, (6)]. Suppose that the Dirichlet boundary data f is given and that the source 
pattern function as In| PQp| is also known. The goal is to seek the source location Q* 
and the charge q. Such a goal can be fulfilled by the numerical solutions (16.7.9), 


(16.7.12) 


In| PM)| In| PMol dsp = —¢, 


Qut = 


(2*,y*) 
Initial value 
Initial value 


Initial value 
Initial value 


Qi, = = (e — 0.01, 0) 


(e+0.01,0) 


0.0020000000000000 
0.0040000000000000 


0.0081890930240614 
0.0095967733892493 
0.0099728432387588 
0.0099996706749956 
0.0100000001588578 
0.0100000003178390 
0.0099999999986632 
0.0099999999973286 
0.0099999999999895 


—0.0010000000000000 
—0.0020000000000000 


—0.0073265125798887 
—0.0111588864695238 
—0.0219966747236658 
—0.0102772757895882 
—0.0100790744154180 
—0.0100032400494495 
—0.0100000359453106 
—0.0100000000294661 
—0.0100000000000482 


llelloor 
4. Ta 
2.61(- 


3.83(-11) 
7.66(—11) 
2.75(-13) 


3.21(-12) 


llellor 


8.58(-12 
1.72(-11 
8.97(-14 


4.27(-10) 
8.43(-13) 


Cond 


1.36(17 
1.35(17 


(1 
1.38(17 
1.34(17 
1.31(17 
1.44(17 
( 
( 
1.36(17 
( 
( 
( 
( 


1.42(17 
1.38(17 


1.34(17 
1.43(17 
1377 
1.46(17 
1.45(17 
1.45(17 
1.48(1 
1.47(17 
1.47(17 


Cond_eff 


6.13(10) 
7.49(13) 
3.91(15) 


1.40(17 2.04(5 2.33(10) 
1.36(17 2.40(5 1.98(10) 


7.72 
6.32 
1.21 


TAB. 16.5 — The errors and the condition numbers for the amoeba-like I by the secant method to seek 6 with the MFS using (16.7.9) with the 
circular pseudo-boundary at R = 3, where € = u — vy +1, N = 120 and M = 240, and the generating function (16.7.8) is chosen. 


Omin 
1.83(-15 
1.86(-15 


1.86 
1.81 
1.84 
1.82 
1.82 
1.83 
1.82 
1.87 
1.83 


15 
15 
15 
1 
1 
1 
15 
15 
15 


OU Ot Ot 


1.83(-15 


1.87 
1.86 
1.37 
1.87 
1.87 
1.81 
1.84 
1.84 
1.84 


15 
15 
15 
1 
1 
1 
15 
15 
15 


OU Ot Ot 


(a 
[= 
(= 
G 
(G 
= 
(- 
(= 
(= 
(= 
1.84(-15 
(- 
(- 
F 
G 
{= 
(a 
(= 
(= 
T 
(= 
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Qin = es 


(2*, y“) 
Initial value 
Initial value 


(e — 0.001, 0) 


Tas. 16.5 — (continued). 


EE 
—0.0002000000000000 3.41 
—0.0004000000000000 2.27 


llello,r Cond 


—0.0007969303367521 
—0.0009619928643445 
—0.0009981337549312 
—0.0010000028779164 
—0.0010000057706843 
—0.0010000000001013 
—0.0009999999999920 
—0.0009999999999796 
—0.0010000000000108 


2 
3 
4 
5 
6 
7 
8 
9 


ay 
Oo 


Cond_eff 


Omin 


1.85 
1.87 


1.85 
1.81 
1.84 
1.82 
1.86 
1.82 
1.83 
1.83 
1.85 


-15 
-15 


—15) 
-15 
~15) 
-15 
~15) 
-15 
~15) 
-15 
~15) 
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which have high accuracy by removal techniques. In this section, the numerical 
solutions for node Qo (= QŽu Q;,) also solve the source identification problem A. 


Next, consider Qo (= Qj,,) € S, the equation (16.7.9) leads to 
as N ————, 
ov 41(P) = ww4i(p, 0) = do H POI + XO c: [PQ], (16.7.14) 
i=l 


where Qi E€ S and P=(p,0) € S. Define the pseudo identification problem for 
Qi, € S only: Problem B. Consider the Dirichlet problem of Laplace’s equation, 


Au(P)=0in S, up=f=f,t fa in|PO} . (16.7.15) 
r 


The goal is to discover the singular part q In| PQ;,| of function f as if there were a 
source node Q% (€ S). For circular, elliptic, and polygonal boundaries, the harmonic 


numerical solutions may be obtained by using the image source node Q% „ outside T. 


Let us consider the pseudo identification problem B for the amoeba-like domain. 
There is a dilemma that the numerical solutions (16.7.14) are not harmonic func- 
tions in S. Below, let us find the harmonic solutions. Note that the functions 
(16.7.14) are harmonic except at P = Q;,. From [223, p.327], it is possible to find a 
harmonic function vy, ,(P) in the entire domain S. 


Let u = u* + v, where both u* and v are harmonic functions satisfying 


Au'(P)=0nS, čp =f = fa inlPOR (16.7.16) 
F 
Av(P)=0 in S, v= fs (16.7.17) 


Since the source pattern function as w(P) = do In| PQ 
harmonic function in S from (16.7.11) 


| is known, we obtain the 


¥ 
in 


u (P) = = i (PA w(Q) os PQ) Yato. (16.7.18) 


The harmonic function v in (16.7.17) is given in the second term on the right-hand 
side of (16.7.9), 


N 
on(P) = X ci M| PQ]. (16.7.19) 
i=1 


Then the approximate harmonic functions u(P) at P € S for the source identifica- 
tion problem B are found as 


u(P) = u*(P)+ 3 ci n| PQ;l. (16.7.20) 
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For the circular boundary T with radius a, the harmonic solution u*(P) can be 
found simply based on the Poisson integral. Denote P = (p,0) € S and Q= (a, ¢) 
€T. We have from [223, p.345] 


u*(P) = u'(p, 0) = xf wor a — pt = =} a. (16.7.21) 


Qn a? + p? — 2ap cos 


where w(@) = w(P) = {do In|PQ},|}|-. The equation (16.7.21) is an integral 
representation involving closed functions, which is desirable in physical problems 
(see [193, p.791]). The harmonic functions are also found as (16.7.20) but with 
(16.7.21). Note that in (16.7.18) and (16.7.21), the integrals are nearly singular 
because node Qý, is near I. The techniques in Gu et al. [92, 93] may be used to 
provide the correct harmonic solutions. Hence, the above dilemma has been clarified. 


Remark 16.7.1. Let us compare the singularity of source functions with that of 
interior crack problems (e.g., Motz’s problem in Chapter 1 and [151, 169]). From the 


singular solution u= o(r') for Motz’s problem, we have u€ H'°(L) with 


1 
n~ 


0<ô <1, and the slow convergence rates as ||u— unlar = O() occur by the 
MPS. For the singularity caused from qln|PQ| as Qo near T, the solution u € 


H’(T) with P2 may happen, and the slowest convergence rate ||u— unllor = 


O|) may be incurred (also see (16.4.6)). Hence, the removal techniques in this 
Jn y 


chapter are imperative to reach satisfactory solutions in practical applications. 


Remark 16.7.2. For the pseudo identification problem B, we may choose a few L (> 1) 
unknown nodes TONA = (aa sr) outside T, and employ (N + L) fundamental 


solutions, 


L N 
uvr =Y d; In| Po, + X ci n|PQil. (16.7.22) 
k=1 


i=1 


(k) 


out the singularity may be removed, and the 


(k) 


out 


By solving the nonlinear system of Q 
harmonic solutions can be obtained. The nonlinear equations for source nodes Q 
can be solved by the MATLAB routines lsqnonlin and fsolve as in [38, 89]. 


Remark 16.7.3. The removal techniques in this chapter can be applied to different 
types of logarithmic singularity 


—— \B 
u = u (P) = a(nP@"1) , B>O, (16.7.23) 
and strong singularity as node Q* near boundary IT, 
1 
u* = u*(P) B>0. (16.7.24) 


= ds 
PR 
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Details are given in [253]. In Mathon and Johnston [189], all locations of Q; are 
unknown. Since the number of Q; is not small in applications, some complexities of 
large-scale nonlinear solvers (such as suitable initial values) may be encountered. In 
(16.7.22), we choose a few nonlinear parameters, and the troubles of nonlinear 
problems may be bypassed or easily handled. The numerical examples in Section 16.7 
are encouraging and promising. The algorithms and the removal techniques in this 
chapter may grant new vitality to the MFS for further devolvement and wide appli- 
cation. There remains a question: how can we know the patterns of singular functions 
as in (16.7.23) and (16.7.24)? The more singularity properties we know, the more 
efficient the removal techniques will be. Before the removal techniques proposed in 
Section 16.5, we have explored in-depth the singularity properties of the source 
function (16.5.1) in Sections 16.3 and 16.4. For the problems to be solved, the 
singularity pattern should first be discovered, and then the algorithms and the removal 
techniques in this chapter can be applied. 


16.8 Concluding Remarks 


To close this chapter, let us address its novelties. 


1. The analytical framework for the errors involving numerical integration of the 
MPS is provided in Section 16.2, which is important to the reduced convergence 
rates from the singularity caused by the source function (16.1.3). This is an 
advanced development of analysis for the CTM in the book [169]. 

2. For the source function (16.1.3) when Q“ is near boundary T, the solutions 
have u€H'(S) for arbitrary domains from Lemma 16.4.1. The singularity 
from (16.1.3) may be stronger than that of the interior crack (see Remark 


16.7.1). For polygonal domains, the solutions have u(€ H'(I)) = o(4) from 


Theorem 16.4.1, where ô(« 1) is the distance of Q* to boundary T. For 
circular and elliptic domains, the sharper convergence rates o(2; eu) of 


the MPS are obtained in Section 16.3. 

3. The removal techniques are proposed in Section 16.5, where an additional source 
node Qy is added to the original source nodes in the traditional MFS. The source 
location Qo and the charge dọ are unknown, which can be sought by the secant 
method. The stability by using vy +1 in (16.5.2) remains the same as the MFS; 
see Proposition 16.5.3. This is also an advanced development of the MFS. 

4. When Qo (= Qh) € S, the image source node Q% outside I may be solicited not 
only to provide the harmonic solutions in S but also to identify the source node 
Qi (€ S) by image reflection. For elliptic domains, Proposition 16.5.2 is new (cf. 
[223, p.354])) for image concepts and numerical methods. 

5. In Section 16.7, the amoeba-like domains are discussed. The source identification 
Problem A and the pseudo source identification Problem B are proposed. For 
Problem B, the harmonic solutions in § are provided in (16.7.20) and (16.7.21). 
Note that the source identification Problems A and B are different from those in 
Karageorghis et al. [119, p.319]. 
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6. The source function (16.1.3) (i.e., the FS) is essential to physics, mathematics, 
and computation [104, 169, 193, 210, 223]. When the source node Q* is near 
boundary T, there occurs the new singularity problem differently from those in 
(91, 146, 168, 169]. A comprehensive study has been made for the solution sin- 
gularity, the reduced convergence rates of the MPS and the MFS, and the 
removal techniques. Hence, the analysis and algorithms in this chapter are 
important for both theory and computation in partial differential equations 
(PDE). 

7. In Remark 16.7.3, the removal techniques are extended to different types of 
logarithmic singularity and strong singularity as node Q* near boundary T. The 
(N + 1) linear coefficients and a few nonlinear parameters are chosen in the MFS 
algorithms, thus greatly degrading the troubles encountered in large-scale 
nonlinear solvers. The new study in this chapter may grant new vitality to the 
MFS for further devolvements and wide applications. 


Chapter 17 
Source Nodes on Pseudo Radial-Lines 


Consider Laplace’s equation in a bounded simply-connected domain S in 2D. In the 
standard method of fundamental solutions (MFS), the source nodes are located on a 
closed contour outside the domain boundary T (= 0S), called pseudo-boundaries. 
For circular/elliptic pseudo-boundaries and the pseudo-boundaries near boundary 
T, the analysis and the computation have been studied in previous chapters. New 
locations of source nodes are studied along pseudo radial-lines outside I in this 
chapter. First, choose the source nodes located on one pseudo radial-line. We prove 
that the MFS using one pseudo radial-line of source nodes is divergent. Then we 
propose two pseudo radial-lines, where the source nodes as (Ri, 6) and (Ri, 3) are 
chosen, and two different angles ¢| and @; are fixed. The error analysis is provided 
with adaptive error estimates in [256], which involve the numerical coefficients that 
have been obtained. Numerical results are encouraging and promising. Since the 
success of the MFS mainly depends on stability, we derive the lower and the upper 
bounds of condition number (Cond) for disk domains in [257]. Both lower and upper 
bounds are intriguing in stability study for the MFS. Numerical experiments are 
carried out to verify the stability analysis made. The new algorithms using two 
pseudo radial-lines in this chapter may become a competent boundary method in the 
MFS family. The materials of this chapter are adapted from [256, 257]. 


17.1 Introduction 


Consider Laplace’s equation with the Dirichlet boundary condition, 
Au=0in S, w=fonT, (17.1.1) 
where S is a bounded simply-connected domain and T (= 0S) its smooth boundary. 


Let P = (p, 0) and the source nodes Q; = (Rj, ġ;) outside S. Choose the fundamental 
solutions (FS), 


,(p,0) =In|PQ, 


, [PQ] = y R+ p? — 2R;p cos(0 — 4). (17.1.2) 
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We obtain a linear combination of FS as 


N 
uy = 3 cjln|PQ;| = X c;®;(p,0), (17.1.3) 
j=1 
where cj are unknown coefficients. Let I be divided into small Ty with the 


: ; M : 

meshspacings Ah, i.e., IT = (J;e. We assume that the meshspacings Ahy are 
aaa < 
ming|Ah | — 


quasiuniform satisfying C, where C is a constant independent of M. For 
simplicity, choose (p;, 0¢) as the midpoint of Tp. We obtain the collocation equations 


from the Dirichlet boundary condition in (17.1.1), 


VEES 68 (pe, 0) = y Ahe f(py, 92), L= 1,2, ..., M, (17.1.4) 


where M > N. The equation (17.1.4) leads to an overdetermined system Ax = b, where 
matrix A € RY¥*N(M > N), and vectors x = (c1, @,..., cy)” € RY and b € R“. 


In the standard MFS, the source nodes are located on a closed contour outside 
the domain boundary T (= 0S), called pseudo-boundaries. Error and stability 
analysis is made for circular/elliptic pseudo-boundaries in the previous chapters. We 
study the new locations of source nodes along pseudo radial-lines outside I`. Denote 
the source nodes by (Ri, 6") in polar coordinates, where R; > Pmax = max p|r but 
angle ¢* is fixed. Hence the source nodes are located on one radial-line at ¢ = ¢”. 
The algorithms of the MFS using one pseudo radial-line are divergent. Then two 
pseudo radial-lines are proposed, where the source nodes as (R;, ¢{) and (R;, $5) are 
chosen, and two different angles ¢} and ¢5 are fixed. Error analysis is made with 
adaptive error estimates in [256], which involve the numerical coefficients that have 
been obtained. Numerical results are encouraging and promising. Since the success 
of the MFS mainly depends on stability, we further study two pseudo radial-lines of 
source nodes but focus on stability analysis in this chapter. Both the lower and 
upper bounds of Cond are derived for disk domains. Denote two pseudo radial-lines 
of source nodes by 


G= (Rnt) QG = (Rnt) F=O1Z4n 


17.1.5 
Pi < o3, Pmax < Po < Ri < +++ < Rn = Rmax- ( ) 


The source nodes in (17.1.5) are located along two different radial-lines at ¢ = į and 
$ = 5. Consider two types of FS in (17.1.3) as 


Basic Case : uy = 5 cj®; (p, 0) + 5 SDF (p, 0), (17.1.6) 
j=0 j=1 
Variant Case : uy = > cj®; (p,0) + TSD SD (p,0), (17.1.7) 


j=0 j=0 
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where N = 2n+1,2n+ 2, cj and CG are unknown coefficients, and 


©; (p, 0) = In|PQ, | = ny R? + p? — 2R;p cos(0 — $%), (17.1.8) 


D7 (p, 0) = [PQF | = Iny/ R? + p? — 2R;p cos(0 — 9). (17.1.9) 
For these two pseudo radial-lines, we study in detail two kinds of locations of source 
nodes in [256], Case I: uniform R; € [Ro, Rmax] and Case II: uniform z; = ®= € [a, b], 
where 0<a<b< 1. Numerical experiments for Cases I and II are carried out in [256] 
to seek better parameters Ro, Rmax and (¢), 65). Case II is superior to Case I due to 
better stability and better numerical performance, so we prefer Case IT. Based on the 
numerical experiments in [256], large Rmax = 10000 in Case II may render better 
numerical performance. Since the angles as $; — ¢| = 7, and ¢; — ¢; =% —G, are 
also beneficial, they are chosen for analysis and computation in this chapter. 


Since the success of the MFS mainly depends on stability, numerical stability is 
imperative and challenging. Since the discrete matrices consist of the Vandermonde 
matrix whose ill-conditioning is notorious, the lower bound of Cond is an important 
topic (see [84-86, 199, 229] and [99, Chapter 21]). Both the lower and upper bounds 
of Cond are first derived for disk domains. Let Pmax < Ro < Ri < Rmax, where 
Pmax = Max p|p. The following lower bounds are derived in Theorem 17.3.1 for Basic 
Case in (17.1.6), 


Ro 


2n—2 n-1 
Cond(A) > —_ x ( ) , N=2n+1. (17.1.10) 


P max 


For Variant Case in (17.1.7), the lower bounds are derived in [257], which are smaller 
than those in (17.1.10). 


In Case II, the nodes x; = = are located on [a, b] uniformly, where a = 2 = 
, R, R, 


i max 


o(}) and b= Po <1. The upper bound estimates are derived for Variant Case in 
Case II and given in (17.3.28) as 


3 
Cond(A) < C(InRmax) N15 +7 +8 x 22% x (=) (17.1.11) 


P max 


where f> 0 and y = 0,1 are for ¢; — $i = j; and § — j respectively and C is a 


bounded constant independent of N. Comparing (17.1.11) with (17.1.10), there 
occurs an additional exponential rate O(v2") of Cond for N > 1. 


The exponential growth of Cond is confirmed from (17.1.10) and (17.1.11), 
which is the same as that in the standard MFS but lower than the super-exponential 
growth of the boundary knot method (BKM) in Section 7.5. Both lower and upper 
bound estimates of Cond in this chapter are intriguing in the stability study for the 
MFS in the previous chapters. All numerical Cond is coincident with the lower and 
upper bound estimates. 
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Remark 17.1.1. Error analysis is the other important criterion for numerical algo- 
rithms. We derive the error bounds in [256]. Suppose the solution u € H?(T) with 
p> 1. Choose Variant Case (17.1.7) and use the source nodes in (17.1.5). There 
exists the error bound, 


lular | Ixl (max? 
le- ushr < cf NF + LAL (es) , (17.1.12) 


where C is a constant independent of N. Moreover, there also exists the bound, 


Co 1 n n 
lu — uxllor < c| 5 ({ax| + |b|) + Hale +1e5 |) 2" i. (17.1.13) 
k=n+1 j=0 


where N = 2n +2 and zj = ®=, cj and c; are the numerical coefficients in GEL, 
4 


and a; and b; the expansion coefficients in (17.2.1) below. The error bounds (17.1.12) 
and (17.1.13) are valid for all kinds of (Ri, $ï) and (R;, 5), and they can be applied to 
non-disk domains. The error bounds (17.1.12) and (17.1.13) involve the coefficients c; 
and c;, which are known only after the numerical computation has been completed. 
They are called adaptive errors (AE). The error bounds (17.1.13) are useful in the 
application as the effective condition number (see [162]). Suppose that the solution is 
nonsingular as u € H? (T) with p>2. Hence, we may employ the second term on the 
right-hand side in (17.1.13) as the AE, 


‘ 1 = n+1 Pmax 
AE =F Slots |) 2" \ y= (17.1.14) 


The equation (17.1.14) with cj =0 is valid for Basic Case in (17.1.6). Numerical 
verification for the adaptive errors is given in [256]. 


This chapter is organized as follows. In the next section, we prove that the 
algorithms of one pseudo radial-line diverge. Then two pseudo radial-lines are 
essential. In Section 17.3, the lower and upper bounds of Cond are provided for two 
pseudo radial-lines. In Section 17.4, numerical experiments are carried out to verify 
the analysis made. In the last section, a few remarks are made. 


17.2 Pseudo Radial-Lines 


17.2.1 One Pseudo Radial-Line 
The particular solutions (PS) of (17.1.1) are given by 


(0.0) = a+ 9° (o 


n ap cosk0 + by sink0) := Pa + Rn, (17.2.1) 


Pmax 
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where Pmax = max p|r, and the PS of degree n and the residuals are given by 


Py, = P,(p,0) = ao + ` (£ E (ax cosk0 + b; sink0), (17.2.2) 
oo k 
Rn» = R,(p, 0) = DD ( ) (ap cosk0 + by sink0), (17.2.3) 
k=n+1 \Pmax 


where ap and bz are the expansion coefficients. Let P(p, 0) € S and the source nodes 
Q(R, ġ) with R > pmax: From Lemma I.3 in Part I, we have 


In| PQ] = nyk? +p? —2Rp cos(@— ¢) = nR- Y : (£) "std = Bi: E 
k=1 
(17.2.4) 


First, we employ one pseudo radial-line, and choose the source nodes, Qi = 
(Rj, 0"), Pmax < Ri < R2 < +++ < Ry, where the angle ¢* € [0, 27) is unchanged. From 
(17.2.4) we have 


Oy k 
In| PQ;| = ny R? +p? — 2R;p cos(0 — ¢*) = InR; — 2 (£) cosk(0 — ġ*). 


k=1 J 


Then, a linear combination wy in (17.1.3) can be denoted as one of P, in (17.2.2), 


uy © Pi (p, 0) = a + 2 (Hi (a;, coskO + by, sink@), (17.2.5) 
where the coefficients 
N ifa k 
a=) ik, ağ =- `> GT (==) cos(kg*), 
g ME a: (17.2.6) 
* 1 Pmax * 
i= Loy (2) snag), 


where N > 2n + 1. The equations (17.2.6) are denoted by a linear algebraic equation, 
y = Ex, (17.2.7) 
where vectors x = (c1, C2,..., cv)’ € RY and y = CURAN 1. BE) ERT, 
and matrix E € R?"*+)*% has the entries, 
E,;=InR;, j=1,2,. N, 


1 Pmax g * = 
Eisg = -1 (22m) cos( ko ), J= 2N, k=l Zent 


1 k 
Erint=—z (=) sin(ko*), j=1,2. N, k=1,2,...n. 
J 
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We intend to establish the one-to-one correspondence between the vectors y and x in 
(17.2.7). Let N = 2n +1. The matrix in (17.2.7) is denoted by 


InRı Inky = iAy 
— 4p cos(*) —Fyscos(p") ++ — gr cosl’) 
2 4 s 
—3 (Pps) cos(2d") —3 (Byps) cos(2g") --- —3 (a) cosg) 
p= | —4 (At) ong) —4 (Cat) cos) o =a (Ht) costae) 
— a= sin(p") -prsia + — Gpssin( *) 
2 2 2 
-4 (4) sinag) —3 (4p) sinag) o =h (Spe) sinf20") 
=n (Cae) ag) — 5 (Fae) si o =i (e) sin(ng) 


(17.2.8) 


Suppose that matrix E is nonsingular. From (17.2.7) we have x = E~'y, where the 
inverse matrix E7! € R“*%, The particular solutions in (17.2.5) can be approximated 
by the FS in (17.1.3). Otherwise, the solutions from the MFS are divergent. 


Proposition 17.2.1. For the source nodes Q;=(Rj,0) with Pmax <Rı< R<- 
< Ry, matriz E in (17.2.8) is singular. Then the solutions from the MFS in (17.1.8) 
are divergent. 


Proof. First, let N = 2n+1. We have from (17.2.8) 


InR, ln Rə oe InRy 
Pmax Pmax oe Dras 
Ry Rə Ry 


2 2 2 
1 Pmax 1 [ Pmax ... LL [Pma 
2\ R 2 \ k 2\ Ry 


E= 1 (tye) 1 (ty) a ()" (17.2.9) 
n\ Ry n\ Ro n\ Ry 
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k 
The coefficients b}, in front of terms G) sink@ in (17.2.5) are all zeros. Next, for 


N > 2n+1, the coefficients b}, in (17.2.5) are also all zeros. When one coefficient 
bg 4 0, the solutions from the MFS are divergent. E 


In the numerical examples of [45, 48], only the solution, u(x, y) = u(x, —y), was 
chosen so that all trivial coefficients b, =0,Vk, and convergence of numerical 
solutions still showed up (see [45, (24)]). 


Proposition 17.2.2. For the source nodes Q; = (Rj,¢°) with Pmax<Ri<Ro< >> 
<Ry, matriz E in (17.2.8) is also singular. Then the solutions from the MFS in 
(17.1.8) are divergent for general harmonic functions. 


Proof. Denote the diagonal matrix D (€ RC” +D*@n+1) py 
: * 1 * 1 kos * 1 : * 1 : * 
D = —diag, —1, cos 5 cosa y+, —cosng , sing 15 Sind yy —sinnd™ p. (17.2.10) 
n n 


We have E = DE*, where matrix E* (€ R?"+)*) is given by 


InR, ln Rə -- InRyN 
Pmax Diis _ Pmax 
1 2 Ry 
2 2 
Pmax Pmax Pmax 
Ry Rə Ry 
: n : n vn 
: Prax Prax Prax 
E = Rı 2 Ry . (17.2.11) 
Pmax Pmax Pmax 
1 2 Ry 
2 2 2 
Pmax Pmax Pmax 
Ry Rə Ry 
an ian ae 
Pmax Pmax Pmax 
Ry Ry Ry 


First, let N = 2n+1. Since the kth row of matrix E* is identical to the other 
(n+k)th row at k € [2, n+ 1], matrix E* is singular and so is matrix E. The har- 
monic functions P, in (17.2.2) can not be approximated by the u% in (17.1.3), so the 
divergence statement in Proposition 17.2.2 is confirmed. Next, consider N > 2n+1. 
Denote a sub-matrix of (17.2.11) by 


Piik Pmax n Pmax 
a Rə N 


0)" Ce Gy 
Friern’) =| +* x OEE ilk (17.2.12) 
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and denote sub-diagonal matrices from matrix D in (17.2.10) by 


1 1 
Di (€ R”) = -diag{ cos" 5.00826", ateosng }, (17.2.13) 


1 1 
D: (€ RR") = -diag{ sing", Ssin26", satsing), (17.2.14) 


Moreover, also denote two sub-vectors of y by yı = (aj,..., až) eR” and 
Ya = (b%,..., 05)” € R”. From (17.2.7) and (17.2.8), we have y, = D,E%x and y, = 
D.E;x to give a compulsory relation between two sub-vectors y, and yo, 


= D.D;'y, (17.2.15) 


where the diagonal matrix D.D7'! = diag{tan¢*, tan2¢*,...,tannd*}. For any 
harmonic polynomial (17.2.2) of order n without the coefficient relations 
(17.2.15), the solutions from the MFS in (17.1.3) diverge. This completes the proof 
of Proposition 17.2.2. a 


17.2.2. Two Pseudo Radial-Lines 


To guarantee the convergence of numerical solutions, we propose two pseudo radial- 
lines of source nodes as follows, 


Q; = (8,0), OQ = (R), f=0,1,2,...,0, 


(17.2.16) 
Pmax < Ro <Rı< -e <Rr = Rmax, 
where Pmax = max p|r. The FS in (17.1.3) are expressed in two cases: 
Basic Case : uy = 9 cj®;(p, 0) + La & D; (p (17.2.17) 
j=0 
Variant Case : uy = 5 cj®;(p, 0) + Da cD; (p (17.2.18) 
j=0 


where N = 2n+1 or N = 2n+2, cj and cj are unknown coefficients, and 


©;(p, 0) = [PO] = Iny/ R? + p? — 2R;p cosh, (17.2.19) 


D; (p, 0) = n|PQ| = Iny/ R? + p? — 2R;p cos(0 — ¢*). (17.2.20) 


The source nodes in (17.2.16) are located along two radial-lines at ọ = 0 and 
p = ¢' (> 0). We first choose a small angle ¢* = 4, and then choose a big angle 


4n? 
ġ* =7-— i- We call (17.2.17) Basic Case algorithm with M =2n+1 since the 


one-to-one correspondence remains between vectors y and x in (17.2.7). Moreover, 
we call (17.2.18) Variant Case algorithm with N = 2n + 2. 
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17.3 Stability Analysis 


17.3.1 Lower Bound Estimates of Cond for Basic Case 


For lower bound estimates of Cond, we choose the FS in Basic Case (17.1.6). For the FS 
in Variant Case (17.1.7), the lower bound estimates of Cond are given in 
Remark 17.3.1 below. Consider a small angle ¢; — ¢| = $“ = . For disk domains, the 
Cond remains the same if the X-axis rotates with an angle ¢| in the counterclockwise 
direction. Without loss of generality, we simply choose (#7, $3) = (0, ¢*) = (0,4). 
The FS in (17.1.8) and (17.1.9) lead to 


ee o0 1 k 
In|PQ; |= ny R? +p? — 2R;p cosh = ln Rj — ae (£) cosk0, 


wi © RG 
= œ 1 p k 
In| PQ;"| = Iny/ R +p? — 2R;p cos(0 — $*) = InR; — 3 (+) cosk(0 — *). 


From (17.2.4), the linear combination uy in Basic Case (17.1.6) can be used to 
approximate one of P, in (17.2.2), 


ut a PE p, (0.0) = 05 + I 


where the coefficients 


n k n 
+ * C max 1 max * * 
ay = co MRo+ > (cj +¢))InR;, af = : (2 ) bz (A ) {cj + ccos(kp")}, 


j=l 


ye a; cosk0 + b; sink@), (17.3.1) 


pP max 


+ “ * 1 Pmax : : $ 
== 2 GI (=) sin(kp*). (17.3.2) 
Denote (17.3.2) by the linear algebraic equations, 
y = Ex, (17.3.3) 
where vectors X= {Co C1,- Cn; È, }T, y={af, at, aT, bT, b 


€ R?” +1, There exists the one-to-one correspondence between vectors x and y. 
The matrix E € RÊ” +V*(2n+1) is denoted by 


_ {En Ep 
E= ( a al (17.3.4) 


where the sub-matrices 
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InRo la Rı e InR, 
Pmax Pmax _ Prix 
Ro Ry Rn 
1 tee -1 [PN 1(e 
erora ae)? oa? | 


Pmax oin h* Prasant 
— 1n pieg = sin 
BES h KA h 


=! | Pmax 
2 Ry 


2 2 
) snag" ++. 51 (4px) sing" 


n 


Ev (€ R”*”) = 


n n 
=1 | Pmax : * he =1 [ Pmax a * 
- (4% ) sinnd = (4) sinngd 


InR, on InR, 
Drax * AN ar * 
— B= cos p= coso 
1/P 2 * life 2 * 
Ei (€ Rint DXN) = |e ( ra ) cos2ġ* > (42) cos2@ 


= (2) "cosnd* ee 4 (42) “cosng* 
and the null matrix O € R™("*), We have from (17.3.4) and [71, p.21] 
Det(E) = Det(E11) x Det(Ez2) £ 0. (17.3.5) 
Hence for source nodes Q; = (Rj,0) and Q} = (Rj, ¢°) in (17.2.16), matrix E in 
(17.3.4) is nonsingular. 
By using Basic Case (17.1.6), the collocation equations (17.1.4) are modified by 


ahi > cj; (py, Oc) + 5 cor | = y Ahe f (pe, Oe), l= 1,2, iN, 


j=0 Jl 
(17.3.6) 
where N = 2n + 1. The equation (17.3.6) is denoted by the following square system, 
Ax =b, (17.3.7) 
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where matrix A € R%Y, and vectors x = (co, C1, +; Cn, È, «5 a) ER” and 
b € R”. On the other hand, by using PS in (17.2.2) we have 


y Ahe{ Pnl pe, 00) } = ag + (fu ie a; coskO, + b? sink@, 
{Pn(pe, Oc) } = ant > Pana k LT Uk ) (17.3.8) 


=y Ahe f(p¢; 00) ; etl ee eee he 


The equation (17.3.8) is denoted by 
Py =b, (17.3.9) 


RSN 


where matrix P € and vectors y = (af af ng oO jou b ) ERY and 


b € R”. The algorithms using (17.3.8) (or (17.3.9)) are called the method of particular 
solutions (MPS) in [169]. Let N = 2n + 1. We have from (17.3.9) and (17.3.3) 


PEx =b, (17.3.10) 
where matrix E € RY*". Comparing (17.3.10) and (17.3.7), we have 
A=PE. (17.3.11) 


First, we focus on evaluating the lower bounds of Cond(E). Denote the 
Vandermonde matrix V, € R"*” by 


—1 
1 1 1 1 x a” 
Tı T2 ace Tn T 1 T3 Eek gii 
V=] . E , Zs >. , (17.3.12) 
n—-1 n-1 n-1 - w 
Ti Ly T l In + Th 


where 2; are distinct, and yi the transposed Vandermonde matrix. In our study, 


t= Pres » Pmax = Max pip, and Pmax < Ro < Rı< + < Rn = Rmax- There exist the 
ponid. 
P max P max pP max 
0<a= = <a, < = b<1. 17.3.13 
S Rmax Rn Siia Ro ( ) 


From Tyrtyshnikov [229, Section 3], we have the following lemma, whose proof is 
given in [257]. 


Lemma 17.3.1. Denote the diagonal matrix A, = diag{ q1, q2,- - -, qn} E R”™” with 
q, #0,i = 1,2,...,n, and the Vandermonde matriz V, in (17.8.12) with distinct 2; 
satisfying (17.3.13). There exists the lower bound of condition number 


92n—-3 


Cond(V,A,) > yT: 


(17.3.14) 


Based on (17.3.11) and Lemma 17.3.1, we give the following theorem, whose proof is 
given in [257]. 
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Theorem 17.3.1. For the source nodes Q; = (Rj,0) and Qj = (Rj, ġ*) in (17.2.16) 
with o° = 7, by Basic Case (17.1.6), where 0<a<a;= "em < "= b<1, there 
exists the lower bound for disk domains, 


g2n—-2 R n-1 9N-3 R 3 
Cond(A) > — x (=) = «( ) > n>2, (17.3.15) 


T 


P max p max 


where N = 2n+1. 


Remark 17.3.1. The lower bound estimates of Cond in Theorem 17.3.1 are confined 
to Basic Case with a small angle 6° = =. We can derive the lower bounds in general 
cases. Variant Case in (17.1.7) is more useful because even N is often chosen in 
application. We derive lower bounds of Cond for Variant Case in [257] as 


St 6 


[16 227-4 Ro \™?  f620° Ro 
F) > =,/— > 3. 


where N = 2n + 2 and matriz F is given in (17.3.18) below. When Paes = 2, the lower 


bounds in (17.3.16) are smaller than those in (17.3.15) with a factor approximate to 


t. Since lower bounds in Basic Case are supported by numerical examples in 


Section 17.4 and [256], they are more important in application. 


17.3.2 Upper Bound Estimates of Cond for Variant Case 
by Case II 
In application, Variant Case (17.1.7) with even N is more useful than Basic Case 


(17.1.6) with odd N. The upper bounds of Cond are derived only for Variant Case 
(17.1.7) under Case II in this section. Then the collocation equations are given by 


V ain Sf, (Pe, 9) +c; Dt VAN) ks V Ahe f(p¢, 9%), £=1,2,...,M, 


j=0 
(17.3.17) 
where N = 2n+2 and M > N, and ©} (p,0) and ®; (p, 0) are also given in (17.1.8) 
and (17.1.9). The equation (17.3.17) is denoted by an overdetermined system, 
Fx =b, (17.3.18) 
where matrix F €R”*%, and vectors x = (co, C1, «+5 Cn, hy ss ay? ER” and 


b € R”. From the addition theorem (17.2.4), the linear combination uy in (17.1.7) 
can be used to approximate one of P, in (17.2.2): 


uy ~ Pt (p,0) = af + > (= J (a; cosk0 + b} sink0), (17.3.19) 
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where the coefficients 


+ z * 7 1 Pmax i * * 
ao =X (q+ ġ)nR;, aj = S( za) {cj + ġcos(ko“)}, 
j 


j=0 j=0 


i (17.3.20) 
+ “ * 1 Pmax : * 
b; = a2 Cj k (e=) sin(ko ). 
j=0 J 
Denote (17.3.20) by the linear algebraic equations, 
y= Etx, (17.3.21) 


—_ * Ok 4) T — | | ' | aT 
where vectors X = {€9, C1, +3 Cn, Cy Grr h} Y= {a0 a e a bi yaba h E 


R?"*! and matrix B+ € R2"+)*@n+2) is denoted by 


Et = (Gi Bi ), (17.3.22) 


(0) E; 


where the null matrix O* € R”*®+), and the sub-matrices Ej), Ej, € Rint )*@+) 


and Ej, € R™"*) are given by 


InRo InR; pees InR, 
Pmax Pmax dose — Pmax 
Ro Rı Rn 


n n n 
=1 ( Pmax =1 ( Pmax wee Z1 (Pmax 
n Ro n Ry n Rr 


InRo Ink, vee InR, 
_ Pmax eggh* _ Pmax * a — Prax * 
BE cos BE cos p= coso 
ifi » ifm * 1 oN * 
Ei =| 7 (42) cos2p° > (e=) cos2ġ* = > (2) cos2ġ , 


n n n 
=1 (Prax *  =1 (Pmax snot eee =1 (Pua mo 
= (e=) cosno* = (4) cosnp = (4) cosnp 


Pmax o} = Pmax o} t Pmax g} * 
sing sing aes ing 
Ro Ry Ry S 


2 2 2 
—1 ( Pmax) sin2p* xl (Pmx) sin9p* ... ah (Pax) cin ag* 
5 (42) sindd 5 (e=) sin2ġ 7 (42) sin2dd 


n n n 
=1 ( Pmax a * 1 (Pmax\ o E o iffe a x 
= (e=) sinn“ = (4) sinnd = (42) sinnd 
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On the other hand, by using PS in (17.2.2) we have 
y Ahe{ Pr(pe, 00) } = ont + > Fan yi (a; coskO¢ + bi sinto } 
= VAh Floe 0), L=1,2,..., M. (17.3.23) 


The equation (17.3.23) is also denoted by an overdetermined system, 


Gy =b, (17.3.24) 


where matrix G € R¥*(N-) and vector y = (af af ,.., af, bf ,..., b VER, 
where M > N and N = 2n + 2. The algorithms using (17.3.23) (or (17.3.24)) are algo 
called the MPS. We have from (17.3.24) and (17.3.21), 


GEtx =b, (17.3.25) 
where matrix E* € R“~)*", Comparing (17.3.25) and (17.3.18), we have 
Fx = GE*x. (17.3.26) 
From (17.3.26) we have the bound, 
Cond(F) < Cond(G)Cond(E*). (17.3.27) 


By (17.3.27), the upper bounds of Cond can be derived. We have the following 
bounds, whose proof is given in [257]. 

Theorem 17.3.2. For the source nodes Q; = (Rj, 0) and QF = (Rj, ġ*) in (17.2.16), 
the uniform locations for x; = Epes € [a,b] in Case IT are chosen, where b = ee <1 
and a = r = O(). Then for Variant Case (17.1.7), there exists the upper bound 
for disk domains, 


n+1) 
Cond(F) < C(nRmax)(n +1) +B x 2804) x (= 


Pmax 


(17.3.28) 


Pmax 


N 
< C(InRmax) N15++2 x ËN x (= , 


where N = name C is a bounded enn independent of n, constant B>0 and 
y = 0 is ford = £ andy = 1 for ¢* = $ — £. Besides, parameter y = 1 is also for the 


T 


angles: Q“ iga qn where two enti integers p and q with p< tq are 


independent of n. 


To close this section, let us provide the upper bound estimates of Cond for 
non-circular boundaries I. Denote T by a single-valued function p(0) with 0 € [0, 27). 
For two pseudo radial-lines along angles į and 3, denote rmax = max{p(¢}), p(93)}- 
The algorithms (17.1.5)—(17.1.8) remain the same only if Pmax is replaced by rmax, and 
so do the bounds (17.3.28), to give 
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N 
x 
Cond(E+) < C(InRmax)N15+?+? x 22% (=) l (17.3.29) 


Tmax 


We can also prove 


Cond(G) < c (Su) < c (Su) p (17.3.30) 


Pmin Pmin 


where N = 2n +2, and Pmax = max p|r and p,,;, = Min p|r. Then we obtain the 
upper bound estimates from (17.3.29) and (17.3.30), 


Cond(F) < Cond(G)Cond(E*) 


3 F 
< O(MRmax) N+ +P x NAO)" (Paas), A 
~ Í Tmax Pmin 
When fmax = Pmax, the equation (17.3.31) leads to (17.3.28), 
RN? 
Cond (F) < C(InRmmax) N12 +7 +P x 22% (=) (17.3.32) 
Pmin 


17.4 Numerical Experiments 


17.4.1 Disk Domains 


For Case I with uniform R; € [Ro, Rmax], numerical experiments are provided in [256]. 
Since the upper bounds of Cond are derived only for Case II with uniform 
p= aa € [a, b], numerical experiments are carried out for Case II in this section. 
First, consider the unit disk domain with pmax = 1. In computation, choose the fol- 
lowing uniform distribution of source nodes in Case II, 


Pmax Pmax Pmax 
b=— <1 == < Ro < Ri < -+ - < Rn = Rmax, 17.4.1 
Ro > a R, Rigo Pmax 0 1 ( ) 
—b 
aga. R=, i=0,1,. n. (17.4.2) 
n Ti 
The equations (17.4.1) and (17.4.2) are simplified by 
Se Dee : ;= 0,1 (17.4.3) 
Ri T Ro n \ Bo Rmax A o 


The source nodes (R;, ¢\) and (R;, #5) are located on two radial-lines at ġ¢ = }, o5. 
The sensitivity index x in Part III is used to select better parameters Ro, Rmax and 
(ġi, p3). From [256], Ro =2 and Rmax = 25,10000 are suggested, and both 
3 — i = Zand ġ3 — p] = § — Fare beneficial for better numerical performance. 
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Denote the lower bound (17.3.15) by 


g2n-2 n-1 
Lower := x ( Mo ) . (17.4.4) 
T 


P max 


Also denote the key part of upper bound (17.3.28) with 6 = 0 and C = 1 by 


X 
Upper := (In Rmax) N7+15 x 22% x (=) , (17.4.5) 


P max 


where y = 0 and y = 1 are for ¢, — $] = = and ¢ġ5 — ¢| =§ — f respectively. The 
parameter f = 0 is supported by the numerical testing in [257]. Although Lower in 
(17.4.4) and Upper in (17.4.5) are derived from Basic and Variant Cases, respec- 


tively, they are used for both Basic and Variant Cases in computation. 


The exact solution u(x, y) = cos(y)e” is used for the unit disk domain. We choose 
the FS in Basic Case (17.1.6) and Variant Case (17.1.7) and give the results in 
Tables 17.1 and 17.2, where the lower and the upper bound estimates of Cond 
are computed from (17.4.4) and (17.4.5), respectively. From Table 17.1 at 
Ro = 2, Rmax = 25 and (7,3) = (0, 6*) = (0,4), we can find from N = 5,17 


lello r = O.468"),. lela = 0.475"), (17.4.6) 


Cond = 0(3.19%), Cond_eff = O(1.82%), x= 1.56, (17.4.7) 


where e= u— uy. From Table 17.2 at Ro =2 and Rmax = 10000 at (¢],¢5) = 


(F-2,84+ £), we can find from N = 6,18 


lello r = O(0.589"),  Ilellor = O(0.585%), 
Cond = 0(2.49"), Cond_eff = O(1.37"), x= 1.70. 


Small errors as O(10~°) are obtained by double precision in Table 17.1; they are 
good enough for scientific/engineering problems. The curves for errors and Cond are 
drawn via n in Figures 17.1 and 17.2 from Tables 17.1 and 17.2. We can see that all 
numerical Cond are within the lower and the upper bound estimates. In Figures 17.1 
and 17.2, the Y-axis is scaled by logarithm, and the curves of Lower and Upper in 
(17.4.4) and (17.3.28) are straight-lines approximately. This confirms that the Cond 
grows exponentially; the same as the standard MFS in previous chapters (also see 
(74, 163, 252]). Since the estimates of Cond are derived via matrix E (or E”), the 
numerical Cond is closer to Cond(E) (or Cond(E*)) in Figures 17.1 and 17.2. All 
Cond(E) (or Cond(Et)) are within Lower and Upper. Moreover, the effective con- 
dition number (Cond_eff) is much smaller than Cond because it will play a key role 
in numerical partial differential equations (PDE) (see [162]). 


For one-radial-line of source nodes Q; = (Rj,¢"), we also choose uniform 


distribution for x; = TE [Ri, Rmax] as 


TAB. 17.1 — The errors and the condition numbers by using Basic Case (17.1.6) for Case II (17.4.3) with pmax = 1, Ro = 2, Rmax = 25, 
(pi, p3) = (0,4), N = 2n+1 and M = 40, where matrix E in (17.3.4), and Lower and Upper from (17.4.4) and (17.3.28), respectively. 


M 

È 

= 

& 

Mar Ilello, Cond Cond_eff \|x|| i Lower Upper z 
5 = 1 9.46 : 2.55 3.69(4) D 
n 

2 5.81(1 1.63(2) 2.28(7) 4 

4 4.48(2 f , 1.04(4) 1.01(10) 7 

5 5.40(3 i . 6.68(5) 3.88(12) 7 

6 8.03(3 . f 4.27 (T) 1.36(15) S 

7 2.05(5 ; f 2.73(9) 4.53(17) a 

9 4.03(5 ; ; 1.75(11)  1.45(20) J 

9 2.81(5 1.12(13)  4.50(22) = 

& 

3 

B 


TAB. 17.2 — The errors and the condition numbers by the MFS using Variant Case (17.1.7) for Case II (17.4.3) at (6],03) = ($-£,4+ E) 
with pmax = 1, Ro = 2, Rmax = 10000, N =2n+2 and M = 40, where matrix E* in (17.3.22), and Lower and Upper from (17.4.4) and 
(17.3.28), respectively. 


llelloor llellor Cond Cond _eff Upper 
6 = (-1 


3.05(8) 


Ann wnrre 
— 
O 
=a] 
= 
[er] 


LIV 
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Cond 
-ab 154 

Lower 
-67 10r Cond_eff 
-8 F llelleo,r Šp 


llello,r 
1 1 


Fic. 17.1 — The curves via n are drawn based on Table 17.1 for |le||,,.- and |lello,r (L) and for 
Cond, Cond(E), Cond_eff, Lower and Upper (R). 


(Ly R) 


Log(-) Logt) 
op 25 
Upper 
aif 
20 
Cond(E™) 
~2b Cond 
15H 
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el Cond_eff 
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Fic. 17.2 — The curves via n are drawn based on Table 17.2 for |e||,,.- and |jellor (L) and for 
Cond, Cond(E*), Cond_eff, Lower and Upper (R). 


i 1 j-l1/1 4 
_ o j=l, N. 17.4.8 
k a N-i & z) y ai 


For one pseudo radial-line, Tables 17.3 and 17.4 show a failure for general solutions, 
thus verifying Propositions 17.2.1 and 17.2.2. The algorithm is still convergent for 
specific solutions. For the solution u(x, y) = cos(y)e*, the Fourier expansions have 
trivial coefficients b} = 0, k = 1,2,..., so the one-line algorithms at ¢* = 0 also give 
convergent solutions as shown in Table 17.4. However, for the other solution 
u(x, y) = cos(xz)e”, the one-line algorithms diverge as shown in Table 17.3; 
this verifies Proposition 17.2.1 again. Note that the solutions cos(x) e” and cos(y) e” 
are identical if x is changed by y. Convergence and divergence are switched if ¢* = 0 
is replaced by #* = §; see Tables 17.3 and 17.4. When ¢* = §, the one-line algorithms 
diverge for both kinds of solutions; this verifies Proposition 17.2.2 again. Both 
analysis and computation confirm that the two-line algorithms are essential. 


We investigate the effects of Ro € [1.1,100] at (¢ï,¢3)= (0,3-#) and 


An 
Rmax = 10000, and the curves via Ro are drawn at N = 18 and n = 8 in Figure 17.3 
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TAB. 17.3 — (Failure except for ¢* = 3) The errors and the condition numbers by the MFS 
using Q; = (Rj, ¢") in (17.4.8) with pmax = 1, Ri = 2, Rmax = 25 and M = 40, where the 
solution u(x, y) = cos(z)e is used. 


Cond Cond_eff iix] Omin 
2.07(1) 2.43 3.14(-1) 1.06 
7.04(3) 8.4 2.64(2) | 3.65(-3) 
1.88(8) 3.16 1.49(5) | 1.72(-7) 
3.60(12) 7.86 9.71(6) | 1.06(—11) 
1.02(17) 6.00 3.20(14) | 4.22(-16) 
2.07(1) 1.06 
7.04(3) 3.65(—3) 
1.88(8) 1.72(-7) 
3.60(12) 1.06(-11) 

5.89(-16) 
1.06 
3.65(—3) 
1.72(-7) 
1.06(-11) 
6.56(16)  6.40(10) 6.59(—16) 


TAB. 17.4 — (Failure except for ¢* = 0) The errors and the condition numbers by the MFS 
using Q; = (Rj,0) in (17.4.8) with Pmax = 1, Ri =2, Rmax = 25 and M = 40, where the 
solution u(x, y) = cos(y)e” is used. 


lillor  llellar | Cond Cond_eff Ixl Omi 
5 (- = 


1 (-1 2.07(1) 1.64 4.66 1.06 
7.04(3)  7.61(1) 2.92(1 3.65(-3) 
1.88(8)  151(4) 3.118 1.72(-7) 
3.60(12)  6.47(6) 1.18(5) | 1.06(-11) 
1.02(17) 3.23(10)  5.94(5) | 4.22(-16) 


1.06 
3.65(-3) 
1.72(-7) 

1.06(-11) 


2.64(2) | 3.65(-3) 
1.49(5) | 1.72(-7) 
7.32(6) | 1.06(-11) 
6.56(16) . 1.89(15) | 6.59(-16) 
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Fic. 17.3 — When N = 18 and n = 8, the curves via Rọ are drawn for |jell r and ljellor 
(L) and for Cond, Cond(E* ), Cond_eff, Lower and Upper (R). 
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Fic. 17.4 — When N = 17 and n = 8, the curves via Rmax are drawn for |jell,r and |lellor 
(L) and for Cond, Cond (E), Cond_eff, Lower and Upper (R). 


for errors, Cond, Lower, and Upper. Also we choose Rọ =2 and (¢{,¢3)= 
(0,3 — £) but change Rmax € [25, 10000]. For N = 18 and n = 8, the curves via Rmax 
are drawn in Figure 17.4 for errors, Cond, Lower, and Upper. Detailed tables are 


given in [257]. All numerical Cond also coincide with their theoretical estimates. 


17.4.2 Non-Disk Domains 


Consider the peanut-like domain, where the domain boundary T (= 0S) is defined 
by (x, y) = (r(0)cos0, r(@)sin@), where 


r(6) = s[cos(20) +4/2—sin?(20), 0<0<2z. (17.4.9) 


For (17.4.9), we have a* = r(0) = v 1 + V2 = 1.5538 and b = r(%) = 0.6436. The 
solutions are given by u(x, y) = cos(y)e” and the source function in Chapter 16 


ue = u(a*,y*) = In| PQ", (17.4.10) 
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where node Q* = Qj, is outside and far from T as Q* = Qh, = (2*, y*) = (0,3). 
Then the solution (17.4.10) is also highly smooth. Denote I by a single-valued 
function p(0) with 0 € [0, 2r). For two pseudo radial-lines along angles ¢; and ¢3, 
denote rmax = max{p(¢}), p(o5)}. The algorithms with (17.2.16) remain the same 
when pmax is replaced by rmax. We use Basic Case (17.1.6) and Variant Case (17.1.7) 
and give the results in Tables 17.5 and 17.6. From Table 17.5 for the solution 
u(x, y) = cos(y)e”, we can see 


*=— at Rmax = 100: |lellor = 00.500"), Cond = 0(3.22"), «= 1.69, 


An 
r= - > at Rmax = 100 : |lello = 0(0.460"), Cond = 0(2.92"), «= 1.38, 
- 
fe E at Rmax = 10000: Jello = O(0.497™), Cond = 0(2.79%), K= 1.47, 
= 
¢* = z= x at Rmax = 10000: Jelly = O(0.456"), Cond = 0(2.48%), «=1.16. 
= ; 


(17.4.11) 


The best results are found in (17.4.11) as |lellor = O(0.456"), Cond = O(2.48”) 
and « = 1.16. From Table 17.6 for the source solution (17.4.10) with Q* = Qh, we 
can see 


Rmax = 100: |jellor = O(0.428"), Cond = O(1.80"), x = 0.69, (17.4.12) 
Rmax = 10000 : |lel|, > = O(0.427%), Cond = O(1.71"), «=0.63. (17.4.13) 


Excellent numerical solutions are found as ||eļlọor = O(0.427"), Cond = O(1.71%) 


and « = 0.63 in (17.4.13) at Rmax = 10000. The very small errors as O(10~'!) can be 
achieved in Table 17.6. The locations of source nodes used in Table 17.6 are illus- 
trated in Figure 17.5. When Rmax = 10000, the curves via N are drawn in Figure 17.6 
from Table 17.6 for errors, Cond, Cond_eff, Lower, and Upper. The numerical Cond 
are consistent with the upper bound estimates for non-disk domains in (17.3.31) and 
(17.3.32). Also, the numerical Cond are all beyond Lower in (17.4.4). 


Remark 17.4.1. Let us compare the numerical performance between the pseudo 
radial-lines in this chapter and the pseudo-boundaries in previous chapters. For 
smooth solutions and the solution domain S near disks/ellipses, circular/elliptic 
pseudo-boundaries are optimal. For disk domains in Section 17.4.1, when circular 
pseudo-boundaries are chosen, smaller errors with O(107'') than those in 
Tables 17.1 and 17.2 can be obtained from the numerical results in [256]. For 
peanut-like domains, when elliptic pseudo-boundaries are chosen, the errors with 
O(10~'8) and the sensitivity index a = 0.807 are obtained from the numerical results 
in [256] to offer better numerical performance. For complicated T and singular 
solutions, however, pseudo-boundary Iz near T are beneficial as shown in Chapters 
14-16. Since there are various types (i.e., shapes) of T pr, seeking better types of Tp is 
non-trivial. By contrast, two radial-lines are defined only by four parameters 
(Ro, Rmax; 0}, 05). Better source nodes in Cases I and II can be found easily by the 


TAB. 17.5 — The errors and the condition numbers for T defined by (17.4.9) by the MFS using Basic Case (17.1.6) in Case II (17.4.3), where 
Tmax = Pmax = @* = 1.5538, Pmin = 0° = 0.6436, Ro = 3 and M = 40, and the exact solution with u(x, y) = cos(y)e” and (1, 65) = (0, ¢*) is 
chosen, and Lower from (17.4.4), and Upper from (17.3.32) with B = 0 and C =1. 


GGV 


p“, Rmax llelloo.r llellor Cond Cond_eff iix] Omin Lower Upper 

5 ) (-2 2.02(4) 4.37(5) 

9 ) (-3 1.60(6) ( 1.47(9) 

T 17 ) (-5 2.49(10) ( 7.37(15 

—, 100 

4n 25 ) (-7 4.87(15) ( 2.54(22 

33 ) (-6 6.23(16) ( 7.45(28 

5 ) (-2 5.46(4) 2 ( 2.46 2.19(6) 

9 ) (-3 1.24(6) 2 ( 1.47(2) 1.32(10 

n n 17 ) (-6 2.11(10) 5 ( 5.22(5) 1.25(17 
= 100 

6 4n 25 ) (-8 4.61(15) 9 ( 1.86(9) 6.35(23 

33 ) (-8 6.40(16) 9 ( 6.60(12) 2.46(30 

5 ) (-2 3.69(6) 4 ( 2.46 8.74(5) 

9 ) (-3 2.38(8) 4 ( 1.47(2) 2.94(9) 

n 17 ) (-5 8.27(11) 6 ( 5.22(5) 1.47(16 
—, 10000 

4n 25 ) (-8 9.50(15) 9 ( 1.09(-14) 1.86(9) 5.08(22 

33 ) (-8 9.82(16) 9 ( 9.16(—15) 6.60(12) 1.49(29 
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9 1.45(-3) 2.02(-3 1.81(8) 4.03(4 5.75(2 4.87(—7) 1.47(2) 2.64(10 

T = 10000 17 5.20(-6) 4.27(-6 5.45(11) 4.65(5 1.38(5 1.76(-10) 5.22(5) 2.51(17 

6 4n 25 5.28(-8) 3.44(-8 7.03(15) 2.03(9 3.77(5 1.48(-14) 1.86(9) 1.27(24 

33 1.14(-7) 4.56(-8 7.60(16) 8.72(9 1.27(5 1.02(-14) 6.60(12) 4.92(30 
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TAB. 17.6 — The errors and the condition numbers for T defined by (17.4.9) by the MFS using Variant Case (17.1.7) in Case II (17.4.3) 
Pmax = @ = 1.5538, Tmax = b* = 0.6436, Rọ = 1 and M = 40, and the source function (17.4.10) with Q* = Qi, and ($7, $3) = ( 
is chosen, where Lower from (17.4.4) with replacing pmax bY Tmax, and Upper from (17.3.31) with fmax = Pmin, B = 0 and C = 
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Fic. 17.5 — The locations of source nodes with (4 — £,% + ©) of Variant Case II at Ry = 1 
and Rmax = 10000 at n = 16 and N = 34 in Table 17.6. 
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Fic. 17.6 — The curves via N are drawn based on Table 17.6 at Rmax = 10000 for llelloo.r and 
llellor (L) and for Cond, Cond_eff, Lower, and Upper (R). 


sensitivity index. See [256]. This is an advantage of the new algorithms in this 
chapter. Neat, the non-circular/non-elliptic pseudo-boundaries may suffer from 
degenerate scales that are unknown. By contrast, no degenerate scales exist for 
pseudo radial-lines based on (17.38.28) and (17.38.31). This is the other remarkable 
advantage of the new algorithms in this chapter. 


17.5 Concluding Remarks 


Let us address the novelties of this chapter. 


1. Two pseudo radial-lines of source nodes are studied for the MFS, and new 
algorithms are proposed in this chapter. Numerical experiments are provided in 
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[256] for seeking better parameters Ro, Rmax and (Q7, 65) for Cases I and II. Error 
analysis is provided in Remark 17.1.1 but stability analysis is explored, which is 
more essential and challenging for the MFS. 

2. Since the discrete matrices consist of the Vandermonde matrix whose 
ill-conditioning is notorious, the lower bounds of Cond are an important topic 
(see [85, 86, 199, 229] and [99, Chapter 21]). For disk domains, the lower bound 
estimates of Cond are given in Theorem 17.3.1. Moreover, the upper bound 
estimates of Cond are given in (17.3.28). 

3. Compared upper bounds to lower bounds, there occurs an additional exponential 


factor o2”). Both the lower and upper bounds of Cond provide a complete 
knowledge of the stability of the new algorithms in this chapter; they are 
intriguing in stability analysis for the MFS in previous chapters. All numerical 
Cond agree with the theoretical estimates. 

4. The algorithms of two pseudo radial-lines are applied to disk domains and 
peanut-like domains in Section 17.4, and small errors can be obtained for smooth 
solutions. The upper bounds of Cond for non-disk domains are also supported by 
numerical condition numbers. Numerical results from the new algorithms of the 
MFS are encouraging and promising, which may satisfy the requirements of 
scientific/engineering problems. Since the new algorithms using pseudo radial- 
lines are supported by theory and computation in this chapter, they may become a 
new competent boundary method in the MFS family. 


Epilogue 


The more freedom you have, 
the more gains you can get. 


To evaluate the numerical methods, several important criteria are as follows (see 
Section 6.5): (1) accuracy, (2) stability, (3) bypassing the spurious eigenvalues and 
the degenerate scales, (4) wide applications, (5) complexity and CPU time, and 
(6) simple algorithms and easy programming. Accuracy and stability are the most 
important criteria. High accuracy and good stability can not succeed for one method 
simultaneously. See “the trade-off principle” in Wendland [243, p.208]. For the MFS, 
the analysis in this book is devoted to the first three criteria. The polynomial con- 
vergence rates can be achieved, while the condition numbers grow exponentially. For 
the BKM in Section 7.5, a super-exponential growth of Cond occurs. For Helmholtz 
equations in the unbounded domain with interior boundaries, the modified MFS is 
proposed to eliminate all spurious eigenvalues (see Chapters 8 and 9). 


For the six criteria, the MFS owns high scores except stability, which is related to 
the locations of source nodes. For the interior Dirichlet problems (IDP) in 3D, the 
source nodes are located on a larger pseudo-surface Sp. The spheres Sp (or the circles 
in 2D) are most simple and effective in computation and analysis. The source nodes 
are located on Sp, based on the abscissas of quadrature rules, and simple grids of 
coordinate lines of the source nodes are chosen, called “the grid-like” source nodes. 
The advantages of such choices may reach the polynomial convergence rates based 
on the error analysis and the numerical examples in the entire book. 


In most engineering problems, the relative errors as O(10~”) are satisfactory. For 
double-precision with 16 working decimal digits, if the ill-conditioning consumes 10 
decimal working digits, the correct numerical solutions can be obtained by the MFS. 
The algorithms of the MFS are simple and efficient by using the grid-like source 
nodes (see Chapter 13); users only need to know the quadrature rules. It is due to the 
modest human effort needed that the MFS has become an attractive and compet- 
itive method for scientific/engineering computing. 


The sensitivity index may find more applications. Since the ill-conditioning is 
severe in the MFS, the sensitivity index x in (III.2) becomes a useful tool to find 
better source nodes. As a consequence, the sensitivity index can also be used to 
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remove the degenerate scales automatically. For circular pseudo-boundaries with 
radius R, the best R can be found by the smallest x. For elliptic pseudo-boundaries 
with two semi-axes ag and bp, the best (ap + br) can be found by the smallest x. 
When the degenerate scales happen at R = 1 in circular pseudo-boundaries and at 
ar + bpr = 2 in elliptic pseudo-boundaries, the Cond is extremely large. Hence the 
sensitivity index x must be very large. The degenerate scales are removed auto- 
matically in better pseudo-boundaries with a smaller sensitivity index. This is 
particularly advantageous for the non-circular/non-elliptic pseudo-boundaries 
because the degenerate scales are unknown in advance. 


The truncated singular value decomposition (TSVD) and the Tikhonov regu- 
larization (TR) may be employed to reduce the severe ill-conditioning of the MFS 
(see Li et al. [161]). Consider the linear algebraic equations Ax = b, where matrix 
A € R””” (m> n) is nearly singular. We choose the TR 


|Ax — b||? + 2?||x||"}. (E1) 


min 

a 
The regularization parameter 2 is involved in (E1), and its better (or optimal) 
choices are essential in both theory and computation. The sensitivity index may be 
applied to the TR to find the optimal regularization parameter. The most important 
criterion is to reduce condition numbers (Cond). The optimal regularization 


parameter for the TR is derived in [259] as 4 = (GmaxOmin)? to give the minimal 
condition number, 


1 
Cond; (A) = 5 / Cond(A), 


where Gmax and Gmin (> 0) are the maximal and the minimal singular values of 
matrix A, respectively. Based on the sensitivity index, the parameter of the best 
numerical performance can be found by 


; log(Cond,) : log(||xzIl) 
E2 
o bps? ea (Ba) 


where small errors z(2) = || Ax; — b|| = o(1) are obtained from (E1), and Cond, and 
||x,|| denote the severe ill-conditioning. New algorithms (E2) for seeking the 
parameter 2 are simpler than the L-curve techniques in Hansen [96] and the gen- 
eralized cross validation (GCV). Details are reported in Zhang et al. [259]. 


From this book, good source nodes can be found to reach high accuracy and to 
control ill-conditioning. Therefore, the pseudo-boundaries and the pseudo radial-lines 
are not as pessimistic as one thought before. Contrarily, 


the more freedom you have, the more gains you can get. 


The pseudo-boundaries and the pseudo radial-lines have become an attractive 
characteristic of the MFS. The analysis of errors and stability with numerical 
computations in this book has provided a solid theoretical basis of the MFS to make 
it an effective numerical method for PDEs. This book is essential to the MFS. 
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In the BEM, the source node Q (imaged as a “soul”) is confined on the boundary 
T (= 0S). In the MFS, the Q is released from T. After the seventeen chapters have 
been elaborated on, we are concerned with how far the source nodes can go from the 
solution domain S. The source nodes can go too far to imagine. In Chapter 17, 
consider the unit disk S, and one pair of source nodes may go to 10t ~ 10° as far as 
from $.' The average radius of the earth is 6.371(3) km, and the average distance 


between the earth and the Sun is 1.496(8) km. The ratio aa = 2.348(4). The far 


pair of source nodes could even reach the Sun if the S were our earth; surprising! 
This reminds us of a playful, powerful monkey (called Sun-Wu-Kong), a Chinese 
legend. 


To close this book, let us cite a quotation: 


“What you must do?” said Monkey, 
“Should you lure the monster from its hiding place, 
but be certain it is a fight you can survive.” 


The Journey to the West, 
Wu Cheng En 1505-1580 (or 1500-1582). 


‘In fact, we have tested the far pair of source nodes at the distance Rmax = 10+, 10° and 10°, but 
only reported the results of those at Rmax = 10‘ due to better numerical performance in Zhang 
et al. [256]. See Figure 17.5. 
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Glossary of Symbols 


2D: two dimensions. 

3D: three dimensions. 

AE: adaptive error. 

BAM: boundary approximation method. 
BIE: boundary integral equation. 
BIEM: boundary integral equation method. 
BKM: boundary knot method. 

CPU: central processing unit. 

CTM: collocation Trefftz method. 

EDP: exterior Dirichlet problem. 

FDM: finite difference method. 

FEM: finite element method. 


FS: fundamental solutions. 

FVM: finite volume method. 

HTM: hybrid Trefftz method. 

HP-TM: hybrid plus penalty Trefftz method. 
IDP: interior Dirichlet problem. 

IFM: interior field method. 

LBB: Ladyzhenskaya-Babuska-Brezzi. 

LSM: least-squares method 

MFS: method of fundamental solutions. 


MFS-QR: algorithms of Antunes [8]. 


444 Glossary of Symbols 


MPS: method of particular solutions. 
NFM: null field method. 

ODE: ordinary differential equation. 
PDE: partial differential equation. 
PS: particular solutions. 

RBF: radial basis function. 

SHF: spherical harmonic functions. 
SM: spectral method. 

SPS: singular particular solutions. 
SVD: singular value decomposition. 
TM: Trefftz method. 

TSVD: truncated singular value decomposition. 


TR: Tikhonov regularization. 


C, co: the positive bounded constant. 

w, w;: the weight constant. 

P.: the penalty constant. 

C: the set of complex numbers. 

R: the set of real numbers. 

S: the solution domain. 

Sa = S1\ S2: the annual domain with S2 C S1. 

Soo: the unbounded solution domain. 

Sin: a disk inside of S. 

Sp = {(p,0, ¢)|e = const, 0< 0< 7,0 < ġ<2r}: a sphere with radius p. 
U = {(p,0, d)|p =1, 0< 0<2,0< ġ<2r}: a unit sphere. 

T: the exterior boundary of the solution domain. 

To: the interface boundary. 

Ip: the exterior boundary with Dirichlet boundary condition. 

Ty: the exterior boundary with Neumann boundary condition. 

Tp: the exterior boundary with Robin (mixed) boundary condition. 


Tin: the interior boundary. 
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Tout: the exterior boundary. 
T,: a circule with radius p. 
T:X— Y;T: maps X into Y. 


Ax = b: the linear algebraic system, where A € R”*" may be symmetric and positive 
definite matrix, x € R” and b € R” are unknown and known vectors, respectively. 


Fx = b: the overdetermined system, where F € R”*" (m > n) is the stiffness matrix, 
x € R” and b € R” are the unknown and the known vectors, respectively. 


F = UV’: the singular value decomposition, where U = {u;, u2, ..., Um} € R”*” 
and V = {v1, V2, ..., Vn} E R”%” are orthogonal matrices, and © = diag(a1, 0,..., 
on) E€ R”%” is a diagonal matrix with the singular values çc; > 0. 


G=QR: the QR decomposition of matrix G € R”*”, where Q € R”*” and 
Re€R”*” are the orthogonal and the upper-triangular matrices, respectively. 


Cond = 2: the traditional condition number in the 2-norm, where Gmax and Gmin 


Omin 


are the maximal and the minimal singular values, respectively. 


Cond = =: the modified condition number. 


Omin—next 


Cond_eff = [bl effective condition number in the 2-norm. 


Omin ||x!| 


k= — jn, the sensitivity index with |lel|)- = O(a) (a<1) and Cond = O(b”) 
(b> 1). 


ax b: there exist two positive constants cp and C such that cob < a< Cb. 
2n 
Ty(g) = AST g( kh) = Xy(g): the trapezoidal rule with h = 7% for f g(x) dx. 
0 


An(9) = Tn(9) al oye 


J ; J J : the numerical approximation of / ; J J ; 
ay a 


2 eee an 
i ‘ : aN @ <** QN- 
circulant(a,, a2, ..., ay): the circulant matrix . 
ag a3 ay 
ay 0 0 
ag 0 


diag(a1, a2,...,ay): the diagonal matrix 
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1 1 1 
g Tı T2 Tn 
the Vandermonde matrix V,, = i : P . , where z; are distinct. 
n-1 n-1 n—-1 
Ti T2 Th 


AD; = D; — Dj. 
Aly: the meshspacing of small section Ty. 


ð ð 
= (2 2) the gradient operator. 


Ox’ Oy 
fa 8 
= z ao =z: the Laplace operator in two dimensions. 
x 
he? Ci ete tor in three dimensi 
<= g5 : the Laplace operato ee sions. 
ðr Oy * AL p P r in three dimension 


Au = f: the Poison equation. 

Au = 0: the Laplace equation. 

Au + u = 0: the Laplace eigenvalue equation. 

ty = Ou. the normal derivative of u on boundary I. 


D”: the partial differential operator of order |q|. 


ullos = [eat 
aly = {Iho f f eat oae 


| f : uvdl | 


lull_gr = sup 


1 


u,s=4 E f mutah. 
i laļ=p JS 

1 

2 

lups=4 X f muta} 
PESES 


a 
lull = {Ilullo.ry + w?|| 2 toullar, i the boundary norm. 


Cc? ae the space of p-times continuously differentiable functions on S. 


10, 27]: the space of smooth functions on [0, 27]. 


inf allo.s = { [| dx} <o}. 


ue L(s (5)|D*u € L?(S ),0< |a| <p}. 
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H’(S)/Po(S): the quotient space, where H?” (S) are the Sobolev space and Po(S) is a 
constant space. 


T(x) = T tletdt, x > 0: the Gamma function. 
0 


; 1 
— 5n 1 r\2k+j Ey 2y j-i : 

I(x) = Dio represen È) f To+5r® fo t)? cosh(zt)dt: the 
Bessel functions for purely imaginary argument. 
Jury = Lice oso the Bessel functions of the first kind. 
Y,(r) = Iim l, the Neumann functions of the first kind. 
H(z) = Ja(z2)+iY„(z): the Hankel function of the first kind of order n, where 
i= v—l1, and J,(z) and Y,,(z) are the Bessel and the Neumann functions of order n, 
respectively. 


1 


M,(2) = HË (x)| = 4/ Jọ (2) + Y3 (z) = {5 [koe sinh (d)Jeosh(2u at Y , 


u20, x>0: the modular of Hankel function. 
T(n+ 1 gn oo A 1 ee) 
Kalz) = ie 2 | cosa -du = / e77 osh()—" dy: the Bessel function 
Wr) Jo (u2+1)"t2 2J- 
of the third kind of order n> 1. 


o0 


Ko(2) = | e "°° dy, ¢ > 0: the Bessel function of the third kind of order zero. 
0 


1 n 
P,(2) = an alle? —1)"]: the Legendre polynomial. 
n! dx” 
m d” 
PPa) = (1 -= 2) P,a), 0< m< n, PO (2) = Pala). 


Y (0, P) = AnPn(cos0) + 32" _, P’” (cos0){ Anm cos(m) + Bnm sin(m@)}: the 
spherical harmonic functions, where An, An,m and Bn,m are real coefficients. 
2n+1 


: 2 ae 2n+1(n- mN? 
P,,(2) a 5 \ P,,(2), Pi (ar) = { n ea P(™ (x): the normalized 


Legendre polynomials. 
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2u-periodic function, 21, 314 

k-order piecewise Lagrange polynomial, 86 
E norm, 32 

l-norm, 145 

2-norm, 240, 296 

3D exterior problem, 93 

3D Helmholtz equation, 302, 332 

3D problem, 13, 301, 302, 330, 332 


A 
Abscissas, 13, 309, 323 


Accuracy, 12, 39, 45, 66, 93, 119, 128, 149, 181, 


327, 335, 339 
Adaptive errors (AE), 404 
Addition theorem, 22, 103, 131, 217, 255, 256, 
201. 27T S11; 3a, oor 
Additional FS, 375 
Admissible function, 5, 86, 242, 307, 389 
Airy function, 173 
Almansi FS, 216 
Amoeba-like domain, 120, 375, 390 
Annular domain, 15, 70, 197, 371 
Annular domain problem, 61 
Arbitrary pseudo-boundary, 339 
Auxiliary function, 367 
Auxiliary problem, 31, 57 
Auxiliary solution, 80 


B 

Ball domain, 354 

Basic Case, 402, 408, 409 

Basis function, 348, 349, 351 

Bessel differential equation, 204 
Bessel function, 127, 128, 192, 324 
Bessel functions of the third kind, 173 
Bias derivative, 86 

BIE of the first kind, 165 

Biharmonic equation, 2, 215, 242 


Boundary element method (BEM), 9, 120, 210 
Boundary energy, 253 

Boundary error, 6, 96, 121, 145, 152, 179, 243, 
269 
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